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PREFACE. 


This  work  contains  all  the  propositions  which  are  usually 
included  in  elementary  treatises  on  algebra,  and  a  large  num- 
ber of  examples  for  exercise. 

My  chief  object  has  been  to  render  the  work  easily  intel- 
ligible. Students  should  be  encouraged  to  examine  carefully 
the  language  of  the  book  they  are  using,  so  that  they  may 
ascertain  its  meaning  or  be  able  to  point  out  exactly  where 
their  difficulties  arise.  The  language,  therefore,  ought  to  be 
simple  and  precise;  and  it  is  ^s&ntial  that  apparent  concise- 
ness should  not  be  gained    .the"  j&^^B  of  clearness. 

In  attempting,  however,  ix)^fendeif ;ibe  work  easily  intel- 
ligible, I  trust  I  have  neit^ei;  impaired  the  accuracy  of  the 
demonstrations  nor  contracted* the  tiiftpfa  of  the  subject;  on 
the  contrary,  I  think  it  wilt  be  teund  that  in  both  these 
respects  I  have  advanced  beyond  the  line  traced  out  by  pre- 
vious elementary  writers. 

The  present  treatise  is  divided  into  a  large  number  of 
chapters,  each  chapter  being,  as  far  as  possible,  complete  in 
itself.  Thus  the  student  is  not  perplexed  by  attempting  to 
master  too  much  at  once;  and  if  he  should  not  succeed  in 
fully  comprehending  any  chapter,  he  will  not  be  precluded 
from  going  on  to  the  next,  reserving  the  difficulties  for  future 
consideration:  the  latter  point  is  of  especial  importance  to 
those  students  who  are  without  the  aid  of  a  teacher. 

The  order  of  succession  of  the  several  chapters  is  to  some 
extent  arbitrary,  because  the  position  which  any  one  of 
them  should  occupy  must  depend  partly  upon  its  difficulty 
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and  partly  upon  its  importance.  But,  since  each  chapter  is 
nearly  independent,  it  will  be  in  the  power  of  the  teacher  to 
abandon  the  order  laid  down  in  the  book  and  to  adopt  another 
at  his  discretion. 

The  examples  have  been  selected  with  a  view  to  illustrate 
every  part  of  the  subject,  and,  as  the  number  of  them  exceeds 
fifteen  hundred,  I  trust  they  will  supply  ample  exercise  for 
the  student.  Complicated  and  difficult  problems  have  been 
excluded,  because  they  consume  time  and  energy  which  may 
be  spent  more  profitably  on  other  branches  of  mathematics. 
Each  set  of  examples  has  been  carefully  arranged,  com- 
mencing with  very  simple  exercises  and  proceeding  gradually 
to  those  which  are  less  obvious;  a  few  in  each  set  may  be 
omitted  by  the  student  who  is  reading  the  subject  for  the 
first  time. 

The  task  of  preparing  an  elementary  treatise  is  far  from 
easy,  and  I  must  therefore  request  the  indulgence  of  teachers 
and  students  for  the  defects  which  they  may  discover  in  my 
plan  or  in  the  mode  of  executing  it.  I  shall  receive  most 
thankfully  notices  of  errors  or  omissions,  or  of  unusual  diffi- 
culties in  the  text  or  the  examples,  and  also  any  suggestions 
respecting  the  work  generally. 

I.  TODHUNTER. 

St  John's  College, 
April,  1858. 
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I.     DEFINITIONS  AND  EXPLANATIONS  OF  SIGNS. 

1.  The  method  of  reasoning  about  numbers  by  means  of 
letters  and  signs  which  are  employed  to  represent  both  the  num- 
bers themselves  and  their  relations  is  called  Algebra, 

2.  Letters  of  the  alphabet  are  used  to  represent  numbers, 
which  may  be  either  known  numbers,  or  numbers  which  have  to 
be  found  and  which  are  therefore  called  unknown  numbers.  It  is 
usual  to  represent  known  numbers  by  the  early  letters  of  the 
alphabet  a,  b,  c,  &c,  and  unknown  numbers  by  the  final  letters 
x>  V»  z\  this  k  no*  however  a  necessary  rule,  and  so  need  not  be 
strictly  obeyed. 

Numbers  may  be  either  whole  or  fractional  The  word  quan- 
tity is  frequently  used  as  synonymous  with  number. 

3.  The  sign  +  signifies  that  the  number  to  which  it  is  prefixed 
must  be  added.  Thus  a  +  b  signifies  that  the  number  represented 
by  b  must  be  added  to  the  number  represented  by  a.  If  a  repre- 
sent 9  and  b  represent  3,  then  a  +  b  represents  12.  The  sign  +  is 
called  the  plus  sign,  and  a  +  b  is  read  thus  "  a  plus  b" 

4.  The  sign  -  signifies  that  the  number  to  which  it  is  prefixed 
must  be  subtracted.  Thus  a  -  b  signifies  that  the  number  repre- 
sented by  b  must  be  subtracted  from  the  number  represented  by  a. 
If  a  represent  9  and  b  represent  3,  then  a-b  represents  6.  The 
sign  —  is  called  the  minus  sign,  and  a  -  b  is  read  thus  "a  minus  b." 

5.  The  sign  x  signifies  that  the  numbers  between  which  it 
stands  must  be  multiplied  together.    Thus  a  x  b  signifies  that  the 
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number  represented  by  a  must  be  multiplied  by  the  number  repre- 
sented by  b.  If  a  represent  9  and  b  represent  3,  then  a  x  b  repre- 
sents 27.  The  sign  x  is  called  the  sign  of  multiplication,  and  a  x  b 
is  read  thus  "  a  into  b."  Similarly  a  x  b  x  c  denotes  the  product  of 
the  numbers  denoted  by  a,  b  and  c. 

It  should  be  observed  that  the  sign  of  multiplication  is  often 
omitted  for  the  sake  of  brevity;  thus  ab  is  used  instead  of  a  x  b, 
and  has  the  same  meaning;  so  abc  is  used  for  a  x  b  x  c.  Sometimes 
a  point  is  used  instead  of  the  sign  x ;  thus  a. bis  used  for  axb  or 
ab. 

The  sign  of  multiplication  must  not  be  omitted  when  numbers 
are  expressed  by  figures  in  the  ordinary  way.  Thus  45  cannot  be 
used  to  express  the  product  of  4  and  5,  because  a  different  mean- 
ing has  already  been  appropriated  to  45,  namely  forty-jwe.  We 
must  therefore  express  the  product  of  4  and  5  thus  4x5,  or  thus 
4.5.  To  prevent  any  confusion  between  the  point  thus  used  as  a 
sign  of  multiplication  and  the  point  as  used  in  the  notation  for 
decimal  fractions,  it  is  advisable  to  write  the  latter  higher  up; 
'  thus  4-5  may  be  kept  to  denote  4  + 

6.  The  sign -r- signifies  that  the  number  which  precedes  it 
must  be  divided  by  the  number  which  follows  it.  Thus  a  +  b  sig- 
nifies that  the  number  represented  by  a  must  be  divided  by  the 
number  represented  by  b.  If  a  represent  9  and  b  represent  3, 
then  a-i-b  represents  3.  The  sign —  is  called  the  sign  of  division, 
and  a  +  b  is  read  thus  "  a  by  b."  There  is  also  another  way  of 
denoting  that  one  number  is  to  be  divided  by  another;  the  divi- 
dend is  placed  over  the  divisor  with  a  line  between  them.  Thus  ^ 
is  used  instead  of  a-i-b  and  has  the  same  meaning. 

7.  The  sign  =  signifies  that  the  numbers  between  which  it  is 
placed  are  equal.  Thus  a  =  5  signifies  that  the  number  repre- 
sented by  a  is  equal  to  the  number  represented  by  b,  that  is  a  and 
b  represent  the  same  number.  The  sign  =  is  called  the  sign  of 
equality,  and  a  =  6  is  read  thus  "a  equals  V  or  "a  is  equal  to  b." 
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8.  The  difference  of  two  numbers  is  sometimes  denoted  by , 
the  sign  - ;  thus  a~b  denotes  the  difference  of  the  numbers  de- 
noted by  a  and  b,  and  is  equal  to  a  —  bortob  —  a  according  as  a- is 
greater  than  b  or  less  than  b. 

9.  The  sign  >  denotes  greater  than,  and  the  sign  <  denotes  less 
than;  thus  a>b  denotes  that  the  number  represented  by  a  is 
greater  than  the  number  represented  by  b,  and  b<.a  denotes  that 
the  number  represented  by  b  is  less  than  the  number  represented 
by  a.  Thus  in  both  signs  the  opening  of  the  angle  is  turned 
towards  the  greater  number. 

10.  The  sign  .\  denotes  then  or  therefore;  the  sign  v  denotes 
since  or  because. 

11.  When  several  numbers  are  to  be  taken  collectively  they 
are  enclosed  by  brackets.  Thus  (a  —  b  +  c)  x  (d+  e)  signifies  that 
the  number  represented  by  a  —  b  +  c  is  to  be  multiplied  by  the 
number  represented  by  d+e.  This  may  also  be  written  thus 
(a—  b  +  c)(d  +  e).  The  use  of  the  brackets  will  be  seen  by  com- 
paring the  above  expressions  with  + c)c?+e;  the  latter  de- 
notes that  the  number  represented  by  a  -  b  +  c  is  to  be  multiplied 
by  df  and  then  e  is  to  be  added  to  the  product. 

Sometimes  instead  of  using  brackets  a  line  called  a  vinculum 
is  drawn  over  quantities  which  are  to  be  taken  collectively.  Thus 
a  —  b  +  cxd  +  ei&  used  with  the  same  meaning  as  (a—  b  +  c)  x  (d+  e). 

12.  The  letters  of  the  alphabet,  and  the  signs  or  marks  which 
we  have  already  introduced  and  explained,  together  with  those 
which  may  occur  hereafter,  are  called  Algebraical  symbols,  since 
they  are  used  to  represent  the  things  about  which  we  may  be 
reasoning.  Any  collection  of  Algebraical  symbols  is  called  an 
Algebraical  expression  or  a  formula. 

13.  Those  parts  of  an  expression  which  are  connected  by  the 
signs  +  or  —  are  called  its  terms.  When  an  expression  consists  of 
two  terms  it  is  called  a  binomial  expression;  when  it  consists  of 
three  terms  it  is  called  a  trinomial  expression;  any  expression  con* 
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sisting  of  several  terms  may  be  called  a  multinomial  expression  or  a 
polynomial  expression.  When  an  expression  does  not  contain 
parts  connected  by  the  sign  +  or  the  sign -it  may  be  called  a 
simple  expression,  or  it  may  be  said  to  contain  only  one  term. 

Thus  abc  is  a  simple  expression;  abc  +  x  is  a  binomial  expres- 
sion, of  which  abc  is  one  term,  and  x  is  the  other;  ab  +  ac-bc  is 
a  trinomial  expression,  of  which  ah,  ac,  and  be  are  the  terms. 

14.  When  one  number  consists  of  the  product  of  two  or  more 
numbers,  each  of  the  latter  is  called  a  factor  of  the  product.  Thus 
a,  b  and  c  are  factors  of  the  product  abc. 

15.  A  product  may  consist  of  one  factor  which  is  a  number 
represented  arithmetically,  and  of  another  factor  which  is  a  num- 
ber represented  algebraically,  that  is,  by  a  letter  or  letters;  in  this 
case  the  former  factor  is  said  to  be  the  coefficient  of  the  latter.  Thus 
in  the  product  7 abc  the  factor  7  is  called  the  coefficient  of  the 
factor  abc.  Where  there  is  no  arithmetical  factor,  we  may  supply 
unity;  thus  we  may  say  that,  in  the  product  abc,  the  coefficient  is 
unity. 

And  when  a  product  is  represented  entirely  algebraically, 
any  one  factor  may  be  called  the  coefficient  of  the  product  of  the 
remaining  factors.  Thus,  in  the  product  abc,  we  may  call  a  the 
coefficient  of  be,  or  b  the  coefficient  of  ac,  or  c  the  coefficient  of  ab. 
If  it  be  necessary  to  distinguish  tjiis  use  of  the  word  coefficient 
from  the  former,  we  may  call  the  latter  coefficients  literal  coef- 
ficients, and  the  former  numerical  coefficients. 

16.  If  a  number  be  multiplied  by  itself  any  number  of  times, 
the  product  is  called  a  power  of  that  number.  Thus  a  x  a  is  called 
the  second  power  of  a;  also  ax  ax.  a  is  called  the  third  power  of 
a;  and  a  x  a  x  a  x  a  is  called  the  fourth  power  of  a;  and  so  on. 
The  number  a  itself  is  often  called  the  first  power  of  a. 

17.  Any  power  of  a  quantity  is  usually  expressed  by  placing 
above  the  quantity  the  number  which  represents  how  often  it  is 
repeated  in  the  product.    Thus  a*  is  used  to  express  ax  a;  also 
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a9  is  used  to  express  axaxa;  and  a*  is  used  to  express  axaxaxa; 
and  so  on.  And  a1  may  be  used  to  denote  the  first  power  of  a 
or  a  itself;  that  is,  a1  has  the  same  meaning  as  a. 

Numbers  placed  above  a  quantity  to  express  the  powers  of 
that  quantity  are  called  indices  of  the  powers,  or  exponents  of  the 
powers;  or  more  briefly  indices  or  exponents, 

18.  Thus  we  may  sum  up  the  two  preceding  articles  as 
follows  "  a  x  a  x  a  x  &c.  to  n  factors  is  expressed  by  a",  and  n  is 
called  the  index  or  exponent  of  a",  where  n  may  denote  any 
whole  number." 

19.  The  second  power  of  a  or  a2  is  often  called  the  square  of 
a,  and  the  third  power  of  a  or  a8  is  often  called  the  cube  of  a. 
The  symbol  a4  is  read  thus  "  a  to  the  fourth  power"  or  briefly  "  a 
to  the  fourth;"  and  a"  is  read  thus  "  a  to  the  n4\" 

20.  The  square  root  of  any  proposed  number  is  that  number 
which  has  the  proposed  number  for  its  square  or  second  power. 
The  cube  root  of  any  proposed  number  is  that  number  which  has 
the  proposed  number  for  its  cube  or  third  power.  The  fourth 
root  of  any  proposed  number  is  that  number  which  has  the  pro* 
posed  number  for  its  fourth  power.'  And  so  on* 

21.  The  square  root  of  a  number  a  is  denoted  thus  ZJa,  or 
simply  thus  Ja.  The  cube  root  of  a  is  denoted  thus  JJa.  The 
fourth  root  of  a  is  denoted  thus  }Ja.    And  so  on. 

The  sign  J  is  said  to  be  a  corruption  of  the  initial  letter  of 
the  word  radix. 

22.  Terms  are  said  to  be  like  or  similar  when  they  do  not 
differ  at  all  or  differ  only  in  their  numerical  coefficients;  otherwise 
they  are  said  to  J>e  unlike.  Thus  4a,  6o5,  9aa  and  Za*bc  are 
respectively  similar  to  15a,  3ab,  12a2  and  15a*bc.  -And  ab,  a% 
ab*  and  abc  are  all  unlike. 

23.  Each  of  the  letters  which  occurs  in  an  algebraical  product 
is  called  a  dimension  of  the  product,  and  the  number  of  the 
letters  is  the  degree  of  the  product.  Thus  a*b*c  or  axaxbxbxbxc 
is  said  to  be  of  6  dimensions  or  of  the  sixth  degree.    A  numerical 

Digitized  by  Google 


6 


EXAMPLES. 


coefficient  is  not  counted ;  thus  9a*&4  and  a*64  are  of  the  same 
dimensions,  namely  of  seven  dimensions.  Thus  the  degree  of  a 
term  or  the  number  of  dimensions  of  a  term  is  the  sum  of  the 
exponents  provided  we  remember  that  if  no  exponent  is  expressed 
the  exponent  1  must  be  understood  as  indicated  in  Art.  17. 

24.  An  algebraical  expression  is  said  to  be  homogeneous  when 
all  its  terms  are  of  the  same  dimensions.  Thus  7a*  +  3a*b  +  4o6c 
is  homogeneous,  for  each  term  is  of  three  dimensions. 

The  following  examples  will  serve  for  an  exercise  in  the 
preceding  definitions. 

EXAMPLES. 

If  a  =  1,  b  =  3,  c  =  4,  d  =  6,  e  =  2  and  /=  0,  find  the  numerical 
values  of  .the  following  algebraical  expressions : 

1.  #+26  +  4c.  2.  3b  +  5d-2e. 

3.  db  +  2bc  +  3ed.  4.  <tc  +  4cd-2eb. 

5.  abc+4bd+ec-fd.  6.  a*  +  b*  +  c*+f*. 

^  cd    46e    cd  _      *    j  •  « 

ft  £±£.  io. 


2c -3a'  '    d*  +  dc  +  c*' 

11.    J{27b)-*J(2c)+J{2e).       12.  ^+^^(24 

13.  Find  the  value  of  (9-y)(a?+  1)  +  («  +  5)  (y  +  7)-112, 
when  x  —  3  and  y  =  5. 

14.  Find  the  value  of  x  J{x*  -  8y)  +  y  J(x*  +  8y),  when  x  =  5 
and  2/=  3. 

15.  Find  the  value  of  a  J[x*  -  3a)  +  x  J(x*  +  3a),  when  x  =  5 
and  a  =  8. 

16.  Find  the  value  of  a  +  5 +  y) -  (a- b)  l/{x-y),  when 
a=  10,  6  =  8,  «=  12  and  y  =  4. 
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.  17.    If  a=16,  5=10,  a?  =  5  and  y=  1,  find  the  value  of 
Q-x)(Ja+l)  +  J{(a-b){z  +  y)}; 
and  of         (a-y){J(2bx)  +  x*}  +  J{(a-.x)(b  +  y)}. 

18.    If  a  =  2,  6  =  3,  £c  =  6  and  y  =  5,  find  the  value  of 
*/{(a  +        +  «/{(<*  +  «)  (y-  2«)}  +  «fl(y- 5)»«}. 

II.    CHANGE  OF  THE  ORDER  OP  TERMS.    REDUCTION  OP  LIKE 
TERMS.    ADDITION,  SUBTRACTION,  USE  OP  BRACKETS. 

25.  When  the  terms  of  an  expression  are  connected  by  the 
sign  +  it  is  indifferent  in  what  order  they  are  written;  thus 
a  +  b  and  b  +  a  denote  the  same  thing,  namely  the  sum  of  the 
numbers  which  are  denoted  by  a  and  6.  We  may  express  this 
feet  algebraically  thus 

a  +  b  =  b  +  a. 

Similarly 

a  +  b  +  c  =  a  +  c  +  b  =  b  +  a+c  =  b  +  c  +  a  =  c  +  a  +  b  =  c  +  b  +  a. 

26.  If  an  algebraical  expression  consist  of  some  terms  pre- 
ceded by  the  sign  +  and  some  terms  preceded  by  the  sign  — 
we  may  write  the  former  terms  first  in  any  order  we  please, 
and  the  latter  terms  after  them  in  any  order  we  please. 
This  appears  from  the  same  considerations  as  before.  Thus,  for 
example, 

a  +  b  — c-e=a  +  b  — e  —  c  =  b  +  a  —  c  —  e  =  b+a  —  e  —  c. 

27.  In  some  cases  it  is  obvious  that  we  may  vary  the  order 
of  terms  still  further  by  mixing  up  the  terms  preceded  by  the 
sign  -  with  those  preceded  by  the  sign  +  .  Thus,  for  example, 
if  a  denote  10,  b  denote  6,  and  c  denote  5,  then 

a  +  b  —  c  =  a  —  c  +  b=zb  —  c  +  a. 
If  however  a  denote  2,  b  denote  6,  and  c  denote  5,  then 
the  expression  a  —  e  +  b  presents  a  difficulty  because  we  are  thus 
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apparently  required  to  take  a  greater  number  from  a  lead,  namely 
5  from  2.  It  will  be  convenient  to  agree  that  such  an  expression 
as  a  —  c  +  b  when  c  is  greater  than  a  shall  be  understood  to  mean 
the  same  thing  as  a  +  b  —  c  At  present  we  shall  never  use  such 
an  expression  except  when  c  is  less  than  a  +  6,  so  that  a  +  b—c 
presents  no  difficulty.  Similarly  we  shall  consider  —  b  +  a  to  mean 
the  same  thing  as  a  —  5.    We  shall  recur  to  this  point  hereafter. 

28.  Thus  the  numerical  value  of  an  algebraical  expression 
remains  the  same  whatever  may  be  the  order  of  the  terms  which 
compose  it.  This  as  we  have  seen  follows,  partly  from  our  notions 
of  addition  and  subtraction,  and  partly  from  an  agreement  as  to 
the  meaning  we  ascribe  to  an  expression  when  our  ordinary 
arithmetical  notions  are  not  strictly  applicable.  Such  an  agree- 
ment is  called  in  Algebra  a  convention,  and  conventional  is  the 
corresponding  adjective. 

•  29.  We  shall  frequently,  as  in  Article  26,  have  to  distinguish 
the  terms  of  an  algebraical  expression  which  are  preceded  by  the 
sign  +  from  the  terms  which  are  preceded  by  the  sign  —  ,  and  thus 
the  following  definition  is  adopted.  The  terms  in  an  algebraical 
expression  which  are  preceded  by  no  sign  or  which  are  preceded 
by  the  sign  +  are  called  positive  terms;  the  terms  which  are 
preceded  by  the  sign  —  are  called  negative  terms.  This  definition 
is  introduced  merely  for  the  sake  of  brevity,  and  no  meaning  is 
to  be  given  to  the  words  positive  and  negative  beyond  what  is 
expressed  in  the  definition.  The  student  will  notice  that  terms 
preceded  by  no  sign  are  treated  as  if  they  were  preceded  by  the 
sign  +  . 

30.  Sometimes  an  expression  includes  several  like  terms;  in  s 
this  case  the  expression  admits  of  simplification.  For  example, 
consider  the  expression  4a*b  —  3a*c  +  9ac*  —  2a2b  +  7a*c  —  6ft*;  this 
may  be  written  4aa6  -  2a*b  +  la\  -  3aac  +  9ac*  -  6b2  (Art.  28). 
Now  4a96  —  2a*b  is  the  same  thing  as  2a*b,  and  7a*c  —  3a9c  is 
the  same  thing  as  4a*c.  Thus  the  expression  becomes 
2a9&  +  4aac+9ac8-66a. 
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ADDITION. 

31.  The  addition  of  algebraical  expressions  is  performed  by 
writing  the  terms  in  succession  each  preceded  by  its  proper  sign.  ' 

"For  suppose  we  have  to  add  c-d+e  to  a- 6;  this  is  the 
same  thing  as  adding  c  +  e  —  d  to  a  —  b  (Art.  28).  Now  if  we 
add  c  +  e  to  a-b  we  obtain  a  -  6  +  c  +  e ;  we  have  however  thus 
added  d  too  much,  and  must  consequently  subtract  d.  Hence 
we  obtain  a-6+c+e—  d,  which  is  the  same  as  a  —  b  +  c— d+e'} 
thus  the  result  agrees  with  the  rule  above  given.  The  result  is 
called  the  sum. 

We  may  write  our  result  thus : 

a-b  +  (c-d+e)  =  a  —  b  +  c-d  +  e. 

32.  When  the  terms  of  the  .expressions  which  are  to  be 
added  are  all  unlike,  the  sum  obtained  by. the  rule  does  not 
admit  of  simplification.  But  when  like  terms  occur  in  the  ex- 
pressions, we  may  simplify  as  in  Art.  30.  Hence  we  have  the 
following  rules : 

When  like  terms  have  the  same  sign  their  sum  is  found  by 
taking  the  sum  of  the  coefficients  with  that  sign  and  annexing  the 
common  letters. 

Example ;  add  5a  —  3b  and  4a  -  7b ;  the  sum  is  9a  -  10b. 
For  the  5a  and  the  4a  together  make  9a,  and  the  36  and  76 
together  make  106. 

Again;  add  4a8c-106de,  6a*c-9bde  and  lla"c-36de.  The 
sum  is  2la*c-22bde. 

When  like  terms  occur  with  different  signs  their  sum  is  found 
by  taking  the  difference  of  the  sum  of  the  positive  and  ike  sum  of 
the  negative  coefficients  with  the  sign  of  the  greater  sum  and  an- 
nexing the  common  letters  as  before. 

Example ;  add  7a  -  96  and  56  -  4a.    The  sum  is  3a  -  46. 

Again;   add  3a"  +  46c- e*  +  10,  5a*  +  66c  +  2e* -  15  and 
W  -  96c  -  10e*  +  21.    The  sum  is  12a8  +  6c  -  9e*  +  16. 
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SUBTRACTION. 

33.  Suppose  we  have  to  take  b  +  c  from  a.  Then  as  each  of 
the  numbers  b  and  c  is  to  be  taken  from  a  the  result  is  denoted  by 
a-b-c.    That  is 

a- (b  +  c)  =  a-b  —  c. 

We  enclose  the  terms  b  +  c  in  brackets,  because  they  are  both 
to  be  taken  from  a. 

Similarly,     a  +  d-(b  +  c  +  e)  =  a  +  d-b-c-e. 

34.  Next  suppose  we  hare  to  take  b  —  c  from  a.  If  we  take 
b  from  a  we  obtain  a  —  b ;  but  we  have  thus  taken  too  much 
from  a,  for  we  are  required  to  take,  not  b  but,  b  diminished  by  a 
Hence  we  must  increase  the  result  by  c;  thus 

a  —  (6  —  c)  =  a  -  b  +  c. 

Similarly,  suppose  we  have  to  take  b-c-d+e  from  a.  This 
is  the  same  thing  as  taking  b  +  e  -  c- d  from  a.  Take  away  b  +  e 
from  a  and  the  result  is  a  —  b  —  e;  then  add  c  +  d,  because  we 
were  to  take  away,  not  b  +  e  but,  b  +  e  diminished  by  c  +  d ;  thus 

a  -  (6  -  c  -  e£  +  e)  =  a—  6  —  e  +  c  +  d 

,  =a  —  b  +  c  +  d-e. 

35.  from  considering  these  cases  we  arrive  at  the  following 
rule  for  subtraction.  Change  the  sign  of  every  term  in  the  expres- 
sion to  be  subtracted,  and  then  add  it  to  the  other  expression.  Here 
as  before,  we  suppose  for  shortness,  that  where  there  is  no  sign 
before  a  term,  +  is  to  be  understood. 

For  example ;  take  a- b  from  3a  +  b. 

3a  +  b  -  (a  -  b)  =  3a  +  b  -  a  +  b  =  2a  +  25. 

Again;  take  5a*  +  4a6-6a^y  from  11a"  +  3a6 -4a?y. 
1  la"  +  3ab  -  ±xy  -  (5a2  +  4a&  -  6^)  = 

1  la*  +  3a6  -  ±xy  -  5a*  -  iab  +  6xy  =  6a"  -  ab  +  2ay. 
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BRACKETS. 

36.  On  account  of  the  frequent  occurrence  of  brackets  in 
Algebraical  investigations,  it  is  advisable  to  call  the  attention 
of  the  student  explicitly  to  the  laws  respecting  their  use.  These 
laws  have  already  been  established,  and  we  have  only  to  give 
them  a  verbal  enunciation. 

When  ,ow  expression  within  brackets  is  preceded,  by  the  sign  + 
the  brackets  may  be  removed. 

Thus   a-b  +  (c-d+e)  =  a-b  +  c-d  +  e,  (Art.  31). 

And  consequently  any  number  of  terms  in  an  expression  may  be 
enclosed  by  brackets,  and  the  sign  +  placed  before  the  wftole. 

Thus  a-b+c-d+e  may  be  written  in  the  following  ways, 
a-6  +  c  +  (-<Z+e),    a  —  d+(c  +  e-6),    a  +  (-d  + c  + e-b), 
and  so  on. 

When  an  expression  within  brackets  is  preceded  by  the  sign  — 
the  brackets  may  be  removed  if  the  sign  of  every  term  within  the 
brackets  be  changed,  namely  +  to  -  and  -  to  +. 

Thus  a-(b-c-d+e)  =  a-b  +  c  +  d-ey  (Art.  34). 

And  consequently  any  number  of  terms  in  an  expression  may 
be  enclosed  by  brackets  and  the  sign  —  placed  before  the  whole, 
provided  the  sign  of  every  term  within  the  brackets  be  changed. 
Thus  a—b+c+d—e  may  be  written  in  the  following  ways, 
a  -  b  +  c  -  (-  d  +  e),   a-(b-c-d+e),    a  +  c-(b-d+e), 
and  so  on.  . 

37.  Expressions  may  occur  with  more  than  one  pair  of 
brackets;  these  brackets  may  then  be  removed  by  the  preced- 
ing rules.  Thus 

a-{b-c-(d-e)}  =  a  —  {b-c-d+e}  =  a-b  +  c  +  d-e; 
or,  proceeding  in  a  different  order, 

a  —  {b  —  c  —  (d—e)}  =  a  —  b  +  c  +  (d—e)  =  a-b+c  +  d-e. 
Similarly,  we  may  if  we  please  introduce  more  than  one  pair 
of  brackets. 
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1.  Add  together  4a  -  56  +  3c  -  2d,  a  +  6-4c  +  5dr, 

3a  -  7b  +  6c  +  4c?  and  a  +  46  -  c  -  Id. 

2.  Add  together  of  +  2a?  -  3a:  +  1,  2a/1  -  3a?  +  4a;  -  2, 

3a?  +  4a?  +  5  and  4a?  -  3a8  -  5x  +  9. 

3.  Add  together 

a?  -  3#y  +  y"  +  a:  +  y-l,    2a?  +  4ajy  -  3y"  -  2a;  -  2y  +  3, 
3a?  -  5xy  -  4y"  +  3a;  +  4y  -  2 '  and  6a?  +  \0xy  +  5if  +  x  +  y. 

4.  Add  together  a?  -  2oa?  +  a'a;,  a?  +  3oa?  and  2a?  -  ax9. 

5.  Add  together  4o6-a?,  3x*-2ab  and  2oa;  +  2&& 

6.  Prom  5a-35  +  4c-7a*  take  2a-26  +  3c-a*. 

7.  From  a;4  +  4a?  -  2a?  +  7a;  -  1  take  a;4  +  2a?  -  2a?  +  6a:  -  1. 

8.  Subtract  a*  —  ax  +  x*  from  3as  —  2oa;  +  a?. 

9.  Subtract  a-&-2(c-d)  from  2(a-b)-c  +  <L 

10.  Subtract  (a-6)a;-(6-c)y  from  (a  +  b)x  +  (6  +  c)y. 

11.  Remove  the  brackets  from  a  -  {6  -  (c  -  a7)}. 

12.  Remove  the  brackets  from  a-{(b-c)-d}. 

13.  Remove  the  brackets  from  a  +  2b  -  6a  -  {36  -  (6a  -  66)}. 

14.  Remove  the  brackets  from  7a  -  {3a-  [4a-  (5a-  2a)]}. 

15.  Also  from  3a-[a  +  6-{a  +  5  +  c-(a  +  6  +  c  +  d)}]. 

1 6.  Also  from  2x  -  [3y  -  {4a:  -  (5y  -  6a:)}]. 

17.  Also  from  a-[26+{3c-3a-(a  +  6)}  +  2a-(6  +  3c)]. 

18.  Also  from  a- [56  -  {a  -  (3c  -  36)  +  2c  -  (a  -  26  -  c)}]* 
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19.  If  a  =  2,  6  =  3,  x=6  and  y=5,  find  the  value  of 

a  +  2x  -  {6  +  y  -  [a  -  x  -  (6  -  2y)]}\ 

20.  Simplify 

4aV  2x*  +  a;  +  1  -  (3a8  -  x9  -  x  -  7)  -  (of  -  4a?a  +  2a?  +  8). 

IIL  MULTIPLICATION. 

38.  We  have  already  stated  that  the  product  of  the  numbers 
denoted  by  any  letters  may  be  denoted  by  writing  those  letters  in 
succession  without  any  sign  between  them ;  thus  abed  denotes  the 
product  of  the  numbers  denoted  by  a,  6,  c  and  d.  We  suppose  the 
student  to  know  from  Arithmetic,  that  the  product  of  any  num- 
ber of  factors  is  the  same  in  whatever  order  the  factors  may  be 
taken;  thus  abc  ~  acb  =  bca,  and  so  on. 

39.  Suppose  we  have  to  form  the  product  of  4a,  51  and  3c; 
this  product  may  be  written  at  full  thus,  4xax5x6x3xc,  or 
4  x  5  x  3  x  abc,  that  is  GOabc.  And  thus  we  may  deduce  the 
following  rule  for  the  multiplication  of  simple  terms:  multiply 
together  the  numerical  coefficients  and  unite  the  letters  after  this 
product. 

40.  The  notation  adopted  to  represent  the  powers  of  a  num- 
ber, (Art.  17),  will  enable  us  to  prove  the  following  rule:  the 
powers  of  a  number  are  multiplied  by  adding  the  exponents,  for 
a9xa*  =  axaxaxaxa  =  a5  =  a***;  and  similarly  any  other  case, 
may  be  established. 

Thus  if  m  and  n  are  any  whole  numbers,  am  x  a"  =  a"4*. 

41.  We  may  if  we  please  indicate  the  product  of  the  same 
powers  of  different  letters  by  writing  the  letters  within  brackets, 
and  placing  the  index  over  the  whole.  Thus  os  x  6"  =  (aft)*;  this 
is  obvious  since  (ab)*  =  abxab  =  axaxbxb.  Similarly, 

a*xb*xc*  =  {abc)*. 

Thus  a*  x  6"  =  (ah)*',  a*  x  b*  x  c*  =  (abc)*;  and  so  on  for  any 
number  of  factors. 
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,  42.  Suppose  it  required  to  multiply  a+*b  by  c.  The  pro- 
duct of  a  and  e  is  denoted  by  ac,  and  the  product  of  b  and  c 
is  denoted  by  be ;  hence  the  product  of  a  +  b  and  c  is  denoted  by 
ac  +  bc.  For  it  follows,  as  in  Arithmetic,  from  our  notion  of 
multiplication,  that  to  multiply  any  quantity  by  a  number  we 
have  only  to  multiply  all  the  parts  of  that  quantity  by  the  number 
and  add  the  results.  Thus 

(a  +  b)  c  =  ac  +  be. 

43.  Suppose  it  required  to  multiply  a-b  by  c.  Here  the 
product  of  a  and  c  must* be  diminished  by  the  product  of  b 
and  c.  Thus 

(a  -b)c  =  ac-  be. 

44.  Suppose  it  required  fco  multiply  a  +  b  by  o+d.  It 
follows,  as  in  Arithmetic,  from  our  notions  of  multiplication, 
that  if  a  quantity  is  to  be  multiplied  by  any  number,  we  may 
separate  the  multiplier  into  parts  the  sum  of  which  is  equal  to 
the  multiplier,  and  take  the  product  of  the  quantity  by  each  part, 
and  add  these  partial  products  to  form  the  complete  product. 

Thus  (a  +  b)  (c  +  d)  =  (a  +  b)  c  +  (a  +  b)  d; 

also  (a  +  b)c  =  ac  +  bc,   and  (a  +  b)d=ad  +  bd; 

thus  (a  +  b)(c  +  d)  =  ac  +  bc  +  ad  +  bd. 

45.  Suppose  it  required  to  multiply  a-b  by  c  +  d.  Here 
the  product  of  a  and  c  +  d  must  be  diminished  by  the  product  of 
b  and  c  +  d.  Thus 

(a  -b)(c  +  d)  =  a(c  +  d)-b(c  +  d) 

=  ac  +  ad-(bc  +  bd)  =  ac  +  ad-be  — bd. 

46.  Suppose  it  required  to  multiply  a  +  b  by  c  —  d.  Here 
the  product  of  a  +  b  and  c  must  be  diminished  by  the  product 
of  a  +  b  and  d.  Thus 

(a  +  b)  (e  -  d)  =  (a  +  b)  c  -  (a  +  b)  d 

=  ac  +  be  -  (ad  +  bd)  =  ac  +  be  -  ad  -  W. 
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47.  Suppose  it  required  to  multiply  a  -  6  by  c  -  d  Here 
the  product  of  a  -  b  and  c  must  be  diminished  by  the  product 
of  a  -  6  and  rf.  Thus 

(a-J)(c-^=:(a-J)e-(a-&)rf 

=  ac  —  bc  —  (ad  —  bd)  =  ac  —  bc  —  ad  +bd. 

48.  From  considering  the  above  cases  we  arrive  at  the  fol- 
lowing rule  for  multiplying  two  binomial  expressions.  Multiply 
each  term  of  the  multiplicand  by  each  term  of  the  multiplier;  if  the 
terms  have  the  same  sign,  prefix  the  sign  +  to  the  product,  if  they 
have  different  signs  prefix  the  sign  — ;  then  collect  these  partial 
products  to  form  the  complete  product 

The  rules  with  respect  to  the  sign  of  each  partial  product  are 
often  enunciated  thus  for  shortness:  like  signs  produce  +,  and 
unlike  signs  produce  — . 

49.  It  appears  from  the  preceding  articles,  that  correspond- 
ing to  the  terms  -  b  and  c  which  occur  in  two  binomial  factors, 
there  is  a  term  —  be  in  the  product  of  the  factors.  Hence  it  is 
often  stated  as  an  independent  truth  that  —  b  x  c  =  —  bc 

Similarly,  we  observe,  that  corresponding  to  the  terms  —  b  and 
—  c  which  occur  in  two  binomial  factors,  there  is  a  term  be  in  the 
product  of  the  factors;  hence  it  is  often  stated  as  an  independent 
truth,  that  -  b  x  -  c  =  be.  These  statements  will  be  examined  and 
explained  in  a  subsequent  chapter. 

50.  The  rule  given  in  Article  48  will  hold  for  the  multipli- 
cation of  any  algebraical  expressions.  This  will  appear  from 
considering  a  few  examples.  Suppose,  for  instance,  we  have  to 
multiply  4a*  -  Bab  +  66*  by  2a*  -  3a6  +  46*.  The  required  pro- 
duct here  is 

2a"(4a*  -  bob  +  66*)  -  3a6(4a*  -  5a6  +  66*)  +  46*(4a*  -  5a6  +  66*); 
thus  we  obtain 

(8a4  -  10a86  +  12a*6fl)  -  (12a86  -  15a*6*  +  18a68) 

+  (16a*6*-20a68  +  2464), 

that  is, 

8a4  -  10a86  +  12a*6*  -  12a86  +  15a*6*  -  18a68  +  16a*6*  -  20a68+  246\ 
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This  result  agrees  with  the  rule.  If  we  simplify  the  result  by 
collecting  the  like  terms  we  obtain 

8a4  -  22aBb  +  43a*6*  -  38o&8  +  246\ 
The  whole  operation  may  be  conveniently  arranged  thus : 
4a*-5o6  +  66* 
2a9-Zab  +  W 

-12a*b+15a2ba-l8ab* 

+  16a*&*-20o&8  +  24&4 
8a4  -  22a*b  +  43a*6*  -  38a68  +  2464 

51.  The  student  should  carefully  notice  the  arrangement  of 
the  above  operation.  The  expressions  which  we  wish  to  multiply 
are  here  said  to  be  arranged  according  to  descending  powers  of  a; 
for  in  the  expression  4a8  -r-  5ab  +  66*  the  term  which  contains  the 
highest  power  of  a  is  4a2,  and  this  is  placed  first ;  next  we  place 
—  5ab  which  also  contains  a,  and  lastly  we  place  the  term  +  66s, 
which  does  not  contain  a  at  all  Similarly  the  other  factor 
2a*  -  3ab  +  4b*  is  arranged.  The  partial  products  which  arise  are 
so  arranged  that  like  terms  occur  in  the  same  column,  and  thus 
we  collect  them  more  easily,  The  factors  might  also  have  been 
arranged  thus  66*  -  5ab  +  4a*  and  46*  -  Sab  +  2a*;  they  are  then 
said  to  be  arranged  according  to  ascending  powers  of  a. 

52.  Again;  multiply  x*  +  x+l  by  x*-x+l.  The  opera- 
tion may  be  arranged  thus 

«*  +  «  +  1 
x*-x+l 
x4  +  x*  +  x* 
—  x*  —  x*  —  x 
+  x*  +  x+l 

X4         +  X*  +1 

Thus  the  product  is  x4  +  a*  + 1. 
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53.  The  following  three  examples  are  deserving  of  special 
notice, 

a  +b                   a  —b  a  +b 

a  +6                   a  —b  '  a  —b 


a*+  ab  a2- ab  a*+  ab 

+  ab  +b*  -ab  +68  ~ab-b* 


aa+  2ab  +  b*  .         a9- 2ab  +  b*  a2- b* 

The  first  example  gives  the  value  of  (a  +  b)  (a  +  b),  that  is,  of 
(a  +  b)9 ;  we  thus  find 

(a  +  b)a  =  a*  +  2ab  +  b*. 

Thus  the  square  of  the  sum  of  two  numbers  is  equal  to  the  sum 
of  the  squares  of  ike  two  numbers  increased \by  twice  their  product 

Again  we  have, 

(a-by  =  a*-2ab  +  b2. 

Thus  the  square  of the  difference  of  two  numbers  is  equal  to  the  sum 
of  the  squares  of  the  two  numbers  diminished  by  twice  their  product. 

Also  we  have 

(a  +  b)(a-b)  =  a*-b\ 

Thus  the  product  of  the  sum  and  difference  of  two  numbers  is 
equal  tc  the  difference  of  their  squares. 

54.  We  may  here  indicate  the  meaning  of  the  sign  ±  which 
is  sometimes  used. 

Since  (a  +  b)a  =  a2  +  2ob  +  b*, 

and  (a-by  =  a*-2ab  +  ba, 

we  may  write  (a  ±  b)2  =  a'  ±  2ab  +  b2. 

Thus  *  indicates  that  we  may  take  either  the  sign  +  or  the 
sign  — ;  a  ±6  is  read  thus,  "a  plus  or  minus  b". 

55.  The  results  given  in  Art.  53  furnish  a  simple  example  of 
the  use  of  Algebra;  we  may  say  that  Algebra  enables  us  to 

T.  A.  2 
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prove  general  theorems  respecting  numbers,  and'  also  to  express 
those  theorems  briefly.    For  example,  the  result 

(a  +  b)(a-b)  =  a*-ba, 
is  proved  to  be  true,  and  is  stated  thus  by  symbols  more  com- 
pactly than  by  words. 

56.  By  using  the  formulae  given  in  Art.  53,  the  process  of 
multiplication  may  be  often  simplified.  Thus  suppose  we  have  to 
multiply  a  +  b  +  c  +  d  by  a  +  b  —  c  —  d.  This  is  the  same  thing  as 
multiplying  (a  +  b) -f (c  +  d)  by  (a  +  b)-(c  +  d).  Then  by  the 
third  formula  we  have 

{(a  +  b)  +  (c  +  d)}  {(a  +  b)-(c  +  d)}  =  (a  +  by-(c  +  d)*. 
Next  we  can  express  (a  +  b)s  and  (c  +  d)*  by  means  of  the  first 
formula;  thus  finally 

(a  +  b  +  c  +  d)(a  +  b-c-d)  =  a*  +  b*  +  2ab-c*-da-2ed. 

57.  From  an  examination  of  the  examples  here  given,  and 
those  which  are  left  to  be  worked,  the  student  will  recognise  the 
truth  of  the  following  laws  with  respect  to  the  result  of  multi- 
plying algebraical  expressions. 

The  number  of  terms  in  the  product  of  two  algebraical  ex- 
pressions is  never  greater  than  the  product  of  the  numbers  of  the 
terms  in  the  two  expressions,  but  may  be  less,  owing  to  the 
simplification  produced  by  collecting  like  terms. 

When  the  multiplicand  and  multiplier  are  both  arranged  in  the 
same  way  according  to  the  powers  of  some  common  letter,  the  first 
and  last  terms  of  the  product  are  unlike  any  other  terms.  For  in- 
stance, in  the  example  of  Art.  50,  the  multiplicand  and  multiplier 
are  arranged  according  to  powers  of  a;  the  first  term  of  the 
product  is  8a4  and  the  last  term  is  246\  and  there  are  no  other 
terms  which  are  like  these;  in  fact,  the  other  terms  contain  a 
raised  to  some  power  less  than  the  fourth  power,  and  thus  they 
differ  from  8a4;  and  they  all  contain  a  to  some  power,  and  thus 
they  differ  from  24b\ 

When  the  multiplicand  and  multiplier  are  both  homogeneous 
the  product  is  homogeneous,  and  the  number  of  the  dimensions  of 
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the  product  is  the  mm  of  the  numbers  which  express  the  dimen- 
sions of  the  multiplicand  and  multiplier.  Thus  in  the  example  of 
Art.  50,  the  multiplicand  is  homogeneous  and  of  two  dimensions, 
and  the  multiplier  is  homogeneous  and  of  two  dimensions;  the 
product  is  homogeneous  and  of  four  dimensions. 

EXAMPLES  OP  MULTIPLICATION. 

1.    Multiply  2p-Q  by  2q+p. 


2   2b9  +  3ab  +  a'  by  7  a  -5b. 

3.    a9-ab  +  b9  by  a'  +  ab-b9. 

4   a9-ab  +  2b9  by  a*  +  ab-2b*. 

5.    a9  +  2ax  +  x9  by  a*  +  2ax-x*. 

6.    a9  +  4:Cix  +  kx9  by  a*  —  kax  +  ix9. 

7   a8  -  2ax  +  bx  -  x9  by  b  +  x. 

8   Ux9  +  ISax  -  Ua9  by  ix9  -  2ax  -  a9. 

9   2x*  +  ix9+8x+l6  by  3*- 6. 

10   2X9  -  8xy  +  9y9  by  2x  -  3y. 

11   ±x9-3xy-y9  by  Zx-2y. 

12   xs-x*y  +  xy4-ys  by  x  +  y. 

13.    x  +  2y-3z  by  x-2y  +  3z> 

14   2a?  +  3xy  +  iy9  by  3x9  -  ixy  +  y9. 

15.    x2  +  xy  +  y9  by  tf  +  xz  +  tf. 

16   a9  +  b9 +  <? -be- ca-ab  by  a +  b  + a 

17.    x9  +  y8  +  05  +  y- xy  +  1  by  x  +  y-1. 

18   a8  +  4oy5  +  5a3-24  by  a2-4a;+ll. 

19   aj8-4a;8  +  llcc-24  by  as  +  4aj  +  5. 

20   x*-2x9  +  3x-4:  by  4x3  +  3x9  +  2x+h 

21   x4  +  2x*  +  x9-4x-ll  by  x9-2x  +  3. 

2—2 
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22.  Multiply  a;5- 5x4  +  I3x*-x*~ x  +  2  by  a8-2a;-2. 

23   a4-2aa  +  3a*-2a  +  l  by  a4 +2a8  +  3a8  + 2a+l. 

24.  Multiply  together  a  -  x,  a  +  x,  and  a'  +  a;8. 

25   x-3,  x-1,  x+l,  and  2  +  3. 

26   x*-x+  1,  a;8+a;  +  1,  and  a;4-a;8  +  l. 

27.  Multiply  x*  -  ax3  +  bx*  -  cx  +  d  by  #4  +  a#8  -bx*-\-cx-d. 

28.  Shew  that  (a;  +  a)4  =  a4  +  4aj8a  +  6icV  +  4a»8  +  a4. 

29   aj(a;+l)(ir  +  2)(aj  +  3)  +  l=(aj1,  +  3a;+l)>. 

30.  Multiply  together  a  +  x,  b  +  x,  and  c  +  as. 

.  31   x-a,  x-b,  x-c,  and  x-d. 

32   a  +  6-c,  a  +  c-6,  6  +  c-a  and  a+6+c. 

33.  Simplify  (a+  b)(b  +  c)-(c  +  d)  (d  +  a)-(a  +  c)(b-d). 

34   (a  +  b  +  c  +  dy  +  (a-rb-c  +  d)*  +  (a-b  +  c-dy 

+  (a  +  b-c-d)a. 

35.  Prove  that  (x  +  y  +  zf  -  (a;8  +  y8  +  s8)  =  3(y  +      +  x)(x+y). 

36.  Simplify  (a  +  6+c)8-a(6  +  c-a)-6(a  +  c-6)-c(a  +  6-c). 

37   (a-  y)*+(x  +  y)8  +3(a;  -  y)8(a?+  y)+  3(«+  y)*(x-y). 

38  (a8  +  68+  <f)'-(a  +  6  +  c)  (a  +  6-c)(a  +  c-fc)(6  +  c  -a). 

39  (a8  +  68  +  c8)8*  (a  +  6  +  c)(a  +  6-c)(a+c-fc)(6  +  o  -a). 

40.  Prove  that  a8  +  y8  +  (a;  +  y)8  =  2  (a?  +  xy  +  y8)4 

+  Safy8  (x  +  y)8  (a;9  +  xy  +  y8). 

41   ±xy(x*  +  y*)  =  (a^  +  ajy  +  y8)8  -  (x8  -  ajy  +  y8)8. 

42   ±xy(rf-y^  =  (x'  +  xy-y^9-(xa-xy-ffl- 

43.  Multiply  together  (a8  -  3a;  +  2)8  and  a;8  +  6a;  + 1. 

44.  Multiply  a;5  +  a5  -  aa;  (tf8  +  a8)  by  ic8  +  a8  -  aa;  (a;  +  a). 

45   (a  +  6)8  by  (a -ft)8. 

46.  If  8  =  a  +  6  +  c  prove  that 


•  $(8-2b)(8-2c)  +  8(8-2c)(8-2a)  +  a(8-2a)(8--2b) 

=  (8-2a)(8-2b)(8-2c)+8aba 
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IV.  DIVISION. 

58.  Division,  as  in  Arithmetic,  is  the  inverse  of  Multipli- 
cation. In  Multiplication  we  determine  the  product  arising  from 
two  given  factors;  in  Division  we  have  the  product  and  one  of 
the  factors  given,  and  our  object  is  to  determine  the  other  factor. 
The  factor  to  be  determined  is  called  the  quotient. 

59.  Since  the  product  of  the  numbers  denoted  by  a  and  6 
is  denoted  by  ab,  the  quotient  of  ab  divided  by  a  is  6;  thus 
ab  -f-  a  =  b  ;  and  also  ab  +  b  =  a.  Similarly,  we  have  abc  -^a~bc, 
abc  +  b  =  ac,  abc-r-c  =  ab ;  and  also  abc  +  be  =  a,  abc-r-ac  =  b, 
abc  +  ab  =  c.    These  results  may  also  be  written  thus  : 

abc    -  abc  abc  . 

—  =  be.  =  ac,        —  =  ab: 

a  6  c 

abc  abc    r  abc 

-j—  =  a,         —  =  0,  — r  =  c. 
be  ac  ab 

60.  Suppose  we  require  the  quotient  of  GQabc  divided  by  3c 
Since  60o6c  =  20ab  x  3c  we  have  60a6c  -=-  3c  =  20ab.  Similarly, 
60a6c-r-4<*  =  156c;  60abc  +  5ab=12c;  and  so  on.  Thus  we  may 
deduce  the  following  rule  for  dividing  one  simple  term  by  another : 
If  the  numerical  coefficient  and  literal  product  of  the  divisor  be 
found  in  the  dividend,  the  ^ker  part  of  the  <  dividend  is  the 
quotient. 

61.  If  the  numerical  coefficient  and  literal  product  of  the 
divisor  be  not  found  in  the  dividend,  we  can  only  indicate  the 
division  by  the  notation  we  have  appropriated  for  that  purpose. 
Thus  if  5a  is  to  be  divided  by  2c,  the  quotient  can  only  be  indi- 

5a 

cated  by  5a-r2c,  or  by  In  some  cases  we  may  however 

simplify  the  expression  for  the  quotient  by  a  principle  already 
used  in  arithmetic.    Thus  if  I5a*b  is  to  be  divided  by  66c,  the 

quotient  is  denoted  by         •    Here  the  dividend  =  36  x  5a*,  and 
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the  divisor  =  36  x  2c ;  thus  in  the  same  way  as  in  Arithmetic  we 
may  remove  the  factor  36,  which  occurs  in  both  dividend  and 

5a* 

divisor,  and  denote  the  quotient  by  . 

62.  One  power  of  any  quantity  is  divided  by  another  power 
of  the  same  quantity  by  subtracting  the  index  of  the  latter  power 
from  the  index  of  the  former. 

Thus   oSTfl,  =  axdxflx(ixftT(Ux(i5  =  flxftx(i  =  fl,  =  a5"2. 
Similarly  any  other  case  may  be  established 

Hence  if  m  and  n  be  any  whole  numbers,  and  m  greater 
oT 

than  n.  we  have  am  -j-  a"  or  —  =  a"*""". 
'  a 

63.  Again,  suppose  we  have  such  an  expression  as  ^5.  We 

a*  x  1 

may  write  it  thus  — a  -3 ;  then,  as  in  Art.  61,  we  may  remove 

a9  1 

the  common  factor  a*.    Thus  we  obtain  —  =  — .     Similarly  any 

a     a  m 

other  case  may  be  established.    Hence  if  m  and  n  be  any  whole 

c&m  1 

numbers,  and  m  less  than  n,  we  have  aM  +  a"  or  —  =  -—  . 

aa 

64.  Suppose  such  an  expression  as  ^  to  occur ;  this  may  be 

means  %  x  %,  and  we  know  from 
0  0 

*  Arithmetic  that  ^  x  ^  =  ~ .    Similarly  any  other  case  may  be 
established. 

Hence  if  n  be  any  whole  number  ^  =  0 

65.  When  the  dividend  contains  more  than  one  term,  and  the 
divisor  contains  only  one  term,  we  must  divide  each  term  of  tlie 
dividend  by  the  divisor,  and  then  collect  the  partial  quotients  to  form 
the  complete  quotient. 


written  thus  (^j  .    For  (^j 
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Thus, 


db  —  cb 


-a-c;  for  (a  - c)b  =  ab  -  cb. 


b 


ah2  —  abc  +  abd 
ab 


=  b-c  +  d;  for  (b  -  c  +  d) ab  =  ab* -  abc  +  abd. 


In  the  first  example  we  see  that  corresponding  to  the  term  ab 
in  the  dividend  and  to  the  divisor  b  there  is  the  term  a  in  the 
quotient;  and  corresponding  to  the  term  —  cb  in  the  dividend 
and  to  the  divisor  b  there  is  the  term  -  c  in  the  quotient. 

We  have  already  stated  in  Art  49,  that  the  foUowing  results 
are  admitted  for  the  present,  subject  to  future  explanation, 


Similarly,  the  following  results  may  be  admitted, 

—  be    T  be  , 

 =  b,         — =  -&. 

-c  -c 

Thus  in  Division  as  in  Multiplication,  the  sign  of  the  quotient 
is  deduced  from  the  signs  of  the  dividend  and  divisor  by  the  rule, 
like  signs  produce  +,  and  unlike  signs  produce  -. 

66.  When  the  divisor  as  well  as  the  dividend  contains  more 
than  one  term,  we  must  perform  the  operation  of  algebraical 
division  in  the  same  way  as  the  operation  called  Long  Division  in 
Arithmetic    The  following  rule  may  be  given : 

Arrange  both  dividend  and  divisor  according  to  the  powers  of 
some  common  letter — either  both  according  to  ascending  powers,  or 
both  according  to  descending  powers.  Find  how  often  the  first  term 
of  the  divisor  is  contained  in  the  first  term  of  the  dividend,  and 
write  down  this  result  for  the  first  term  of  the  quotient ;  multiply 
the  whole  divisor  by  this  term,  and  subtract  the  product  from  the 
dividend.  Bring  down  as  many  terms  of  the  dividend  as  the  case 
may  require,  and  repeat  the  operation  till  all  the  terras  are  brought 
down. 


b  x  —  c  =  —  be, 


—  bx  —  c  =  bc> 
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Example.  Divide  a*-2ab  +  b*  by  a  -b. 
The  operation  may  be  arranged  thus : 

a-b  Ja*-2ab  +  b*{a-b 
a*-ab 


-ab  +  b' 
-ab  +  b9 


The  reason  for  the  rule  is,  that  the  whole  dividend  may  be 
divided  into  as  many  parts  as  may  be  convenient,  and  the  com- 
plete quotient  is  found  by  collecting  all  the  partial  quotients. 
Thus,  in  the  example,  a*  -  2ab  +  b*  is  really  divided  by  the  pro- 
cess into  two  parts,  namely,  a*  —  ab  and  —  ab  +  b',  and  each  of 
these  parts  is  divided  by  a -ft;  thus  we  obtain  the  complete 
quotient  a  —  b. 

67.  It  may  happen,  as  in  Arithmetic,  that  the  division  can- 
not be  exactly  performed.  Thus,  for  example,  if  we  divide 
a8  —  2ab  +  2b8  by  a  —  b,  we  shall  obtain  as  before  a  —  b  in  the 
quotient,  and  there  will  then  be  a  remainder  V.  This  result  is 
expressed  in  a  manner  similar  to  that  used  in  Arithmetic;  we  say 

a'-2ab  +  2b*  _  b'  m  ,  *  -  .  x.  2 
 — g  x=a  —  o  +  — — ^ ;  that  is,  there  is  a  complete  quotient 

a  —  b  and  a  fractional  part  ^  y  To  the  consideration  of  alge- 
braical fractions  we  shall  return  in  a  subsequent  chapter. 

68.  The  following  examples  are  important : 

x-a  Jx3-a3(<xa  +  xa  +  aa       x-a  )  x4  -  a4  {x3  +  x*a  +  xa*  +u? 
x3  -  x2  a  x4  -  x3a 


x9  a  —  a3  x3a  -  a4 

a? a  -  xa*  x3a  -  x*a* 


xa*  —  a3  x*a*  —  a4 

xa2  —  a8  x*a*  —  xa3 
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The  student  may  also  easily  verify  the  following  statements  : 

a? -a*  x4-a4     .     9        «  « 

 =  x  —  a:   =  ar  —  x  a + xa  —  a  : 

x+a  x  +  a 

x8  +  aB     2  8  a**  +  a5     4     8       ,  .       a  4 

 =  x  —xa  +  a  :   =  x  —xa  +  x*a  -xa  +a\ 

x  +  a  x  +  a 

69.  It  will  be  useful  for  the  student  to  notice  the  follow- 
ing facts: 

xn  —  an  is  always  divisible  by  x  —  a  whether  the  index  n  be 
an  odd  or  even  number. 

xn  —  a*  is  divisible  by  x  +  a  if  the  index  n  be  an  even  number. 

x*  +  a*  is  divisible  by  x  +  a  if  the  index  n  be  an  oefc?  number. 

It  will  be  easy  for  the  student  to  verify  these  statements  in 
any  particular  case,  and  hereafter  he  will  be  able  to  give  a  formal 
proof  of  them. 

70.  By  means  of  the  results  which  have  been  obtained  in  the 
preceding  articles  we  may  often  resolve  algebraical  expressions 
into  factors.    Thus,  for  example, 

also  x3  -  a8  =  (x  -  a)  (x*  +  ax  +  a8), 

and  x3  +  a8  =  (x  +  a)(x8-ax  +  a8); 

hence,     x*  -  a6  =  (x  -  a)  (x  +  a)  (x8  -  ax  +  a9)  (x*  +  ax  +  a3). 
Again,    x8  -  a8  =  (x4  +  a4)  (x4  -  a4)  =  (x4  +  a4)  (x8  +  a8)  (x*  -  a*) 
-  (x4  +  a4)  (x8  +  a8)  (x  +  a)  {x  -  a). 

71.  The  following  are  additional  examples  of  Division. 
Divide  8a4  -  22a8b  +  ±3a8b8  -  38ab*  +  2ib4  by  *2a*  -  3ab  +  ±b*. 

2a8- 3ab  +  4b§  J  8a4  -  22a8b  +  43a96s  -  38o58  +  2ib4  {4a8  -5ab  +  6b8 
8a4-\2a*b  +  \§a8b8 

-I0a*b  +  27a8b8-38abs 
-10a*b+15a8b8-2Qab* 


I2a8b8-\8ab8  +  2ib4 
\2a8b8-\8ab8  +  2ib4 


The  quotient  is  4a*  -  Sab  +  66*. 
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Divide   a8  —  (a  +  b  +  c)x*  +  (ab  +  6c  +  ac)a  —  abe  by  x  —  a. 
x  —  ajx*  —  (a  +  b  +  c)x*  +  (ab  +  bc  +  ac)x-  abc  (x*  —  (b  +  c)  x  +  be 
x*-ax* 

—  (b  +  c)  a*  +  (o5  +  6c  +  ac)  x 

-  (b  +  c)  x2  +     (a6  +  ac)  a? 

6ca  —  a&c 
bcx  —  abc 

The  quotient  is  a8  -  (b  +  c)  a  +  be. 

EXAMPLES  OF  DIVISION. 

1.    Divide  a8  +  1  by  x  +  1. 


2   27a8 +  83^  by  3a+2y. 

3   a*-2ab'  +  b*  by  a-6. 

4   a8-2a86-3a&8  by  a  +  6. 

5   64a6 -y  by  2a- y. 

6   a5+65  by  a  +  b. 

7   a8  —  x*y  +  xy*  —  y*  by  x—y. 

8   a8-  7a- 6  by  a- 3. 

9   32a5  +  y5  by  2a  +  y. 

10   a5-aV  +  «y-aV  +  ^4-y5  *>y  #8-y3. 

11   a4  +  a8-4a8  +  5a-3  by  a2  +  2a-3. 

12   a4  +  2a868+964  by  a8  +  2a6  +  368. 

13   a°-b°  by  a8  +  2a86  +  2a&8  +  68. 

14   32a4  +  54a58-8164  by  2a  +36. 

15   a8-2a8+l  by  as-2a+l. 

16   a*-6a4  +  9a8-4  by  a? -I. 

17   a4  +  a*b  -  8a868  +  19a&8  -  15b4  by  a8  +  Bab  -  Sb\ 
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18.  Divide  the  product  of  »*-12aj  +  16  and  x*-12z-l6 
by  a*- 16, 

19.  Divide  the  product  of  x*-2x+l9  x*-3x  +  2,  and 
x4  +  x*-3  by  x*-$x*  +  $x-\. 

20.  Divide  the  product  of  x*-x-\,  2x*  +  3,  x*+.  x-  1,  and 
a-4  by  #4-3a;8+l. 

21.  Divide  the  product  of  a*  +  ax  +  x*  and  a*  +  x*  by 
a4  +  a V  +  cc\ 

22.  Divide  the  product  of  x4  -  4x*a  +  6aV  -  4aa8  +  a4  and 
x*  +  2xa  +  a*  by  x4 -2x*a +  2xa* -a\ 


23.  Divide  a* +  a*b  +  a2c-abc-b'c-b<?  by  a'-bc. 

24   3a*8  +  iabx*~Sa*b*x-±a*b*  by  2ab  +  x. 

25.  Divide  the  product  of  x* -3x*  +  3x-l,  x*-2x  +  l  and 
x-1  by  x4-ix9  +  6x*-4x+l. 

26.  Divide  6a4  -  a'b  +  2a'b*  + 1  3aba  +  4&4  by  2a*  -  3a6  +  46*. 

27   x*  +  if  +  3xy-\  by  «  + 

28   a8+  68  +  c?8-  3afo?  by  a  +  6  +  c. 

29   2a76  -  5a668-  lla568+  5a464-  26aV  +  7aV  -12a&7 


by  a4-4a86  +  aV-3a63. 

30.  Divide  aV  +  2a5<J2  -  a V  -  6 V  by  (jA  +  ac-ftc. 

31.  Divide  the  product  of  a-6  +  <?,  and  o  +  c-a 
by  a*-b9-ci+2bc. 

32.  Divide  (a  +  b  +  c)  (ao  +  be  +  ca)  -  abc  by  a  +  b. 


33.    (a8-fo)8  +  8&V  by  a8  +  6c. 

34   b(x*-aB)  +  cuc(x*-a,*)  +  a*(x--a)  by  (a+b)(x-a). 

35   xtf  +  2tfz-xifz  +  xyz*--x*y-2yz*  +  x*z--xz*  by 

y  +  «  —  x. 

36   a*(0  +  c)-6*(a  +  c)  +  c*(a  +  &)  +  afo  by  a-b  +  c. 

37.  '    (a-by^b'-a^x+abia'-b9)  by  (a-b)x+a9-b*. 

38   aaf-ab'  +  b'x-x*  by  (x  +  b)(a-x). 
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39.  Divide  (ft-c)as  +  (e-a)fts  +  (a-ft)flP  by  a9-db-ac±bc 

40.  *   (ax  +  by)*  +  (ay  -bx)*  +  c*x*  +  c*y*  by  ac'  +  y*. 

41   a*b-ba?  +  a*x-x3  by  (x+b)(a-x). 

42.  Resolve  a8  —  b*  —  c8  +  d*  —  2  (ad  —  6c)  into  two  factors. 

43.  Divide  b(x*  +  a*)  +  ax(x*  -a*)  +  a*  (x  +  a)  by  (a+b)(x+a). 

44.  Shew  that  (a;*  -  xy  +  y8)8  +  (x*  +  a?y  +  y8)8  is  divisible  by 
2a8  +  2y8. 

45.  Shew  that  (x  +  y)7  -x7-y7  is  divisible  by  (x*  +  xy  +  y8)8. 

46.  If  4=&c-jps,   B  =  ca-q*,    C^ab-r*,    P  =  qr-ap, 

Q  =  rp  -bq  and  R=pq-cr,  find  the  value  of  — ~— *>  — g  ^  » 

.LB-iZ8    QR-AP    RP-BQ      .  i^-Ctf 
      and   . 

47.  Resolve  a18 -a18  into  five  factors. 

48.  Resolve  4a868  —  (a8  +  b*  —  c8)8  into  fonr  factors. 

49.  Resolve  4 (ad  +  6c)8  -  (a8  -  68  -  c8  +  a78)8  into  four  factors. 

50.  Shew  that  (ay -  bx)*  +  (bz -  cyf  +(cx- azf  +  (ax  +by  +  czf 
is  divisible  by  a8+68  +  c8  and  by  £c8  +  y8  +  «8. 


Y.    OF  NEGATIVE  QUANTITIES. 

72.  In  Algebra  we  are  sometimes  led  to  a  subtraction 
which  cannot  be  performed  because  the  number  which  should 
be  subtracted  is  greater  than  that  from  which  it  is  required  to 
be  subtracted.  For  instance,  we  have  the  following  relation: 
a  -  (b  +  c)  =  a-  b  -  c ;  suppose  that  a  =  7,  b  =  7  and  c  =  3  so  that 
6  +  c  =  10.  Now  the  relation  a  -  (6  +  c)  =  a  —  6  -  c  tacitly  sup- 
poses b  +  c  to  be  less  than  a;  if  we  were  to  neglect  this  supposi- 
tion for  a  moment  we  should  have  7-10  =  7-  7-  3;  and  as  7  -  7 
is  zero  we  might  finally  write  7  -  10  =  -  3. 

73.  In  writing  such  an  equation  as  7  — 10  =  — 3  we  may  be 
understood  to  make  the  following  statement :  "it  is  impossible  to 
take  10  from  7,  but  if  7  be  taken  from  10  the  remainder  is  3." 
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74.  It  might  at  first  sight  seem  to  the  student  unlikely  that 
such  an  expression  as  7  — 10  should  occur  in  practice;  or  that  if 
it  did  occur  it  would  only  arise  either  from  a  mistake  which  could 
be  instantly  corrected,  or  from  an  operation  being  proposed  which 
it  was  obviously  impossible  to  perform,  and  which  must  therefore 
oe  abandoned.  As  he  proceeds  in  the  subject  the  student  will 
find  however  that  such  expressions  occur  frequently;  it  might 
happen  that  a  —  b  appeared  at  the  commencement  of  a  long  investi- 
gation, and  that  it  was  not  easy  to  decide  at  once  whether  a  were 
greater  or  less  than  b.  Now  the  object  of  the  present  chapter  is 
to  shew  that  in  such  a  case  we  may  proceed  on  the  supposition 
that  a  is  greater  than  b,  and  that  if  it  should  finally  appear  that  a 
is  less  than  b  we  shall  still  be  able  to  make  use  of  our  investigation. 

75.  Let  us  consider  an  illustration.  Suppose  a  merchant  to 
gain  in  one  year  a  certain  number  of  pounds  and  to  lose  a  certain 
number  of  pounds  in  the  following  year,  what  change  has  taken 
place  in  his  capital?  Let  a  denote  the  number  of  pounds  gained 
in  the  first  year,  and  b  the  number  of  pounds  lost  in  the  second. 
Then  if  a  is  greater  than  b  the  capital  of  the  merchant  has  been 
increased  by  a  — ft  pounds.  If  however  b  is  greater  than  a  the 
capital  has  been  diminished  by  b  —  a  pounds.  In  this  latter  case 
a  —  b  is  the  indication  of  what  would  be  pronounced  in  Arithmetic 
to  be  an  impossible  subtraction ;  but  yet  in  Algebra  it  is  found 
convenient  to  retain  a  —  b  as  indicating  the  change  of  the  capital, 
which  we  may  do  by  means  of  an  appropriate  system  of  interpre- 
tation. Thus,  for  example,  if  a  =  400  and  b  =  500  the  merchant's 
capital  has  suffered  a  diminution  of  100  pounds;  the  algebraist 
indicates  this  in  symbols,  thus 

400 -500  =  -100, 

and  he  may  turn  his  symbols  into  words  by  saying  that  the 
merchant's  capital  has  been  increased  by  — 100  pounds.  This 
language  is  indeed  far  removed  from  the  language  of  ordinary  life, 
but  if  the  algebraist  understands  it  and  uses  it  consistently  and 
logically  his  deductions  from  it  will  be  sound. 
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76.  There  are  numerous  instances  like  the  preceding  in  which 
it  is  convenient  for  us  to  be  able  to  represent  not  only  the 
magnitude  but  also  what  may  be  called  the  qualify  or  affection  of 
the  things  about  which  we  may  be  reasoning.  In  the  preceding 
case  a  sum  of  money  may  be  gained  or  it  may  be  lost;  in  a  ques- 
tion of  chronology  we  may  hare  to  distinguish  a  date  before  a 
given  epoch  from  a  date  after  that  epoch;  in  a  question  of  posi- 
tion we  may  have  to  distinguish  a  distance  measured  to  the  north 
of  a  certain  starting-point  from  a  distance  measured  to  the  south 
of  it ;  and  so  on.  These  pairs  of  related  magnitudes  the  algebraist 
distinguishes  by  means  of  the  signs  +  and  — .  Thus  i£  as  in  Article 
75,  the  things  to  be  distinguished  are  gain  and  loss,  he  may  denote 
by  100  or  by  + 100  a  gain,  and  then  he  will  denote  by  - 100  a 
loss  of  the  same  extent.  Or  he  may  denote  a  loss  by  100  or  by 
+ 100,  and  then  he  will  denote  by  - 100  a  gain  of  the  same  extent. 
There  are  two  points  to  be  noticed;  first,  that  when  no  sign  is 
used  +  is  to  be  understood;  secondly,  the  sign  +  may  be  ascribed 
to  either  of  the  two  related  magnitudes,  and  then  the  sign  —  will 
throughout  the  investigation  in  hand  belong  to  the  other  mag- 
nitude. 

77.  In  Arithmetic  then  we  are  concerned  only  with  the 
numbers  represented  by  the  symbols  1,  2,  3,  <fec,  and  intermediate 
fractions.  In  Algebra,  besides  these,  we  consider  another  set  of 
symbols  —  1,  -  2,  —  3,  &c,  and  intermediate  fractions.  Symbols 
preceded  by  the  sign  —  are  called  negative  quantities,  and  symbols 
preceded  by  the  sign  +  are  called  positive  quantities.  Symbols 
without  a  sign  prefixed  are  considered  to  have  +  prefixed. 

The  absolute  value  of  any  quantity  is  the  number  repre- 
sented by  this  quantity  taken  independently  of  the  sign  which 
precedes  the  number. 

78.  In  the  preceding  articles  we  have  given  rules  for  the 
Addition,  Subtraction,  Multiplication,  and  Division  <?f  algebraical 
expressions.  Those  rules  were  based  on  arithmetical  notions  and 
were  proved  to  be  true  so  long  as  the  expressions  represented  such 
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things  as  Arithmetic  considers,  that  is  positive  quantities.  Thus, 
when  we  introduced  such  an  expression  as  a  -  b  we  supposed  both 
a  and  b  to  be  positive  quantities  and  a  to  be  greater  than  b.  But 
as  we  wish  hereafter  to  include  negative  quantities  among  the 
objects  of  our  reasoning  it  becomes  necessary  to  recur  to  the  con- 
sideration of  these  primary  operations.  Now  it  is  found  con- 
venient that  the  laws  of  the  fundamental  operations  should  be  the 
same  whether  the  symbols  denote  positive  or  negative  quantities, 
and  we  shall  therefore  secure  this  convenience  by  means  of  suitable 
definitions.  For  it  must  be  observed  that  we  have  a  power  over 
the  definitions ;  for  example,  multiplication  of  positive  quantities  is 
defined  in  arithmetic,  and  we  should  naturally  retain  that  defini- 
tion; but  multiplication  of  negative  quantities,  or  of  a  positive  and 
negative  quantity  has  not  hitherto  been  defined;  the  terms  are  at 
present  destitute  of  meaning.  It  is  therefore  in  our  power  to 
define  them  as  we  please  provided  we  always  adhere  to  our 
definition. 

79.  The  student  will  remember  that  he  is  not  in  a  position  to 
judge  of  the  convenience  which  we  have  intimated  will  follow  from 
our  keeping  the  fundamental  laws  of  algebraical  operation  perma- 
nent, and  giving  a  wider  meaning  to  such  common  words  as 
addition  and  multiplication  in  order  to  ensure  this  permanence. 
He  must  at  present  confine  himself  to  watching  the  accuracy  of 
the  deductions  drawn  from  the  definitions.  As  he  proceeds  he  will 
see  that  Algebra  gains  largely  in  power  and  utility  by  the  intro- 
duction of  negative  quantities  and  by  the  extension  of  the  meaning 
of  the  fundamental  operations. 

80.  Two  quantities  are  said  to  be  equal  and  may  be  con- 
nected by  the  sign  =  when  they  have  the  same  numerical  value 
and  have  the  same  sign.  Thus  they  may  have  the  same  absolute 
value  and  yet  not  be  equal;  for  example,  7  and  -  7  are  of  the  same 
absolute  value  but  they  are  not  to  be  called  equal. 

81.  In  Arithmetic  the  object  of  addition  is  to  find  a  number 
which  alone  is  equal  to  the  units  and  fractions  contained  in  certain 
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other  numbers.  This  notion  is  not  applicable  to  negative  quan- 
tities ;  that  is  we  have  as  yet  no  meaning  for  the  phrase  "add  —  3 
to  5,"  or  " add  - 3  to  - 5."  We  shall  therefore  give  a  meaning  to 
the  word  add  in  such  cases,  and  the  meaning  we  propose  is  deter- 
mined by  the  following  rules.  To  add  two  quantities  of  the  same 
sign  add  the  absolute  values  of  the  quantities  and  place  the  sign  of 
the  quantities  before  the  sum.  To  add  two  quantities  of  unlike  signs, 
subtract  the  less  absolute  value  from  the  greater,  and  place  before 
the  remainder  the  sign  of  that  quantity  which  has  the  greater  abso- 
lute value. 

Thus,  by  the  first  rule,  if  we  add  3  to  5  we  obtain  8 ;  if  we 
add  -  3  to  -  5  we  obtain  -  8.  By  the  second  rule  if  we  add  3 
to  -  5  we  obtain  -  2 ;  if  we  add  -  3  to  5  we  obtain  2, 

82.  It  will  be  seen  that  the  rules  above  given  leave  to  the 
word  add  its  common  arithmetical  meaning  so  long  as  the  things 
which  are  to  be  added  are  such  as  Arithmetic  considers — namely, 
positive  quantities — and  merely  give  a  meaning  to  the  word  in 
those  cases  when  as  yet  it  had  no  meaning.  The  reader  may 
perhaps  object  that  no  verbal  definition  is  given  of  the  word  add 
but  merely  rules  for  adding  two  quantities.  We  may  reply  that 
the  practical  use  of  a  definition  is  to  enable  us  to  know  that  we 
use  a  word  correctly  and  consistently  when  we  do  use  it,  and  the 
rules  above  given  will  ensure  this  end  in  the  present  case. 

83.  The  rules  are  not  altogether  arbitrary — that  is,  the  student 
may  easily  see  even  at  this  stage  of  his  progress  that  they  are 
likely  to  be  advantageous.  Thus,  to  take  the  numerical  example 
given  above,  suppose  a  man  to  be  entitled  to  receive  3  shillings 
from  one  person  and  5  from  another,  then  he  may  be  considered 
to  possess  8  shillings.  But  suppose  him  to  owe  3  shillings  to  one 
person  and  5  shillings  to  another;  then  he  owes  altogether  8 
shillings;  this  may  be  considered  to  be  an  interpretation  of  the 
-  8  which  arises  from  adding  -  3  to  -  5.  Next,  suppose  that  he 
has  to  receive  3  shillings  and  to  pay  5  shillings;  then  he  owes 
altogether  2  shillings;  this  may  be  considered  to  be  an  interpreta- 
tion of  the  -  2  which  arises  from  adding  3  to  -  5.  Lastly,  suppose 
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that  he  has  to  receive  5  shillings  and  to  pay  3  shillings,  then  he 
may  be  considered  to  possess  2  shillings ;  this  may  be  considered 
to  be  an  interpretation  of  the  2  which  arises  from  adding 
-  3  to  5. 

84.  Thus  in  Algebra  addition  does  not  necessarily  imply 
augmentation  in  an  arithmetical  sense;  nevertheless  the  word 
sum  is  used  to  denote  the  result.  Sometimes  when  there  might 
be  an  uncertainty  on  the  point,  the  term  algebraical  sum  is  used  to 
distinguish  such  a  result  from  the  arithmetical  sum,  which  would 
be  obtained  by  the  arithmetical  addition  of  the  absolute  values  of 
the  terms  considered. 

85.  Suppose  now  we  have  to  add  the  five  quantities  —2,  +  5, 
-13,  -4  and  +8.  The  sum  of  -2  and  +  5  is  +3;  the  sum 
of  4-  3  and  —  13  is  - 10;  the  sum  of  - 10  and  —4  is  -  14 ;  the 
sum  of  —14  and  +8  is  —6.  Thus  —6  is  the  sum  required. 
Or  we  may  first  calculate  the  sum  of  the  negative  quantities  —  2, 
-13  and  —4,  and  we  thus  get  —19;  then  calculate  the  sum 
of  the  positive  quantities  +  5  and  +8;  and  we  thus  get  + 13. 
Thus  the  proposed  sum  becomes  +13-19,  that  is,  -  6  as  before. 
It  will  be  easily  seen  on  trial  that  the  same  result  is  obtained 
whatever  be  the  order  in  which  the  terms  are  taken.  That  is, 
for  example,  -2-13  +  5  +  8-4,  8-13-2-4  +  5,  and  so  on, 
all  give  -6. 

86.  Next  suppose  we  have  to  add  two  or  more  algebraical 
expressions;  for  example,  2a  —  36  +  4c  and  —  a  -  26  +  c  +  2d.  We 
have  for  the  sum 

2a- 36 +  4c-a- 26 +  c+2c£ 
Then  the  like  terms  may  be  collected;  thus 

2a-a  =  a,    -  36  -  26  =  -  56,    4c  +  c=5c; 
and  the  sum  becomes 

a-5b  +  5c  +  2d. 

Thus  we  may  give  the  following  rule  for  algebraical  addition : 
Write  the  terms  in  the  same  line  preceded  by  their  proper  signs; 
T.  A.  3 
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collect  like  terms  into  one,  and  arrange  the  terms  of  the  result 
in  any  order. 

87.  In  arithmetical  subtraction  we  have  to  take  away  one 
number,  which  is  called  the  subtrahend,  from  another  which  is 
called  the  minuend,  and  the  result  is  called  the  remainder.  The 
remainder  then  may  be  defined  as  that  number  which  must  be 
added  to  the  subtrahend  to  produce  the  minuend,  and  the  object 
of  subtraction  is  to  find  this  remainder. 

We  shall  use  the  same  definition  in  algebraical  subtraction, 
that  is,  we  say  that  in  subtraction  we  have  to  find  the  quantity 
which  must  be  added  to  the  subtrahend  to  produce  the  minuend. 
From  this  definition  we  obtain  the  rule :  Change  the  sign  of 
every  term  in  the  subtrahend  and  add  the  result  so  obtained  to  the 
minuend,  and  the  result  will  be  the  remainder  required. 

For  it  is  obvious,  that  if  to  the  expression  thus  formed  we  add 
the  subtrahend,  giving  to  each  term  its  proper  sign,  all  the  terms 
of  the  subtrahend  will  disappear  and  leave  the  minuend;  which 
was  required, 

88.  We  have  still  another  point  to  notice.  According  to 
what  has  been  laid  down,  the  sum  of  +  a  and  —  b  is  denoted  by 
a -by  if  we  take  -  b  from  a,  the  result  is  a  +  b ;  and  the  sum  of 

—  a,  +  6,  and  —  c  is  -a  +  b-c;  and  so  on.  But  we  have  as  yet 
supposed  that  the  letters  themselves  stand  for  positive  numbers ; 
for  example,  when  we  say  that  the  sum  of  +  a  and  —b  is  a  —  b, 
a  may  be  6,  and  b  may  be  10 ;  but  suppose  that  a  is  -  6,  and  b  is 

—  10,  do  the  rules  adopted  apply  here?    Since  b  is  - 10,  -b  or 

—  (-  10)  will  naturally  be  taken  to  mean  10,  and  +  a  or  +  (—  6) 
will  be  taken  to  mean  —  6  ;  and  the  sum  of  10  and  -  6  is  4. 

89.  Thus  if  a  be  itself  a  negative  quantity,  we  have  assigned 
a  meaning  to  +a  and  to  —a;  and  the  meanings  are  these,  let 
a  — —  a.,  so  that  a  is  a  positive  quantity,  then  +  a  or  +  (—  a)  =  —  a, 
and  -a  or  -  (-  a)  =  a.  We  said  in  the  preceding  article  that 
these  meanings  followed  naturally  from  what  had  preceded ;  it  is 
however  of  little  consequence  whether  we  consider  these  meanings 
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to  follow  thus,  or  whether  we  look  upon  them  as  new  interpreta- 
tions; the  material  point  is  to  use  them  uniformly  and  con- 
sistently when  once  adopted. 

Since  +  (—  a)  =  —  a,  and  —  (—  a)  =  a,  that  is  +  a,  we  may 
enunciate  the  same  rule  as  formerly,  namely,  that  unlike  signs 
produce  —  and  like  signs  +. 

90.  There  are  four  cases  to  consider  in  multiplication.  Let 
a  and  b  denote  any  two  numbers,  then  we  have  to  consider 

+  flx  +  J,    -ax +  5,  *+flx-J,    —ax  —  b. 

The  first  case  is  that  of  common  arithmetic  and  needs  no 
remark.  The  ordinary  definition  of  multiplication  may  also  be 
applied  to  the  second  case ;  for  suppose,  for  example,  that  6=3, 
then  —  a  x  3  indicates  that  —  a  is  to  be  repeated  three  times,  that 
is,  we  have  — a  -  a-a  or  -  3a  as  the  result.  Thus 
—  ax  +  b  =  —  ab. 

In  the  other  two  cases  the  multiplier  is  a  negative  quantity 9 
and  thus  the  common  arithmetical  notion  of  multiplication  is  not 
applicable ;  we  may  therefore  give  by  definition  a  meaning  to  the 
term  in  this  case.  Now  we  observe  that  when  the  multiplier  is 
positive,  the  sign  of  the  multiplicand  is  preserved  in  the  product ; 
thus  we  are  led  to  adopt  the  following  convention :  Wlien  the  mul- 
tiplier is  negative,  perform  the  multiplication  as  if  the  multiplier 
were  positive,  and  change  the  sign  of  the  product  Hence  we  con- 
clude immediately  that 

+  ax  —  b  =  —  ab  and  —  ax  —  b  =  +  ab. 

91.  Hence  we  have  the  following  rule:  To  multiply  two 
quantities  whatever  be  their  signs,  multiply  them  without  consider- 
ing the  signs,  and  put  +  or  —  before  the  product  according  as  the 
two  factors  have  the  same  sign  or  different  signs.  As  before  re- 
marked, the  rule  for  the  sign  of  the  product  is  abbreviated  thus : 
Like  signs  give  +  and  unlike  signs  give  — • 

92.  In  the  preceding  articles  we  supposed  a  and  b  themselves 
to  denote  arithmetical  numbers;  it  is  important  however  to 

3—3 
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observe  that  if  they  denote  any  quantities,  positive  or  negative,  the 
four  results  obtained  are  true ;  that  is, 

+  ax  +  6  =  +  o6,  —  ax  +  b  =  —  ab,  +  a  x  —  b  =  —  ab,  —  ax—b  =  +  ab. 

Take,  for  example,  the  last  of  these,  and  suppose  that  a  is  a 
negative  quantity,  and  so  may  be  denoted  by  -  a ;  then  -  a  is  a 
positive  quantity,  and  =  a.  (Art.  89.)  Hence  —ax  —  b  =  a  x  —  b; 
and  this  by  the  third  case  =  —  ab.  And  ab=  —  a  x  6  =  —  ab  by 
the  second  case. 

Thus  the  result  —ax-b  =  ab  holds  when  a  is  a  negative 
quantity.    Similarly  any  other  case  may  be  established. 

93.  We  must  now  shew  that  the  rule  for  multiplyiog  bino- 
mial and  polynomial  expressions  given  in  Art.  48  is  true,  whatever 
the  symbols  denote.    Take,  for  example,  the  case 

(a-b)c  =  ac-bc. 

When  this  was  proved,  we  supposed  c  a  positive  quantity ;  we 
will  now  suppose,  that  c  is  a  negative  quantity,  namely  —  y. 
Now  by  virtue  of  the  convention  in  Art.  90,  to  find  the  product 
of  a  —  b  and  —  y  we  must  multiply  a  —  b  by  y  and  then  change 
the  sign  of  each  term  in  the  result.  Now, 

(a-b)y  =  ay-by; 
thus  (a  -  b)  (-y)  =  -  ay  +  by. 

But  since  c  =  — y,  we  have 

ac  —  be  =  —  ay  +  by ; 
thus  the  relation  (a  —  b)c  =  ac—bc 

holds  whatever  c  may  be,  positive  or  negative.  Similarly,  any 
other  case  may  be  established. 

94.  The  ordinary  definition  of  division  will  be  universally 
applicable;  we  suppose  a  product  and  one  factor  given,  and  we 
have  to  determine  the  other  factor. 

Hence  if  we  perform  the  division  without  regarding  the  signs 
we  obtain  the  quotient  apart  from  its  sign.      It  remains  then 
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to  determine  the  sign,  for  which  we  may  give  the  following 
rule : 

When  the  dividend  and  divisor  have  the  same  sign,  the  quotient 
must  have  the  sign  +  /  when  the  dividend  and  divisor  have  differ- 
ent signs  the  quotient  must  have  the  sign  -. 

This  rule  follows  from  the  fact  that  the  product  of  the  divisor 
and  quotient  must  be  equal  to  the  dividend.  The  rule  for  the 
sign  of  the  quotient  may  as  before  be  abbreviated  thus :  Like  signs 
give  +  and  unlike  signs  give  — . 

♦ 

95.  Before  leaving  this  part  of  the  subject  we  may  make  a 
few  general  remarks.  The  subject  of  Algebra  has  been  divided 
by  some  modern  writers  into  two  parts,  which  they  have  called 
Arithmetical  Algebra  and  Symbolical  Algebra.  In  Arithmetical 
Algebra  symbols  are  used  to  denote  the  numbers  and  the.  opera- 
tions which  occur  in  Arithmetic.  Here,  as  shewn  in  the  preced- 
ing chapters  of  the  present  work,  we  begin  by  denning  our 
symbols,  and  then  arrive  at  certain  results,  as  for  example,  at 
the  result  («  +  &)(»-&)  =  «*  —  b*.  In  Symbolical  Algebra  we 
assume  that  the  rules  of  Arithmetical  Algebra  hold  universally, 
and  then  determine  what  must  be  denoted  by  the  symbols  and 
the  operations,  in  order  to  ensure  this  result.  Thus  we  may 
consider,  that  in  the  present  chapter  we  have  been  examining  what 
meanings  must  be  given  to  the  symbols  to  make  the  results  of  the 
previous  chapters  hold  universally.  And  we  have  thus  been  led 
to  the  theory  of  negative  quantities,  and  to  an  extension  of  the 
meaning  of  the  words  addition,  subtraction,  multiplication  and 
division. 

96.  In  some  of  the  older  works  on  Algebra,  scarcely  any 
reference  is  made  to  the  extensions  of  meaning  which  we  have 
given  to  some  simple  Arithmetical  terms.  In  such  works  the 
proofs  and  investigations  are  only  valid  so  long  as  the  symbols 
have  purely  arithmetical  meanings  ;  and  the  proofs  and  investiga- 
tions are  really  assumed  without  demonstration  to  hold  when  the 
symbols  have  not  purely  arithmetical  meanings.    In  recent  works, 
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as  in  the  present,  an  attempt  is  made  to  establish  the  proofs 
completely.  It  must  not  however  be  denied  that  this  branch  of 
the  subject  presents  considerable  difficulty  to  the  beginner,  and  it 
will  probably  only  be  after  repeated  examination  of  the  subject 
that  the  student  will  obtain  a  conviction  of  the  universal  truth 
of  the  fundamental  theorems. 

The  student  is  recommended  to  proceed  onwards  as  far  as  the 
chapter  on  equations;  he  will  there  see  some  further  remarks  on 
negative  quantities,  and  he  may  afterwards  read  the  present 
chapter  again.  It  would  be  inconsistent  with  the  plan  of  this 
work  to  enter  very  largely  on  this  branch  of  Algebra;  but  the 
present  chapter  may  furnish  an  outline  which  the  student  can 
fill  up  by  his  future  reading  and  reflection. 

97.  We  shall  require  in  the  course  of  the  work  certain 
propositions  which  are  obvious  axioms  in  Arithmetic,  and  which 
are  also  true  when  we  give  to  the  terms  and  symbols  their  ex- 
tended meanings. 

98.  If  equal  quantities  be  added  to  equal  quantities,  the1 
sums  will  be  equal. 

99.  If  equal  quantities  be  taken  from  equal  quantities,  the 
remainders  will  be  equal. 

Thus,  for  example,  if  A  =pB  +  C,  then  by  taking  C  from  these 
equal  quantities  we  have  A  —  G —pB. 

100.  If  equal  quantities  be  multiplied  by  the  same  or  equal 
quantities,  the  products  will  be  equal. 

Thus  too  if  a  =  b  then  an  =  bn  and  ^/a  =  ^/b. 

1.01.  If  equal  quantities  be  divided  by  the  same  or  equal 
quantities,  the  quotients  will  be  equal. 

102.  If  the  same  quantity  be  added  to  and  subtracted  from 
Another,  the  value  of  the  latter  will  not  be  altered. 
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103.  If  a  quantity  be  both  multiplied  and  divided  by  another, 
its  value  -will  not  be  altered. 

104.  It  is  important  to  draw  the  attention  of  the  reader  to 
the  fact,  that  these  propositions  are  still  true  whether  the  quanti- 
ties spoken  of  are  positive  or  negative,  and  when  the  terms  addi- 
tion, subtraction,  multiplication,  and  division  have  their  extended 
meanings.  For  example,  if  a  =  b,  and  c  =  d,  then  ac  =  bd ;  this  is 
obvious  if  all  the  letters  denote  positive  quantities.  Suppose 
however  that  e  is  a  negative  quantity,  so  that  we  may  represent 
it  by  -  y ;  then  d  must  be  a  negative  quantity,  and  if  we  denote 
it  by  -  8,  we  have  y  =  8 ;  therefore  ay  -  b 8 ;  therefore  —  ay  =  -  68; 
and  thus  ac  =  bd. 


VI.   GREATEST  COMMON"  MEASURE. 

105.  In  Arithmetic  the  greatest  common  measure  of  two  or 
more  whole  numbers  is  the  greatest  number  which  will  divide  each 
of  them  without  remainder.  The  term  is  also  used  in  Algebra,  and 
its  meaning  in  this  subject  will  be  understood  from  the  following 
definition  of  the  greatest  common  measure  of  two  or  more  Alge- 
braical expressions.  Let  two  or  more  Algebraical  expressions  be 
arranged  according  to  descending  powers  of  some  common  letter ; 
then  the  factor  of  highest  dimensions  in  that  letter  which  divides 
each  of  these  expressions  without  remainder  is  called  their  greatest 
common  measure. 

106.  The  term  greatest  common  measure  is  not  very  appro- 
priate in  Algebra,  because  the  words  greater  and  less  are  seldom 
applicable  to  Algebraical  expressions  in  which  specific  numerical 
values  have  not  been  assigned  to  the  various  letters  which  occur. 
It  would  be  better  to  speak  of  the  highest  common  divisor  or  of 
the  highest  common  measure;  but  in  conformity  with  established 
usage  we  retain  the  term  greatest  common  measure.  The  letters 
g.  c.  m.  will  often  be  used  for  shortness  instead  of  this  term. 
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When  one  expression  divides  two  or  more  expressions  we  shall 
say  that  it  is  a  common  measure  of  them,  or  more  briefly,  that  it 
is  a  measure  of  them. 

107.  The  following  is  the  rule  for  finding  the  G.  c.  M.  of  two 
Algebraical  expressions : 

Let  A  and  B  denote  the  two  expressions;  let  them  be  arranged 
according  to  descending  powers  of  some  common  letter,  and  suppose 
the  index  of  the  highest  power  of  that  letter  in  A  not  less  than 
the  index  of  the  highest  power  of  that  letter  in  B.  Divide  A  by 
B ;  then  make  the  remainder  a  divisor  and  B  the  dividend. 
Again,  make  the  new  remainder  a  divisor  and  the  preceding 
divisor  the  dividend.  Proceed  in  this  way  until  there  is  no 
remainder ;  then  the  last  divisor  is  the  g.  c.  m.  required. 

108.  Example :  find  the  G.  c.  M.  of 

a?-6x  +  8  and  4a*- 2Le*  +  \5x  +  20. 
x9-$x  +  8J±x*-21x'+l5x  +  2Q{<ix+3 
±x*-2±x9+$2x 

&E9-17a:  +  20 
3a* -18a: +24 

x-  4 

x-iJx*-6x+8(x-2 
x9—  4sc 

-2a?+8 
-2a; +  8 

Thus  x  -  4  is  the  G.  c.  m.  required. 

109.  The  truth  of  the  rule  given  in  Art.  107  depends  upon 
the  following  principles : 

(1)  If  P  divide  A  then  it  will  divide  mA.  For  since  P 
divides  A,  we  may  suppose  A  =  aP,  then  mA  =  maP,  thus  P 
divides  mA. 
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(2)  If  P  divide  A  and  B,  then  it  will  divide  mA  ±  nB.  For 
since  P  divides  A  and  B,  we  may  suppose  A  =aP,  and  B  =  bP, 
then       ±  nB  =  (ma  ±        ;  thus  P  divides       =fc  wi?. 

We  can  now  prove  the  rule  given  in  Art.  107. 


Thus  we  have  the  following  results:  r^ 
A=pB  +  C;      B  =  qC  +  D;  G=rD. 
We  shall  first  shew  that  D  is  a  common  measure  of  A  and  B. 

Now  D  divides  C,  since  C  =  rD;  hence  ( Art.  109)  D  divides  qO 
and  also  qC  +  D;  that  is,  D  divides  B.  Again,  since  D  divides 
B  and  C  it  divides  pB  +  C ;  that  is,  i>  divides  A  Hence  D 
divides  A  and  B. 

We  have  thus  shewn  that  I)  is  a  common  measure  of  A  and  B;  . 
we  shall  next  shew  that  it  is  their  greatest  common  measure. 

By  Art.  109  every  expression  which  divides  A  and  B  divides 
A  -pB,  that  is,  C ;  thus  every  expression  which  is  a  measure  of 
A  and  B  is  a  measure  of  B  and  C.  Similarly  every  expression 
which  is  a  measure  of  B  and  G  is  a  measure  of  G  and  D.  Thus 
every  expression  which  is  a  measure  of  A  and  B  divides  D.  But 
no  expression  higher  than  D  can  divide  D.  Thus  B  is  the  o.  c.  m* 
required. 

111.  In  the  same  manner  as  it  is  shewn  in  the  preceding 
article  that  D  measures  A  and  B,  it  may  be  shewn  that  every 
expression  which  divides  D  also  measures  A  and  B.  And  it  is 
shewn  in  the  preceding  article  that  every  expression  which  mea- 
sures A  and  B  divides  D.  Thus  every  measure  of  A  and  B 
divides  their  6.  c.  m.  ;  and  every  divisor  of  their  G.  c.  M.  measures 
A  and  B. 
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112.    Example :  find  the  g.  a  m.  of 

x*+5x  +  4  and  x*  +  4x*  +  5x  +  2. 

x*  +  5x  +  4:)  Xs  +  4sc*  +  5x  +  2  ^a;  -  1 
Xs  +  5tf  +  4=x 


-x*+  x+2 
—  x*  —  5x—4: 


Gx+GJx*+5x+H<?;+4: 


X  +  X 


x 


ix  +  4 
4a;  4- 4 

This  example  introduces  a  new  point  for  consideration* 
The  last  divisor  here  is  6x+  6 ;  this,  according  to  the  rule, 
must  be  the  G.  c.  m.  required.  We  see  from  the  above  pro- 
cess that  when  x*  +  5x  +  4  is  divided  by  6x  +  6  the  quotient  is 

^  +  ^ .    If  the  other  given  expression,  namely  a?  +  4=x*  +5x  +  2, 

be  divided  by  6x  +6  it  will  be  found  that  the  quotient  is 
x*    x  1 

(T +  2  +  3 "  ^  ma^  a*  ^ra*  aPPear  *°  B*u<^en*  *^a*  6x  +  6 
cannot  be  a  measure  of  the  two  given  expressions,  since  the  so- 
called  quotients  really  contain  fractions.  But  we  see  that  in  these 
quotients  the  letter  of  reference  x  does  not  appear  in  the  denomi- 
nator of  any  fraction  although  the  coefficients  of  the  powers  of  x 

x    2        x^    x  1 
are  fractions.    Such  expressions  as  ^  4-  «  and     +  -  +  « ,  there- 

o    o         o     Z  o 

fore,  may  be  said  to  be  integral  expressions  so  far  as  relates  to  x. 

Thus,  in  the  example,  when  we  say  that  6x  +  6  is  the  G.  c.  M. 
of  the  two  given  expressions,  We  merely  mean  that  no  measure 
can  be  found  which  contains  higher  powers  of  x  than  6a;  4- 6. 
Other  measures  may  be  found  which  differ  from  this  so  far  as 
respects  numerical  coefficients  only.    Thus  3x  +  3  and  2x  +  2  will 
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be  found  to  be  measures;  these  are  respectively  the  half  and  the 
third  of  6x  +  6,  and  the  corresponding  quotients  when  we  divide 
the  given  expressions  by  these  measures  will  be  respectively  twice 
and  three  times  what  they  were  before.  Again,  x+1  is  also  a 
measure,  and  the  corresponding  quotients  are  x  +  4  and  x*  +  b*x  +  2 ; 
we  may  then  conveniently  take  2+1  as  the  greatest  common 
measure,  since  the  quotients  are  free  from  fractional  coefficients* 

113.  In  order  to  avoid  fractional  coefficients  in  the  quotients 
it  is  usual  in  performing  the  operations  for  finding  the  G.  a  x.  to 
reject  certain  factors  which  do  not  form  part  of  the  o.  c.  H.  required 
The  process  may  be  conducted  thus  : 


where  neither  m  nor  n  has  a  factor  common  to  A  and  B.  Then 
D'  shall  be  the  o.  c.  m.  of  A  and  B. 

We  have  the  following  results : 

A=pB  +  C=pB*mC;   $  =  qV +  D  =  qC' +  nU  C'=rD'. 

We  shall  first  shew  that  It  is  a  measure  of  A  and  B.  Now 
iy  divides  &,  therefore  it  divides  qC  +  nU  ( Art.  109);  that  is, 
iy  divides  B.  Again,  since  H  divides  B  and  Cf  it  divides  pB+mC; 
that  is,  Jy  divides  A.    Hence  D*  is  a  measure  of  A  and  B. 

We  shall  next  shew  that  U  is  the  greatest  common  measure 
of  A  and  B.  By  Art.  109,  every  measure  of  A  and  B  divides 
A  —pB,  that  is,  C,  that  is,  mC;  but  m  has  no  factor  which  is  com- 
mon to  A  and  B;  thus  every  measure  of  A  and  B  divides  C",  and 


BJA^p 
pB 

C  =  mC  suppose, 


qC' 

D  =  niy  suppose, 


0  suppose, 
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therefore  is  a  measure  of  B  and  C  Similarly,  every  measure  of  B 
and  O  is  a  measure  of  C  and  Thus  every  measure  of  A  and 
B  divides  H.  But  no  expression  higher  than  2/  can  divide  D*. 
Thus  1/  is  the  6.G.H,  required. 

114.  A  factor  of  a  certain  kind  may  also  be  introduced  at 
any  stage  of  the  process.  Thus, 


D 

D)C\r  * 
tD 

0  suppose. 

Then  D  shall  be  the  6.  c.  m.  of  A  and  B. 

We  have  the  following  results  : 

A=pB  +  C;      B'  or  mB  =  qC+D;       C  or  nC  =  rD. 

We  shall  first  shew  that  D  is  a  measure  of  A  and  B.  Now  D 
divides  C,  that  is,  nC ;  but  no  factor  of  D  is  contained  in  n  so 
that  D  divides  C ;  therefore  D  divides  qC  +  D,  that  is,  B',  or  mB. 
Then,  as  before,  D  divides  B,  and  therefore  pB  +  C,  that  is,  A. 
Hence  D  is  a  measure  of  A  and  i?. 

We  shall  next  shew  that  D  is  the  greatest  common  measure  of 
A  and  B.  By  Art  109,  every  measure  of  A  and  B  divides 
A  —pB,  that  is  G,  and  therefore  is  a  measure  of  B  and  C;  and 
every  measure  of  B  and  G  divides  mB—'qC,  that  is  D.  Thus 
every  measure  of  A  and  i?  divides  D.  But  no  expression  higher 
than  D  can  divide  D.    Thus  D  is  the  G.  c.  m.  required. 

115.  By  means  of  such  modifications  of  the  process  for  find- 
ing the  G.  c.  M.  as  are  indicated  in  the  preceding  two  articles,  we 


BJA(p 
pB 


Now  let  mB  =  B'f  where  m  has  no  factor 
which  C  has. 


G)B\q 
qC 


D  has. 


Let  nC  =  C,  where  n  has  no  factor  which 
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may  avoid  the  introduction  of  fractional  coefficients.  The  follow- 
ing example  will  guide  the  student.  Required  the  o.  c.  m.  of 
3a*-  10a*  +  15a;  +  8  and  a* -2x4- 6a*  +  4a*  +  13a;  +  6, 

x*-  2x4  -  6a*  +  4a8  +  1 3x  +  6  )  SV  - 1  Ox9  + 1 5x  +  8  ^  3 

Zxs  -  6V  - 18a*  +  12a*  +  39*  + 18 

6**+  8a*- 12a* -24s- 10 

« 

Before  proceeding  to  the  next  division  we  may  strike  out  the 
factor  2  from  every  term  of  the  new  divisor,  and  multiply  every 
term  of  the  new  dividend  by  3.  Then  continue  the  operation 
thus: 

3a;4  +  4a*-6a*-  12a- 5 J3x*-  6a;4-  18a8  +  12a*  +  39a;  + 18^ x 
3a*  +  4a;4-  6a*-12a*-5a; 

-  10a;4  - 12a*  +  24a*  +  44a;  +  18 

Remove  the,  factor  2  from  every  term  of  the  last  expression, 
and  then  multiply  every  term  by  3.    Thus  we  have 

-  15V  -  18a*  +  36a*  +  66a;  +  27. 
Proceed  with  the  division 
3a*  +  4a*-6a*-12a;-5 )  -  16V -  18a*  +  36a*  +  66a;  +  27(^-5 
- 1 5x4  -  20a*  +  30a*  +  60a;  +  25 

2a*+6a*>6a;  +  2 
Remove  the  factor  2  and  then  continue  the  operation  thus : 
a*+3a*  +  3a;  +  l  J3a;4  +  4a*-  6a* -12a;- 5{  Sx -5 
3V  +  9a*  +  9a*  +  3a; 

-5x*-15x'-l5x-5 

Thus  a*  +  3a*+  3a;  +  1  is  the  G.  c.  M.  required. 

116.  Suppose  the  original  expressions  A  and  B  to  contain  a 
common  factor/*,  which  is  obvious  on  inspection;  let  A  =  aF3  and 
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B  =  bF.  We  may  then  find  the  G.  c.  M.  of  a  and  b,  and  multiply 
it  by  F,  and  the  product  will  be  the  G.c.  M.  of  A  and  B, 

117.  Similarly,  if  at  any  stage  of  the  operation  we  perceive 
that  a  certain  factor  is  common  to  the  dividend  and  divisor,  we 
may  strike  it  out,  and  continue  the  operation  with  the  remaining 
factors.  The  factor  omitted  must  then  be  multiplied  by  the  last 
divisor  which  is  obtained  by  continuing  the  operation,  and  the 
product  will  be  the  required  g.  c.  m. 

118.  The  preceding  two  articles  eontain  statements  which 
can  not  be  really  demonstrated  at  this  stage  of  the  student's 
knowledge,  although  they  may  appear  very  probable.  There  are 
points  in  the  whole  of  the  present  chapter  which  may  present 
difficulties  to  the  student,  though  they  sometimes  escape  his 
notice,  because  he  thinks  of  arithmetical  definitions  and  processes 
instead  of  those  which  are  algebraical.  As  however  the  theory  of 
the  ' G.  c.  M.  of  two  algebraical  expressions  will  not  be  necessary 
for  the  subsequent  chapters  of  the  present  work,  we  shall  not 
devote  any  more  space  to  the  subject. 

Notwithstanding  these  theoretical  difficulties,  the  examples 
attached  to  the  present  chapter  should  be  carefully  worked  by 
the  student,  on  account  of  the  exercise  which  they  afford  in  all 
the  fundamental  processes  of  Algebra. 

119.  Next  suppose  we  require  the  G.C.M,  of  three  alge- 
braical expressions  A,  B,  C.  Find  the  g.  c.  m.  of  two  of  them, 
say  A  and  B;  let  D  denote  this  g.  c.  m;  then  the  g.  c.  m.  of  D 
and  G  is  the  required  g.  c.  m.  of  A,  B  and  C. 

For  by  Art.  Ill  every  measure  of  D  and  G  is  a  measure 
of  A,  B  and  C;  and  also  every  measure  of  A,  B  and  C  is  a 
measure  of  D  and  C.  Thus  the  G.  c.  m.  of  D  and  G  is  the  G.  c.  m. 
of  A,  B  and  C. 

120.  In  a  similar  ,  manner  we  may  find  the  G.c.  M.  of  four 
algebraical  expressions.  Or  we  may  find  the  g.  c.  m.  of  two  of 
the  given  expressions  and  also  the  g.c.  m.  of  the  other  two;  then 
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the  g.  C.  M.  of  the  two  expressions  thus  found  will  be  the  G.  c.  M. 
of  the  four  given  expressions. 

121.  The  definition  and  operations  of  the  preceding  articles 
of  this  chapter  relate  to  polynomial  expressions.  The  meaning  of 
the  term  greatest  common  measure  in  the  case  of  simple  expres- 
sions will  be  seen  from  the  following  example : 

Kequired  the  g.  c.  m.  of  ±$2aAb*xy,  270aW*  and  90a*bx3. 

We  find  by%  Arithmetic  the  g.  c.  m.  of  the  numerical  coeffi- 
cients 432,  270,  and  90;  it  is  18.  After  this  number  we  write 
every  letter  which  is  common  to  the  simple  expressions,  and 
we  give  to  each  letter  respectively  the  least  index  which  it  has 
in  the  simple  expressions.  Thus  we  obtain  I8a*bx,  which  will 
divide  all  the  given  simple  expressions,  and  is  called  their  greatest 
common  measure. 

EXAMPLES  OF  THE  GREATEST  COMMON  MEASURE. 

1.    Find  the  g.  c.  m.  of  a?  -3a;  +  2  and  x*-x-  2. 


2.    a8+3ic*+4a+12  and  xB+4xa+4x+3. 

3.    x*  +  x*  +  x-3  and  #*+  3a;8  +  5x  +  3. 

4.    xa  +  1  and  x*  +  mx*  +  mx  +  1, 

5.    6x8-7ax*-20a*x  and  3«8+aa;-4a*. 

6.    x5-y*  and  x9-^. 

7.    3a;8-13a*+23a;-21  and  6x*+x*-Ux+2l. 

8.    o;4-3a;8+2af+a;-l  and  x*-x*-2x+2. 

9.    x4-7x*  +  8x*  +  28a- 48  and 

a8-8^  +  19a:-14. 

10.    a?4-aJ8  +  2aj8  +  a;+  3  and  a;*  +  2a;8  -  a;  -  2. 

11,    4a;4+9a;8  +  2a;fl-2a;-4  and 

3a;8  +  5x* -x  +  2. 
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12.  Find  the  o.cm.  of  2x*  -  \2x*  +  19a?*  -  6a;  +  9  and 

4^-18^  + 19a? -3. 

13.    6x*  +  x*-x  and  4^-6^-435  +  3. 

14.    x8  +  ax*  —  axy  —  y8  and 

x4  +  2x*y  -  a*x*  +  afy"  -  2axif  -  y*. 

15.    2x5 -liar* -9  and  4a;5  +  11a;4  +  81, 

16.    2a*  +  Sasx  -  9a V  and 

6a4*  -  17aV  +  14aV  -  3aa4. 

17.    2tf8  +  (2a-9)a;,-(9a  +  6)a;  +  27  and 

2^-130? +  18. 

18.    a*x*  -  a'bzfy  +  ab'xy*  -batf  and 

2a*bx*y-ab9xif-bY. 

19.    12a;*  -  I5yx  +  3y*  and 

20.  ...    a;s+3aj4-8a^-9a;-3  and 

a?5  -  2a;4-  6a^  +  4a^+  13a;  +  6. 

21.    Sx* -±x*  -\\x* -$x*  -Zx-\  and 

4a;4  +  2a*  -  18a*  +  3a: -5. 

22.    x4-ax*-a*x*-asx-  2o4  and 

3a;8-7aa^+3a,a;-2a8. 


VII.   LEAST  COMMON  MULTIPLE. 

122.  In  Arithmetic  the  least  common  multiple  of  two  or  more 
whole  numbers  is  the  least  number  which  contains  each  of  them 
exactly.  The  term  is  also  used  in  Algebra,  and  its  meaning  in  this 
subject  will  be  understood  from  the  following  definition  of  the  least 
common  multiple  of  two  or  more  Algebraical  expressions.  Let  two 
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or  more  Algebraical  expressions  be  arranged  according  to  descend- 
ing powers  of  some  common  letter;  then  the  expression  of  lowest 
dimensions  in  that  letter  which  is  divisible  by  each  of  these  ex- 
pressions is  their  least  common  multiple. 

123.  The  letters  L.C.X.  will  often  be  used  for  shortness 
instead  of  the  term  least  common  multiple;  the  term  itself  is  not 
very  appropriate  for  a  reason  already  given  in  Art.  106, 

Any  expression  which  is  divisible  by  another  may  be  said  to 
be  a  multiple  of  it. 

124.  We  shall  now  shew  how  to  find  the  I*.  o.  m,  of  two 
Algebraical  expressions.  Let  A  and  B  denote  the  two  expres- 
sions, and  D  their  greatest  common  measure.  Suppose  A  =  aD 
and  B  =  bD.  Then  from  the  nature  of  the  greatest  common 
measure,  a  and  b  have  no  common  factor,  and  therefore  their 
least  common  multiple  is  ab.  Hence  the  lowest  expression  which 
is  divisible  by  aD  and  bD  is  abD. 

And  abD  =  Ab  =  Ba  =  ?£. 

Hence  we  have  the  following  rule  for  finding  the  l.  c.  m.  of 
two  Algebraical  expressions :  find  their  can;  divide  either  ex- 
pression by  this  o.  a  m.,  and  multiply  the  quotient  by  the  other 
expression,  Or  thus:— divide  the  product  of  the  expressions  by 
their  g.  c.  m. 

125.  If  M  be  the. least  common  multiple  of  A  and  B,  it  is 
obvious  that  every  multiple  of  M  is  a  multiple  of  A  and  B. 

126.  Every  common  multiple  of  two  Algebraical  expressions  is 
a  multiple  of  their  least  common  multiple. 

Let  A  and  B  denote  the  two  expressions,  M  their  l.  c.  m.  ;  and 
let  N  denote  any  other  multiple.  Suppose,  if  possible,  that  when 
y  is  divided  by  M  there  is  a  remainder  B;  let  q  denote  the 
quotient.  Thus  N=qM+R;  therefore  R  =  N-qM.  Now  A 
and  B  measure  M  and  N,  and  therefore  (Art.  109),  they  measure 
T.  A.  4 
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R.  And  R  is  of  lower  dimensions  than  M;  thus  there  is  a  multi- 
ple of  A  and  B  of  lower  dimensions  than  their  lg.il  This  is 
absurd;  hence  there  can  be  no  remainder  Rj  that  is,  N  is  a  mul- 
tiple of  M. 

127.  Next  suppose  we  require  the  lc,x.  of  three  Algebraical 
expressions  A,  B,G.  Find  the  L.  c.  x.  of  two  of  them,  say  A  and 
B;  let  M  denote  this  lcm,;  then  the  l.  c.  k.  of  if  and  G  is 
the  required  l.  c.  x.  of  A9  B  and  C. 

For  every  common  multiple  of  M  and  C  is  a  common  multiple 
of  A,  B  and  G,  (Art.  125).  And  every  multiple  of  A  and  B  is  a 
multiple  of  M,  (Art.  126) ;  thus  every  common  multiple  of  A,  B 
and  C  is  a  common  multiple  of  M  and  G  Therefore  the  L.  c.  m. 
of  M  and  G  is  the  L.C.M.  of  A,  B  and  C. 

128.  The  remarks  made  in  Art  118  are  also  applicable  to  the 
present  chapter. 

129.  By  resolving  Algebraical  expressions  into  their  compo- 
nent factors,  we  may  sometimes  facilitate  the  process  of  determin- 
ing their  o.  c.  m.  or  L.  c.  M.  For  example,  required  the  L.  c.  M.  of 
x*  -  a*  and  x*-a*.  Since 

x* -a*  =  (x-a)(x  +  a)  and  x*  -  a8  =  (x  -  a)  (x9  +  ax  +  a*), 

we  infer  that  x-a  is  the  6.  c.  ic  of  the  two  expressions ;  con- 
sequently their  l.  c.  M.  is  (x  +  a)(fiG8-  a8),  that  is 

x*  +  ax*  —  a*x-a\ 

130.  The  preceding  articles  of  this  chapter  relate  to  polyno- 
mial expressions.  The  meaning  of  the  term  least  common  mul- 
tiple in  the  case  of  simple  expressions  will  be  seen  from  the 
following  example.  Required  the  lcm,  of  432a46*a;y,  270a*b*x*z 
and  90a*bx*.  We  find  by  Arithmetic  the  l.  c.  M.  of  the  numeri- 
cal coefficients  432,  270  and  90 ;  it  is  2160.  After  this  number 
we  write  every  letter  which  occurs  in  the  simple  expressions,  and 
we  give  to  each  letter  respectively  the  greatest  index  which  it  has 
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in  the  simple  expressions.  Thus  we  obtain  2160a4b*x*yz,  which  is 
divisible  by  all  the  given  simple  expressions,  and  is  called  their 
least  common  multiple. 

EXAMPLES  OF  THE  LEAST  COMMON  MULTIPLE. 

1.    Find  the  L. cm.  of  6z*-a;-l  and  2a*  +  3a;- 2. 


2.    3«*-5a;+2  and  4a^-4aj8-a;+ 1. 

3.    a? -I  and  x*  +  x-2. 

4.    ^-9^  +  230?- 16*  and  x*-8x  +  7. 

5.    (x  +1)(^-1)  and  oj8-1. 

6.    x*  +  2x'y-xy9-2y*  and 

x9  -  2x*y  -  xif  +  2y3. 

7.    2*-l,  4<e*-l  and  4^  +  1. 

8.    x*-x,  x*-l  and  af+l. 

9.    *8-4«8,  (*+2a)8  and  (x-2af. 

10.    a*8- 6^+11* -6,  a8- 90*+ 26* -24 

and  x9-  8^  + 19a;- 12. 

11.    aj*-4a",  a?"  +  2aa^  +  Wx  +  8a8  and 

x*-2ax*  +  4a'x -8a8. 


12.  Required  the  L.C.M.  of 

2a;3  +  (2a -3o)  a* -(268  +  3oo)  a; +368  and  2a*  -  (36  -  2c)  x  -  3bc. 

13.  Required  the  L.C.M.  of 

6(q?-P)(«-*)*>  9 (a4 - b4) (a - 6)9  and  12  (a8-^8)8. 


4—2 
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VIII.  FRACTIONS. 

131.  We  propose  to  recall  to  the  student's  attention  some 
propositions  respecting  fractions  which  he  has  already  found  in 
Arithmetic,  and  then  to  shew  that  these  propositions  hold  uni- 
versally in  Algebra.  In  the  following  articles  the  letters  repre- 
sent whole  numbers,  unless  it  is  stated  otherwise. 

132.  By  the  expression  ~  we  indicate  that  a  unit  has  been 

divided  into  b  equal  parts,  and  that  a  of  such  parts  are  taken.  Here 
d 

^-  is  called  a  fraction;  a  is  the  numerator  and  b  the  denominator, 

so  that  the  denominator  indicates  into  how  many  parts  the  unit  is 
to  be  divided,  and  the  numerator  indicates  how  many  of  those 
parts  are  to  be  taken. 

.Every  integer  may  be  considered  as  a  fraction  with  unity  for 
denominator ;  that  is,  p  =  j  • 

133.  To  multiply  a  fraction  by  an  integer  we  multiply  the 
numerator  by  that  integer y  and  to  divide  a  fraction  by  an  integer  we 
divide  the  numerator  by  that  integer. 

a 

Let      denote  any  fraction,  and  c  any  integer;  then  will 

?  x  c=  y .    For  in  each  of  the  fractions  ~,  and  y ,  the  unit  is 

divided  into  b  equal  parts;  and  c  times  as  .many  parts  are 
taken  in  the  latter  fraction  as  in  the  former;  hence  the  latter 
fraction  is  c  times  the  former.  This  proves  the  rule  for  multipli- 
cation. 

In  a  similar  manner  we  may  shew  that  ^  4-  c  =  ^ ,  and  thus 
prove  the  rule  for  division. 
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134.  Or  we  may  use  the  following  rules  : — To  divide  a  frac* 
turn  by  an  integer  multiply  tJie  denominator  by  that  integer,  and  to 
multiply  a  fraction  by  an  integer  divide  the  denominator  by  that 
integer. 

Let  ^  denote  any  fraction,  and  c  any  integer;  then  will 

t  -5-  c  =  ~ .  For  in  each  of  the  fractions  % ,  and  ~ ,  the  same 
b         be  b  be 

number  of  parts  is  taken;  but  each  part  in  the  latter  is  -th  of 

c 

each  part  in  the  former,  since  in  the  latter  the  unit  is  divided  into 
c  times  as  maoy  parts  as  in  the  former;  hence  the  latter  fraction 

is  ith  of  the  former.    This  proves  the  rule  for  division* 

In  a  similar  manner  we  may  shew  that  ^xc  =  ^,  and  thus 
prove  the  rule  for  multiplication. 

135.  If  any  quantity  be  both  multiplied  and  divided  by  the 
same  number  its  value  is  not  altered.  Hence  if  the  numerator 
and  denominator  of  a  fraction  be  multiplied  by  the  same  number 
the  value  of  the  fraction  is  not  altered.  For  the  fraction  is 
multiplied  by  any  number  by  multiplying  its  numerator  by  that 
number,  and  is  divided  by  the  same  number  by  multiplying  its 
denominator  by  that  number.     (Arts.  133  and  134).  Thus. 

r  =  ?-  •  And  so  also  if  the  numerator  and  denominator  of  a 
b  be 

fraction  be  divided  by  the  same  number  the  value  of  the  fraction 
is  not  altered. 

136.  Hence,  an  Algebraical  fraction  may  be  reduced  to  an- 
other of  equal  value  by  dividing  both  numerator  and  denominator 
by  any  common  measure ;  when  both  numerator  and  denominator 
are  divided  by  their  G.  c.  ic.  the  fraction  is  said  to  be  reduced  to  its 

lowest  terms.    For  example,  consider  the  fraction  ^ — ^ — 
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Here  the  g.  c.  m.  of  the  numerator  and  denominator  will  be  found 
to  be  2x  -  5 ;  hence,  dividing  both  numerator  and  denominator  by 
this  we  obtain 

6x?-7x-20        3a?  +  4 
4a8  -  2  7x  +  5  ~~  2x*+5x-l ' 

a    —  a 

137.  Since  ^  =  — y  (Art.  94)  it  is  obvious  that  we  may 

change  the  signs  of  the  numerator  and  denominator  of  a  fraction 
without  altering  the  value  of  the  fraction. 

138.  To  reduce  fractions  to  a  common  denominator : — multi- 
ply the  numerator  of  each  fraction  by  all  the  denominators  except 
its  own  for  the  numerator  corresponding  to  that  fraction,  and 
multiply  all  the  denominators  together  for  the  common  denominator. 

Thus,  suppose  ^ ,  ^,  and^  to  be  the  proposed  fractions;  then, 

i.  a  l  -io*  a  °4f  c  <&f  -  e  ebd  ,  adf  cbf  , 
by  Art.  135,  F  =  ^,  g  =  Ham^,  jfr,  and 

are  fractions  of  the  same  value  respectively  as  the  proposed 

oaf 

fractions,  and  having  the  common  denominator  bdf. 

139.  If  the  denominators  have  any  factors  in  common,  we 
may  proceed  thus : — *vnd  the  I*  a  vl  of  the  denominators  and  use 
this  as  the  common  denominator;  then  for  the  new  numerator 
corresponding  to  each  of  the  proposed  fractions,  multiply  the  nume- 
rator of  that  fraction  by  the  quotient  which  is  obtained  by  dividing 
the  l.  c.  M.  by  the  denominator  of  that  fraction. 

Thus  suppose,  for  example,  that  the  proposed  fractions  are 

—  ,  — ,  and  — .  Here  the  l.  c.  m.  of  the  denominators  is  mxyz : 
mx    my         mz  * 

.    a      ayz       b       bxz        ,   c  cxy 

and  —  =  — - — ,  —  =  ,  and  —  =  — — . 

mx    mxyz    my    mxyz         mz  mxyz 

140.  To  add  or  subtraot  fractions, — reduce  them  to  a  common 
denominator,  then  add  or  subtract  the  numerators  and  retain  tlie 
common  denominator. 
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For  example,  g  +  g  =  l  follows  immediately  from  the 
meaning  of  a  fraction. 

«    a    c    ad    cb  _ad+  cb 

1        1       a-  b     a  +  b  2a 


+  — r  =  -r—T*  +  -, 


a  +  b    a-b    a9-b9    a9-b9    a' -  b* ' 

b    a    b    ac    b    ac  +  b 

a  +  -  =  T+-=  —  +  -  =  ; 

e    1    c     c     c  c 

a  +  b  a-  b  _  2(a9-bt)  (a  +  b)9  (a-b)9 
J+a-b+a+b~  a*-b*  +  a9-b9  +  a*-b9 

2a' -  2b9  +a9+  2ab  +  b9 +  a9-2ab  +  b* 
a9-b* 

~a^T*] 

a    e  a-c 
b^b~~  > 

a    e    ad    be    ad  — be 
b'l^bd'bd^    bd  ' 

a    c  +  d    a(c-d)    b(c  +  d)  _ac  -  ad  -  (be  +  bd) 
b  ~  c-d  ~  b(c-d)  ~b{c-d)  ~  b(c-d) 

ac  —  ad  —  be  —  bd 

a  +  b    a-b    (a  +  b)9    (a-b)9    (a  +  b)9-(a~b)9 
a-b    a  +  b"  a'-b9     a'-b*"  a*-b* 
_a>+2ab  +  b9~  (a9  -2ab  +  b9) 
a9-b9 

^a*+2ab  +  b*-a*+2ab-b'  iab 
a'-b9  "a'-o1 


141.  The  rale  for  the  multiplication  of  two  fractions  is, — 
multiply  the  numerators  for  a  new  numerator,  and  ike  denomina- 
tors/or a  new  denominator. 
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The  following  ifl  usually  given  for  a  proo£  Let  ^  and  ^  be 
two  fractions  which  are  to  be  multiplied  together;  put  ^=  x,  and 
^  =  y;  therefore 

a  =  bx,  and  c  =  dy, 
therefore    ac  =  bdxy ; 

divide  by  bd\  thus  *~=xy. 

This  process  is  satisfactory  when  x  and  y  are  rea%  integers, 
though  under  a  fractional  form,  because  then  the  word  multiplica- 
tion has  its  common  meaning.  It  is  also  satisfactory  when  one  of 
the  two,  x  and  y,  is  an  integer,  because  we  can  speak  of  multiplying 
a  fraction  by  an  integer,  as  in  Art.  133.  But  when  both  x  and  y 
are  fractions  we  cannot  speak  of  multiplying  them  together  with- 
out defining  what  we  mean  by  the  term  multiplication,  for,  ac- 
cording to  the  ordinary  meaning  of  this  term,  the  multiplier  must 
be  a  whole  number. 

In  fact  the  so-called  rule  for  the  multiplication  of  fractions  is 
really  a  definition  of  what  we  find  it  convenient  to  understand  by 
the  multiplication  of  fractions.  And  this  definition  is  so  chosen 
that  when  one  of  the  fractions  we  wish  to  multiply  is  an  integer 
in  a  fractional  form,  or  when  both  are  such,  the  result  of  the 
definition  coincides  with  the  consequences  drawn  from  the  ordi- 
nary use  of  the  word  multiplication. 

142.  The  following  verbal  definitions  may  shew  more  clearly 
the  connexion  between  the  meaning  of  the  word  multiplication 
when  applied  to  integers,  and  its  meaning  when  applied  to  frac- 
tions. When  we  multiply  one  integer  a  by  another  6,  we  may 
describe  the  operation  thus :  wJkat  we  did  with  unity  to  obtain  b 
we  must  now  do  with  a  to  obtain  b  times  a.  To  obtain  b  from 
unity  the  unit  is  repeated  b  times;  therefore  to  obtain  6  times  a 
the  number  a  is  repeated  b  times.    Now  let  it  be  required  to 
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multiply  the  fraction  ^  by  ^ ;  adopting  the  same  definition  as 

above,  we  may  say  that,  what  we  did  with  warty  to  obtain  ~  we 

a  c  a  c 

must  now  do  with  r  to  obtain    times  - .    To  obtain     from  unity 
b  d  b  d  J 

the  unit  is  divided  into  d  equal  parts,  and  c  of  such  parts  are  taken; 

therefore,  to  obtain     times  % ,  the  fraction  %  is  divided  into  d 
d         b  b 

.  parts,  and  c  such  parts  are  taken.  Now,  by  Article  134,  if  ^  be 
divided  into  d  equal  parts,  each  of  them  is  ~ ,  and  if  c  such  parts 
be  taken  the  result  is 


a 

bd> 

ac 
bd' 


143.  To  multiply  three  or  more  fractions  together, — multiply 
all  the  numerators  for  His  new  numerator,  and  all  the  denominators 
for  the  new  denominator. 

144.  Suppose  we  have  to  divide  ^  by  ^.    Here,  by  the 

nature  of  division,  we  have  to  find  a  quantity  such  that  if  it  be 

multiplied  by  ^  the  product  shall  be  ^ .  -  This  is  the  meaning  of 

division  applied  to  integers,  and  we  shall  give  the  same  meaning 
to  division  applied  to  fractions,  an  operation  which  hitherto  has 
not  been  defined. 

—     a     c  .a         c    xc  ad 

Let  r-  +-7  =  x',  then  r  =  xx  -%  =  -,-;  therefore  -1-  =  xcJ  and 
b    d  b         d    d  b 

ad 

j^  =  x.  Thus  we  obtain  the  rule  for  dividing  one  fraction  by 
another;  invert  tlie  divisor,  and  proceed  as  in  multiplication. 

145.  Hitherto  we  have  supposed,  in  the  present  Chapter,  that 
the  letters  represented  whole  numbers;  and  have  thus  only  recalled 
rules  and  proofs  which  are  familiar  to  the  student  in  Arithmetic. 
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Bat  in  virtue  of  oar  extended  definitions  it  may  be  proved  that  all 
the  roles  and  formulae  given  are  true  when  the  letters  denote  any 
numbers  whole  or  fractional.    Take,  for  example,  the  formula 

^  =  ~,  and  suppose  we  wish  to  shew  that  this  is  true  when 

a  =  — ,  o  =  -,  and  c  = 
n        q  s 

_      a    m    p    m    q  mq 
Here  T  =  —  +  -  =  —  x  ^  =  _ i  - 
o    n     q    n    p  np 

also  ac=— ,  and  5c  =  — : 
718  •  qs 

bc     ne'qe     ns    pr     nspr  ~~  np  ' 
Thus  the  formula  is  shewn  to  be  true. 

146.  Moreover  these  formulae  and  rules  hold  when  the  letters 
denote  negative  quantities  by  virtue  of  remarks  already  made  in 
Chapter  v. 

147.  By  means  of  the  foregoing  rules  and  formulae  we  can 
simplify  Algebraical  fractions,  in  which  the  numerator  and  de- 
nominator are  themselves  fractional  expressions.    For  example, 

a       b       a(a  +  b)  +  b* 

b    a  +  b       b(a  +  bj~~    a*  +  ab  +  b*      a(a-b)  _a(a*-b*) 
a       b~~a'-b{a-b)~~    b(a  +  b)   *  a*  -  ab  +  ba  ~  b  (a*  +  bs)' 
a  —  b    a      a(a  —  b) 


EXAMPLES  OF  FRACTIONS. 


Simplify  the  following  fractions : 


1. 

2. 


x*-3x  +  2  " 

a3  +  3a'b  +  3ab*  +  b* 
aa  +  2ab  +  b* 
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a?4  +  10af +  35af +  50a;  +  24 
a*  +  9a^+26a;  +  24  9 


4  3a*-16af +  23a;-6 
4*    2^-ll^rf  17x-G' 

6a*-5af +  4 
5<    2a"-*,-a;  +  2' 

2af +9g*  +  7a;-3 
6'    3aB  +  toB-lfi*  +  4" 

3af +12a;  +  9 
7#     a;4  +  5a*  +  6  ' 

a*- 6af- 37a; +  210 
'    x*  +  W- 47a; -210 

a?4  +  2af +  9 
9"    a;4-4a?  +  4a^-9' 


10. 
11. 
12. 
13. 


15. 
16. 


x*  +  2a?8  +  2a; 
ar*  +  4a; 

a;4  -  a?8  -  a?  +  1 
a;4-2af-a^-2tf  +  1 

qft-&fl4-CT&4  +  y 

frc  +  2 
2TT(P^4ya7r26a?  * 

,7 


(a?  +  y)7-a;7-y 
14'    (x  +  yy~x>-y>' 


(1  - 10a? + 5a;4)  (5  -  30^+ 5a;4)  +  (5a;-  1 0a*+ a?g)  (20a;-  2Q.r: ) 
(5x  -  10a;8  +  x5)'  +  (1  -  10a;'  +  5a;4)'  ' 

~"  1  -a"-65,-c,-2o6c 
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Perform  the  additions  and  subtractions  indicated  in  the  fol- 
lowing examples : 

a  & 
17.  — -T  + 


18. 
19. 
20. 

21. 

22. 


24. 
25. 
26. 
27. 


a  +  b    a  —  b' 
a  b 


2a- 2b    2b -2a* 

2       3        2x- 3 
x    2x-\  4ar*-r 


ar-1     a  +  2    (oj  +  2/' 
5  1  24 


2(a+l)    10(*-1)    5  (2*+ 3)' 


&  -  a  a  —  2b  +  3a;  (a  —  b) 
x  —  b     x+b       x*  -  b* 


3  +  2x  2-^Sx 

16*-** 

2-x      2  +  x 

3  7 

4  -  20.* 

1  -  2s    1  +  2x 

4^-1' 

1  6 

a 

a  +  6    a*  -  6* 

aa  +  ba' 

1  1 

1 

a'-y*    (*  +  y)'  {x-yf 


28.  (aP  +  5V     "  6  2. 
ab(a-b)a    b  a 

a        3a  2ax 

29.   + 


30. 


a  —  x    a  +  x    a*  —  x*' 

3a  -46    2a-b-c    15a -4c    a -46 
7  3      +     12  2l~' 
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a  +  b  b  +  c  c  +  a 


(b -c)(c-a)    (c- a)  (a-b)    (a-  b)  (b~c)* 


a*  — be  V  —  ca  c3  -ab 

32.      r  rr-;   +  n  r-^  r-  +  - 


(a  +  b)(a  +  c)    (b  +  c)(b  +  a)    (c  +  a)(c  +  t>)' 
a8 -be  b'  +  ca  c*  +  ab 

OUi       7  7T-7  r  "4* 


34. 

35. 


(a-6)(a-c)    (b  +  c)(b-a)    (c-a)(c  +  b)' 

ab  be  ca 

(b-c)(c-a)  +  (c-a)(a-6)  +  (a-6)(6-c) f 

1  1  1 


a  (a  -  b)  (a  -  c)    b(b-  c)  (b-a)    c(c-  a)  (c  -  b) ' 


36  a~h  +  — C  +  C~CT  - (a-V)^-c)(e-a) 
a+b    b  +  c    c  +  a    (a  +  b)(b  +  c)(c  +  a)\ 

37  2    ,    2    i    2    ,  («-6)'  +  (6-c)'  +  (c-a)' 
a- 6    6 - c    c-a        (a- b)(b-c)  (c-a) 

38.  Multiply^  by 

39.  '.   p*^-*fJt- 

ocr+y    J  xy(x  +  y) 

40.  Multiply  together  -jr— »  -5  7>  -3         and   . 

r J     0         46y    c'-x"    a'  +  oa;  a-x 

41.  Prove  that 

(- + 1)' + p + 5Y + g + »y = 4 + (» + •  Yf + + b~) . 

\c    b/     \a    c)     \b    a)         \c    bj\c    a/\b  a) 

1  -  x*    1  -  v*  x 

42.  Multiply  together     ■    ,  — ^  and  i  +  ^  . 

1  +  y    x  +  x  1  —  x 

ao     *M"  u-  i       «(«-«)  a(a+a) 

43.  Multiply    g   XM  ■ — ^-5  and  -=— ^   

w  a8 +  2007  +  0*        a*-2aa;  +  a3a 

44.  Simplify      a     ^  a  — ft 


a*-2ab  +  b*    a*  +  ab' 


\x-y    x  +  y    x*-y*J  2y 
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46.  Simplify  «44.^7^4±|Y. 

y  J   a*  +  b*  a-b  Xa'  +  ab  +  b'J 

47.  Multiply  ^--+1  by  ^+-  +  1. 

a     a  a  a 

48.    x'-x+l  by 

49    Simplify  2a'+lte'x-\5ax*-l<l6a*    2a'+19atx+  3W 
F  '         iWW~7?        X  ioa;"- 6a:3' 

...     ■    .,    ax-x*  ,  x* 

oO.   Dmde  7  ^  by  -5 — -3. 

(a  +  x)'    J  a'-x* 

4(«'-a6)  6ab 

52   ^    by  -JU 

53   *Ly  +  *z£  «!_  b_ 

x  +  y     x-y     x*-y*    }  x*-y*' 

5,  simplify 

55   (_£_  +  JLV(-2  *-\ 

\a  +  b    a-bj    \a-b  a+bj' 

56.  ;       (x-±**  1  x\  ■  (x  +  2y    x  \ 

\x  +  y     yj  '  \   y       x  +  yj' 

57.  Divide  x*-—.  by  x  +  -. 

x*    J  x 

58.    xt+p  +  2  b7 


a; 


1  ,  1 


59   x§+1+x\  V 

60   a'-b'-S+2bc  by  g  +  f"c, 

a+b  +  c 


Digitized  by  Google 


EXAMPLES  OF  FRACTIONS. 

tv  m   ga  +  3q'a;+3aig*  +  a;*  ,        (a  +  x)* 

JJ1VIQ6  5  5   by  —§  *  • 

ar-lT  xT  +  xy  +  y' 

  a*-V-*-2bc  by  fL±*±f . 

*  a+b-c 

12a8  2x* 

  of  -  3ax  -  2a*  +  5-  by  3a  -  6a  -  ^  . 

x  +  3a    J  3a  +  a: 

^  6a*        x  3a 

5a7~4+"5r  b7  2a"  ~1T 


Simplify 


a  +  6  a  — 6 
c  +  c  — a* 
a  +  6    a  —  6 " 


c  —  d  c+d 

a  +  x    a  — a: 

 +  

a—x  a+x 
a+x    a  —  x' 
a-x  a+x 


a-1    b-1  c-l 

Sabc  a,  b  c 

bc  +  ca-ab  111 
a    b  e 

(a  +  b    a*  +  b*\     /«  -  &  _  a* -b\ 
\a-b  +  aa-b*J  ''  \o~+b    a8  +  b9)' 

(c-b    f-V\     (c  +  b    c*  +  b\ 
\c  +  b    c*  +  bd)  '  \c-b  +  f-b*)' 

/g'  +  y8 _ x*-y*\  ^  /g  +  y  __ g-y\ 

\a*-y*    a^  +  y8/    \«-y    x  +  y)' 

(a  +  b    g-b\    g*  +  V  a*-ba 
\a-b*  a  +  b)    a8-68    a8  +  68' 

m8  + w8 

11      *  w^Tn8"' 
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x+a  x—a 

"  x         x      x-a    x  +  a 

73.    Simplify  — 

x  —  a,    x  +  a 

1  1 

a  +  b  +  c(,     b*  +  c*-a'\ 


75. 


76. 


a    b  +  c 
1 


a;  + 


£C  +  1 

1  +  3"^ 


5  + 


7  « 


IX.   EQUATIONS  OF  THE  FIRST  DEGREE. 

148.  Any  collection  of  Algebraical  symbols  is  called  an  ex- 
pression. When  two  expressions  are  connected  by  the  sign  of 
equality  the  whole  is  called  an  equation.  The  expressions  thus 
connected  .are  called  sides  of  the  equation,  or  members  of  the  equa- 
tion. The  expression  to  the  left  of  the  sign  of  equality  is  called 
the  first  side,  and  the  expression  to  the  right  the  second  side. 

149.  An  identical  equation  is  one  in  which  the  two  sides  are 
equal  whatever  numbers  the  letters  stand  for ;  for  example, 

(x  +  b){x-b)  =  x*-b* 

is  an  identical  equation.  An  identical  equation  is  called  briefly 
an  identity. 

150.  An  equation  of  condition  is  one  which  is  not  true  for 
every  value  of  the  letters,  but  only  for  a  certain  number  of 
values;  for  example, 

a  +  l=7 
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cannot  "be  true  unless  x  =  6.  An  equation  of  condition  is  called 
briefly  an  equation. 

151.  A  letter  to  which  a  particular  value  or  values  must  be 
given  in  order  that  the  statement  contained  in  an  equation  may 
be  true  is  called  an  wnknown  quantity.  Such  particular  value  of 
the  unknown  quantity  is  said  to  satisfy  the  equation,  and  is  called 
a  root  of  the  equation.  To  solve  an  equation  is  to  find  the  parti- 
cular value  or  values. 

152.  An  equation  involving  one  unknown  quantity  is  said  to 
be  of  as  many  dimensions  as  is  denoted  by  the  index  of  the 
highest  power  of  the  unknown  quantity.  Thus,  if  x  denote  the 
unknown  quantity,  the  equation  is  said  to  be  of  one  dimension 
when  x  occurs  only  in  the  first  power ;  such  an  equation  is  also 
called  a  simple  equation,  or  an  equation  of  the  first  degree.  If  no 
power  of  x  higher  than  x*  occur,  the  equation  is  said  to  be  of  tooo 
dimensions;  such  an  equation  is  also  called  a  quadratic  equation, 
or  an  equation  of  the  second  degree.  If  no  power  of  x  higher 
than  x8  occur,  the  equation  is  said  to  be  of  three  dimensions ; 
such  an  equation  is  also  called  a  cubic  equation,  or  an  equation  of 
the  third  degree.    And  so  on. 

It  must  be  observed  that  these  definitions  suppose  both  mem- 
bers of  the  equation  to  be  integral  expressions  in  x. 

153.  We  shall  now  indicate  some  operations  which  may  be 
performed  on  an  equation  without  destroying  the  equality  which 
.  it  expresses.  It  will  be  seen  afterwards  that  these  operations  are 
useful  when  we  have  to  solve  equations. 

154.  If  every  term  on  each  side  of  an  equation  be  multiplied 
or  divided  by  the  same  quantity  the  results  are  equal.  This  follows 
from  Art.  100. 

155.  The  principal  use  of  the  preceding  article  is  to  clear  an 
equation  of  fractions;  this  is  effected  by  multiplying  every  term 
by  the  product  of  all  the  denominators  of  the  fractions,  or,  if  we 

t.  A.  5 
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please,  by  the  least  common  multiple  of  those  denominators. 
Suppose,  for  example, 

X      X      X  10 

2  +  5+5=13. 

Multiply  every  term  by  2x3x4;  thus, 

3x4xa5  +  2x4xa;  +  2x3xa?=13x2x3x4; 
that  is,  12x  +  8x+6x  =  312. 

Divide  every  term  by  2 ;  thus, 

6x  +  4:x+3x  =  l56. 

Instead  of  multiplying  every  term  by  2x3x4  we  may 
multiply  by  12,  which  is  the  l.  c.  m.  of  2,  3  and  4.  Thus  we 
obtain  at  once 

6a;  +  4x  +  3a?  =  156. 

156.  Any  quantity  may  be  transposed  from  one  side  oj  an 
equation  to  the  other  sick  by  changing  its  sign. 

Thus  suppose,  x-a  =  b  —  y. 

Add  a  to  each  side,  (Art.  98) ;  then 

x  —  a  +  a  =  b  —  y  +  a, 
that  is,  x  =  b  +  a  —  y. 

Subtract  b  from  each  side  now ;  thus, 

x—b  =  b  +  a  —  y  —  b  =  a  —  y. 

Here  we  see  that  —  a  has  been  removed  from  one  side  of  the 
equation,  and  appears  as  +  a  on  the  other  side ;  and  +  b  has  been 
removed  from  one  side  and  appears  as  —  b  on  the  other  side. 

157.  If  the  sign  of  every  term  in  an  equation  be  changed  the 
equality  still  holds. 

This  follows  from  the  preceding  article  by  transposing  every 
term.    Thus  suppose 

x  —  a  -  b  —  y. 

By  transposition  y-b  =  a  —  xf 

that  is,  a- x  —  y  -b ; 


Digitized  by  Google 


EQUATIONS  OF  THE  FIBST  DEQBEE. 


67 


this  result  is  what  we  shall  obtain  if  we  change  the  sign  of  every 
term  in  the  original  equation. 

158.  We  can  now  give  a  rule  for  the  solution  of  any  simple 
equation  with  one  unknown  quantity. 

Let  the  equation  first  be  cleared  effractions;  then  transpose  all 
the  terms  which  involve  the  unknown  quantity  to  one  side  of  the 
equation,  and  the  known  quantities  to  the  other;  divide  both  sides 
by  the  coefficient  or  the  sum  of  the  coefficients  of  the  unknown 
quantity,  and  the  value  required  is  obtained 

The  truth  of  the  rule  will  be  obvious  from  the  principles  of 
the  preceding  articles,  and  we  shall  now  apply  it  to  some  ex- 
amples; in  these  examples  the  unknown  quantity  will  be  de- 
noted by  xy  and  when  other  letters  occur,  they  are  supposed  to 
represent  known  quantities. 

159.  Solve  3x  -  4  =  24  -  a;. 

By  transposition,  3a;  +  x  =  24  +  4 ; 

thus,  4a;  =  28; 

_    «.  .  .  28  _ 

by  division,  x  =  —  =  7. 

We  may  verify  the  result  by  putting  7  for  a;  in  the  original 
equation.  The  first  side  becomes  3x7-4,  that  is,  21  -  4,  that  is, 
17;  the  second  side  becomes  24  -  7,  that  is,  17. 

160.  Solve  *-£-l8.f+ 

Multiply  by  96,  which  is  the  l.  c.  m.  of  the  denominators; 
thus,    5  x  48  x  x  -  4  x  32  x  x  -  13  x  96  =  5  x  12  +  3a;; 
that  is,  240a;  -  128a;  - 1248  =  60  +  3a;; 

by  transposition,       240a; -  128a; -  3a;  =  1248  +  60; 
thus,  109a;  =  1308 ; 

1.    A'  '  '  1308  19 

by  division,  x  =  "Jog"  =  12. 

5—2 
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"We  ma j  verify  the  result  by  putting  12  for  x  in  the  original 
equation;  it  will  be  found  that  each  side  of  .the  equation  then 
becomes  1. 

161.  Sometimes  it  is  convenient  to  clear  of  fractions  par- 
tially, and  then  to  effect  some  reductions  before  getting  rid  of  the 
remaining  fractional  coefficients.    For  example,  solve 

x  +  7    2x-l6    2x+5    rl    3x  +  7 

IT-— 3—  +~T-  =  5*  +  -l2-' 

Here  we  may  conveniently  multiply  by  12;  thus, 

l£^±I)_4(2a?-16)  +  3(2a?  +  5)  =  16x4  +  3a;  +  7; 

that  is,       12fr+7)  _8a+64  +  6aj  +  15  =  64  +  3a;+7. 

By  transposition  and  reduction, 

12(a+7)    q  K 
— — -  +  8  =  5x. 

Multiply  by  11;  thus, 

12aj  +  84  +  88  =  5&c; 
by  transposition,  172  =  43a; 

172 

by  division,  x  =       —  4. 

162.  Solve       a  2 


:+l  5x-8' 
Multiply  by  (2x  +  1)  (5x  -  8) ;  thus, 

5(5x-8)  =  2(2x+l); 
that  is,  25aj-40  =  4*  +  2; 

by  transposition,  21a  =  42 ; 

y  division,  x  =  ~  =  2. 
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163.    Solve  ^Z»,*S=J. 

3a; -4    6a -7 

Multiply  by  (3a: -4)  (6a: -7);  thus, 

(2x-3)  (6a:-  7)  =  (4a:-  8)  (3x-  4); 

that  is,  12af  -  32a;  +  21  =  12af  -  31a;  +  20. 

Take  amy  12a^  from  both  sides;  thus, 

21  -32a:  =  20  -31a:; 

by  transposition,         21  -20  =  32a;-  31a:; 

thus,  x  =  1. 

164   Solve   *    4  =  *?* 
4  3  o 

Multiply  by  12;  thus, 

3a;-48  =  20a;-14; 

by  transposition,  17a;  =  -  34 ; 

by  division,  x  =  —  ^  =  -  2. 

We  may  verify  this  result;  each  side  of  the  equation  will  be 
9 

found  to  become  -  ^  •  ♦ 

165.    Solve   ax+b  =  cx  +  d* 

By  transposition,       ax—  cx  =  d-b; 

that  is,  (a  -  c)  x  =  d  -  b ; 

.     ,.  .  .  a*—  6 

by  division,  x  =  . . 

J  a-c 

Verification;  put  this  value  for  x  in  the  original  equation; 

then  the  first  side  becomes  —         +6,  that  is,  —   , 

a  — c       7  a-c  a-c 

that  is,  — — — .    And  the  second  side  becomes  C— — —  +  d,  that 


.    c(d-b)    d(a-cS    ±.  ,  .  da-cb 

is,   L  +  —± — ^,  that  is,  , 

a-c        a-c  a-c 


a-c 
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166.  We  may  remark  that  an  equation  of  the  first  degree 
cannot  have  more  than  one  root.  For  any  equation  of  the  first 
degree  will  take  the  form  ax  =  b  if  the  unknown  quantity  is 
brought  to  one  side  of  the  equation,  and  the  known  quantities  to 
the  other.  Suppose  then,  if  possible,  that  this  equation  has  two 
different  roots  a  and  ft ;  then  by  supposition, 

aa=b,       ap  =  6 ; 
therefore,  by  subtraction, 

a(a-j3)  =  0; 

but  this  is  impossible,  since  by  supposition  a  —  ft  is  not  zero,  and 
a  is  not  zero.  Thus  an  equation  of  the  first  degree  cannot  have 
more  than  one  root. 


EXAMPLES  OF  EQUATIONS  OF  THE  FIRST  DEGREE. 

2a?  +  l  _7x+5 
•    T~ "    8  # 

2.  «  s  =  2+?-l. 

2        4    5  « 

0    x  +  1    3aj-4    1    6s  +  7 

3.  — a-  +  — * —  +  o  = 


4. 


2         5       8  8 

5x-ll    x-1  lls-1 
4         10  "  12 


X      X      X  1 

5'    2  +  3~4~2# 

-    a  +  l    a?  +  2     1/?  *+3 

6-  -T"  +  -ir  =  16-"r- 

„    7*-8    15aj+8    q  31-s 

as-3  2»-5  _41  3a; -8  5a: +6 
&    "1  6~"60+    5  15  * 
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Q    x-3    x-i    x-5    x+ 1 

1A    x-1    Ax~i    7a;- 6    0    x-2  3x-9 

12.  ^."f^^fa-ia 

13.  I(8-*)  +  ai-lf  =  =j5-f. 
aj  +  3    aj-2    3a;-5  1 

14.  —X  7T-  =      T7i  +T- 


15-       -         -  6 


16.  -5  5_=_  +  _(a!_4). 

17. 

ia  =p-=fi  +  io-*?  =  o. 

*    5as  +  8  2<e-9 

19-  4 — r~=~T~-- 

20.  S.-I^*.*LjII. 

21.  5j»_(._!5^J.y. 

2,  ^-(l_^)=7, 

„.  *+l    5-as  x+2 

23.   r=U--r-. 


2 

3  ~ 

3a-l 

13-a; 

5 

2 

5a:- 3 

9-a; 

7 

3 

5a;- 1 

9a:-5 

7 

+  ii 

3a;  +  5 

2a;  +  7 

Digitized  by  Google 


72     EXAMPLES  OF  EQUATIONS  OF  THE  FIRST  DEGREE. 
oi  11-a;  26-a? 


25. 
26. 


33. 


35. 


39. 


fa-11  _ 28-9,  =  4^Uf 

2x- 1    3a?-2_5a?-4    7a?  +  6 
3  4     ~    6     •  ~12~' 


0w  2a;  — 9     a?     a?  —  3  01 

28.  5*  + 3  =  11* -21. 

29.  19a;  +  ^(7a!-2)  =  4a!+ Y« 

30.  a;=3a;-i(4-a;)+i. 

2a;  +  5    40  -a?    10a; -427 

3i<  ~T3~  +     8    ~      19- • 

32.  *jl_*jl„ta-14> 


a;    a:-5  /2a;  *  -\ 


oi  a;-l  a;-2  a;  +  3  a;  +  4  Y 
34    -2-+^-  =  ^-+-^  +  I- 


x-1    x  —  2    x-5    x-  6 


x-2    x-3    x~6  x-1' 

36.  (x  -  5)  (a;  -  2)  -  (x  -  5)  (?a;  -  5)  +  (a;  +  7)  (x  ~  2)  =  0. . 

37.  3-a;-2(a;-l)(a;4-2)  =  (a;-3)(5--2a;). 

38.  a;-3-(3-a;)(a;+l)=(a;-3)(l  +  a;)  +  3-a;. 
5±W_Sf3fl,  (3a?-2)(2a?-3)_  8  8 


40.    (x  +  ^(x-l)-(x-+5)(x-3)  +  l  =  0. 
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41.    (a,-0(as  +  |)-(ie-5)(x  +  3)-^=O. 

14 

A/»  _i_  V      Q/*»  _  9      9/*.  _i_  1 

43. 


44. 

45. 


9a>  +  5 

8a:- 7 

36«  + 15 

14 

+  6a?  +  2 

56 

6a  +  7 

2a;- 2 

2*+l 

15 

7s-6  ~ 

5  ' 

6a;+l 

2a>-4 

2*-l 

15  7x- 16  .  5 
4        7  37 


a:  +  2    as  +  3    «*  +  5a!+6" 
46.  (s+l)P={6-(l-«)}«-8. 
1111 


47. 

48. 


x-2    x-i    x-6  x-8' 

2     ^  _1_  6 
2x-5  +  a:-3~  3x-l ' 


51.    (a  +  a;)(6  +  a;)  =  (c  +  a?)  (<J  +  a?). 


ro    a;      a?  a 

52.  -  +  r   =  7   . 

a    6  —  a    6  +  a 

_0  .    a;  1 

53.  aa;  +  b  =  -  +  T . 

a  o 

w .     x  —  a    x  —  b    x  —  c    a?  -  (a  +  ft  +  c) 

54.  — =—  +    +   =  r   . 

oca  abc 

55    a  +  6  _   a    +  6 
a; - c  "x  —  a    x  —  b' 


a  c 

56.    (a  +  x)(b  +  x)-a(b  +  c)  =  -y  +  sc*. 
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Ktf     3abc       a'b*      (2a+b)b*x    .  bx 
a  +  6    (a  +  by      a(a  +  b)*  a 

58     (x~~a\*  -  ft  -  2«  -  & 
\a  +  6/  ~~  x+a-\-2b  * 

59.    -IS*  +  1  -575  -  -875a  =  -0625a;. 


-A     -  0      -18a: --05  . 

60.    1  2x  =  -ix  +  89. 


61.    4-8*-^^L  l-6s  +  8-9. 


X.    PROBLEMS  WHICH  LEAD  TO  SIMPLE  EQUA- 
TIONS WITH  ONE  UNKNOWN  QUANTITY. 

167.  We  shall  now  apply  the  methods  already  given  to  the 
solution  of  some  problems,  and  thus  exhibit  to  the  student  speci- 
mens of  the  use  of  Algebra.  In  a  problem  certain  quantities  are 
given,  and  certain  others,  which  have  some  assigned  relations  to 
them,  are  to  be  found.  The  relations  are  usually  expressed  in 
ordinary  language  in  the  enunciation  of  the  problem,  and  the 
method  of  solving  the  problem  may  he  thus  described  in  general 
terms  : — denote  the  unknown  quantity  or  quantities  by  letters,  and 
express  in  Algebraical  language  the  relations  which  hold  between 
the  unknown  quantities  and  the  given  quantities;  we  shall  thus 
obtain  equations  from  which  the  values  of  the  unknown  quantities 
may  be  derived. 

We  shall  now  give  some  examples. 

168.  The  sum  of  two  numbers  is  89  and  their  difference 
U;  find  the  numbers. 
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Let  x  denote  the  less  number,  then  the  greater  number  is 
31  +  x;  thus  since  their  sum  is  89,  we  have 

31  +x  +  x  =  89, 

that  is,  31  +  2x  =  89 ; 

by  transposition,  2x  =  89  —  31  =  58; 

by  division,  x  =  ^  =  29. 

Thus  the  less  number  is  29,  and  the  greater  is  29  +  31,  that 
is,  60. 

169.  A  bankrupt  owes  A  twioe  as  much  as  he  owes  B9  and 
C  as  much  as  he  owes  A  and  B  together;  out  of  £300  which  is  to 
be  divided  among  them,  what  should  each  receive  1 

Let  x  denote  the  number  of  pounds  which  A  should  receive; 
then  2x  is  what  B  should  receive;  and  x  +  2x,  that  is  3xf  is  what 
C  should  receive.    The  whole  sum  they  receive  is  £300 ;  thus, 

x  +  2x  +  3x  =  300; 

that  is,  6x  =  300; 

and  x  =  — =  50 ; 

o 

Therefore  A  should  receive  £50,  B  £100,  and  C  £150. 

170.  Divide  a  line  21  inches  long  into  two  parts,  such  that 
one  may  be  three-fourths  of  the  other. 

3x 

Let  x  denote  the  length  of  one  part  in  inches,  then  —r-  denotes 

4 

the  length  of  the  other  part;  thus 
clear  of  fractions;  thus, 

±x  +  3x=  84; 
that  is,  7a?  =  84; 


«  +  -j- =  21; 
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84 

therefore,  x  ~  f  =  ^* 

Thus  one  part  is  12  inches  long  and  the  other  9  inches. 

171.  If  A  can  perform  a  piece  of  work  in  8  days,  and  B  in 
10  days,  in  what  time  will  they  finish  it  together? 

Let  x  denote  the  number  of  days  required.    In  one  day  A  can 
1  -  ^ 

perform  g  th  of  the  work,  therefore  in  x  days  he  can  perform  g  ths 

of  the  work.  In  one  day  B  can  perform  ~  th  of  the  work,  there- 
fore in  x  days  he  can  perform  ~  ths  of  the  work.    Hence  since 

A  and  B  together  perform  the  whole  work  in  x  days,  we  have 

x     x  _  - 

8  +  10~A; 
clear  of  fractions  by  multiplying  by  40 ;  thus 

5x  +  4a;  =  40, 
that  is,  9x  =  40 ; 

therefore,  x  =  ^  =  4f . 

172.  A  workman  was  employed  for  60  days,  on  condition 
that  for  every  day  he  worked  he  should  receive  15  pence,  and  for 
every  day  he  was  absent  he  should  forfeit  5  pence;  at  the  end  of 
the  time  he  had  20  shillings  to  receive;  required  the  number  of 
days  he  worked. 

Let  x  denote  the  number  of  days  he  worked,  then  he  was 
absent  60  -x  days;  thus  15a;  denotes  his  pay  in  pence,  and 
5  (60  -  x)  denotes  the  sum  he  forfeited.  Thus, 

15a-5(60-a;)  =  240; 
that  is,  15a;  -  300  +  5x  =  240 ; 

therefore,  20*  =  240  +  300  =  540 ; 

therefore,  x  =  =27. 
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Thus  lie  worked  27  days  and  was  absent  60-27  days,  that  is, 
33  days. 

173.  How  much  rye  at  four  shillings  and  sixpence  a  bushel, 
must  be  mixed  with  fifty  bushels  of  wheat  at  six  shillings  a 
bushel,  that  the  mixture  may  be  worth  five  shillings  a  bushel? 

Let  a  denote  the  number  of  bushels  required;  then  9a  is  the 
value  of  the  rye  in  sixpences,  and  600  is  the  value  of  the  wheat. 
The  value  of  the  mixture  is  10  (50  +  a).  Thus, 

10(50  +  a)  =  9a+600; 

that  is,  10a?  +  500  =  9a  +  600; 

and  x  =  100. 

174.  A  smuggler  had  a  quantity  of  brandy  which  he  expected 
would  produce  £9.  18s.;  after  he  had  sold  10  gallons  a  revenue 
officer  seized  one-third  of  the  remainder,  in  consequence  of  which 
he  makes  only  £8.  2s. ;  required  the  number  of  gallons  he  had 
and  the  price  per  gallon, 

198 

Let  x  denote  the  number  of  gallons;  then  —  is  the  value 

x 

a-J0 

of  a  gallon  in  shillings.  The  quantity  seized  is  — ^ — >  and  the 
value  of  this  is  — 5 —  x  ;  thus, 

o  X 

^1°  x  ^=198-162  =  36. 
3  x 

Multiply  by  3a;  thus, 

198  (a- 10)  =  3a?  x  36  =  108a; 

therefore,  198a  -  108a  =  1980; 

that  is,  90a  =  1980, 

A  1980  99 

and  a  =        =  22. 

Thus  22  is  the  number  of  gallons,  and  the  price  of  each  is 
198 

~—r-  shillings,  that  is  9  shillings. 
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175.  The  student  may  now  exercise  himself  in  the  solution 
of  the  following  problems.  We  may  remark  that  in  these  eases 
the  only  difficulty  consists  in  translating  ordinary  verbal  state- 
ments into  Algebraical  language,  and  the  student  should  not  be 
discouraged  if  at  first  he  is  sometimes  a  little  perplexed,  since 
nothing  but  practice  can  give  him  readiness  and  certainty  in 
this  process. 

EXAMPLES  OF  PROBLEMS. 

1.  The  property  of  two  persons  amounts  to  .£3870,  and  one 
of  them  is  twice  as  rich  as  the  other;  what  is  the  property  of 
each? 

2.  Divide  £420  among  two  persons  so  that  for  every  shilling 
one  receives  the  other  may  receive  half-a-crown. 

3.  How  much  money  is  there  in  a  purse  when  the  fourth 
part  and  the  fifth  part  together  amount  to  £2.  5*.? 

4.  After  paying  the  seventh  part  of  a  bill  and  the  fifth  part, 
£92  is  still  due:  what  was  the  amount  of  the  bill? 

5.  Divide  46  into  two  parts,  such  that  if  one  part  be  di- 
vided by  7  and  the  other  by  3,  the  sum  of  the  quotients  shall 
be  10. 

6.  A  company  of  266  persons  consists  of  men,  women  and 
children;  there  are  four  times  as  many  men  as  children,  and 
twice  as  many  women  as  children.  How  many  of  each  are 
there? 

7.  A  person  expends  one-third  of  his  income  in  board  and 
lodging,  one-eighth  in  clothing,  and  one-tenth  in  charity,  and 
saves  £318.    What  is  his  income? 

8.  Three  towns  A,B,  0  raise  a  sum  of  £594;  for  every  pound 
Mch  B  contributes,  A  contributes  twelve  shillings,  and  C  seven- 

drillings  and  sixpence.    What  does  each  contribute? 
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9.  Divide  £1520  among  A,  B,  and  G,  so  that  3  shall  have 
£100  more  than  A9  and  0  £270  more  than  B. 

10.  A  certain  sum  is  to  be  divided  among  A,  B,  and  C. 
A  is  to  have  £30  less  than  the  half,  B  is  to  have  £10  less  than 
the  third  part,  and  C  is  to  have  £8  more  than  the  fourth  part. 
What  does  each  receive? 

11.  The  sum  of  two  numbers  is  5760,  and  their  difference  is 
equal  to  one-third  of  the  greatest;  find  them. 

12.  Two  casks  contain  equal  quantities  of  beer;  from  the 
first  34  quarts  are  drawn,  and  from  the  second  80 ;  the  quantity 
remaining  in  one  vessel  is  now  twice  that  in  the  other.  How 
much  did  each  cask  originally  contain? 

13.  A  person  bought  a  print  at  a  certain  price,  and  paid  the 
same  price  for  a  frame;  if  the  frame  had  cost  £1  less  and  the 
print  15*.  more,  the  price  of  the  frame  would  have  been  only 
half  that  of  the  print.    Find  the  cost  of  the  print. 

14.  Two  shepherds  owning  a  flock  of  sheep  agree  to  divide 
its  value ;  A  takes  72  sheep,  and  B  takes  92  sheep  and  pays  A 
£35.    Required  the  value  of  a  sheep. 

15.  A  house  and  garden  cost  £850,  and  Ave  times  the  price 
of  the  house  was  equal  to  twelve  times  the  price  of  the  garden; 
find  the  price  of  each. 

16.  One-tenth  of  a  rod  is  coloured  red,  one-twentieth  orange, 
one-thirtieth  yellow,  one-fortieth  green,  one-fiftieth  blue,  one- 
sixtieth  indigo,  and  the  remainder  which  is  302  inches  long,  violet. 
What  is  its  length? 

17.  Two-thirds  of  a  certain  number  of  persons  received 
eighteenpence  each,  and  one-third  received  half  a  crown  each. 
The  whole  sum  spent  was  £2.  15*.  How  many  persons  were 
there? 

18.  A  and  B  play  at  a  game,  agreeing  that  the  loser  shall 
always  pay  to  the  winner  one  shilling  more  than  half  the  money 
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the  loser  has ;  they  commence  with  equal  quantities  of  money,  but 
after  B  has  lost  the  first  game  and  won  the  second,  he  has  twice 
as  much  as  A ;  how  much  had  each  at  the  commencement? 

19.  A  crew  which  can  pull  at  the  rate  of  nine  miles  an 
hour,  finds  that  it  takes  twice  as  long  to  come  up  a  river  as  to  go 
down;  at  what  rate  does  the  river  flow  ? 

20.  Of  a  certain  dynasty  one-third  of  the  kings  were  of  the 
same  name,  one-fourth  of  another,  one-eighth  of  another,  one- 
twelfth  of  a  fourth,  and  there  were  five  besides.  How  many  were 
there  of  each  name  ? 

21.  Find  that  number  the  third  part  of  which  added  to  its 
seventh  part  makes  20. 

22.  A  person  who  possesses  XI 2000  employs  a  portion  of  the 
money  in  building  a  house.  One-third  of  the  money  which  re- 
mains he  invests  at  4  per  cent.,  and  the  other  two-thirds  at  5  per 
cent.,  and  from  these  investments  he  obtains  an  income  of  £392. 
What  was  the  cost  of  the  house? 

23.  The  difference  of  the  squares  of  two  consecutive  numbers 
is  15.    What  are  the  numbers  ? 

24.  A  farmer  has  oxen  worth  £12.  10*.  each,  and  sheep 
worth  £2.  58.  each;  the  number  of  oxen  and  sheep  being  35,  and 
their  value  £191.  10*.    Find  the  number  he  had  of  each. 

25.  A  and  B  find  a  purse  with  shillings  in  it  A  takes  out 
two  shillings  and  one-sixth  of  what  remains ;  then  B  takes  out 
three  shillings  and  one-sixth  of  what  remains;  and  then  they  find 
that  they  have  taken  out  equal  shares.  How  many  shillings 
were  in  the  purse,  and  how  many  did  each  take? 

26.  A  hare  is  eighty  of  her  own  leaps  before  a  greyhound; 
she  takes  three  leaps  for  every  two  that  he  takes,  but  he  covers 
as  much  ground  in  one  leap  as  she  does  in  two.  How  many  leaps 
will  the  hare  have,  taken  before  she  is  caught? 
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'  27,  The  length  of  a  field  is  twice  its  breadth ;  another  field 
which  is  50  yards  longer  and  10  yards  broader,  contains  6800 
square  yards  more  than  the  former;  find  the  size  of  each. 

28.  A  vessel  can  be  emptied  by  three  taps ;  by  the  first  alone 
it  could  be  emptied  in  80  minutes,  by  the  second  in  200  minutes, 
and  by  the  third  in  5  hours.  In  what  time  will  it  be  emptied  if 
all  the  taps  are  opened  ? 

29.  If  an  income  tax  of  Id.  in  the  pound  on  all  incomes 
below  £100  a  year,  and  of  1*,  in  the  pound  on  all  incomes  above 
£100  a  year  realize  £18750  on  £500000,  how  much  is  raised 
on  incomes  below  £100  a  year, 

30.  Two  horses  run  over  a  mile  course,  the  winner  complet- 
ing the  distance  in  2  minutes  54  seconds,  and  winning  by  2 
seconds.  How  many  yards  start  might  have  been  allowed  to  the 
other  without  risk  of  losing,  supposing  the  same  rates  be  kept? 

31.  A  ship  sails  with  a  supply  of  biscuit  for  60  days,  at  a 
daily  allowance  of  1  lb.  a  head;  after  being  at  sea  20  days  she 
encounters  a  storm  in  which  5  men  are  washed  overboard,  and 
damage  sustained  that  will  cause  a  delay  of  24  days,  and  it  is 
found  that  each  man's  allowance  must  be  reduced  to  five-sevenths 
of  a  pound.    Find  the  original  number  of  the  crew, 

32.  A  cask  A  contains  12  gallons  of  wine  and  18  gallons  of 
water;  and  another  cask  B  contains  9  gallons  of  wine  and  3  gal- 
lons of  water;  how  many  gallons  must  be  drawn  from  each  cask 
so  as  to  produce  by  their  mixture  7  gallons  of  wine  and  7  gallons 
of  water  ? 

33.  A  can  dig  a  trench  in  one-half  the  time  that  B  can;  B 
can  dig  it  in  two-thirds  of  the  time  that  G  can;  all  together  they 
can  dig  it  in  6  days ;  find  the  time  it  would  take  each  of  them 
alone. 

t.  a.  6 
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34.  Of  the  external  angles  of  a  polygon,  one-half  are  equal  to 
those  of  a  regular  polygon  of  m  sides,  the  others  to  those  of  a 
regular  polygon  of  n  sides.  Find  the  number  of  sides  of  such  a 
polygon. 

35.  At  what  times  between  one  o'clock  and  two  o'clock  is 
there  exactly  one  minute  division  between  the  two  hands  of  a 
clock? 

36.  A  person  has  just  a  hours  at  his  disposal;  how  far  may 
he  ride  in  a  coach  which  travels  6  miles  an  hour,  so  as  to  return 
home  in  time,  walking  back  at  the  rate  of  c  miles  an  hour? 

37.  A  certain  article  of  consumption  is  subject  to  a  duty  of 
6  shillings  per  cwt. ;  in  consequence  of  a  reduction  in  the  duty 
the  consumption  increases  one-half,  but  the  revenue  falls  one- 
third.    Find  the  duty  per  cwt.  after  the  reduction. 

38.  Two  persons  A  and  B  walk  to  meet  each  other  from  the 
extremities  of  a  line  AB;  a  third  person  C,  who  walks  faster 
than  either  A  or  B,  starts  with  A,  and  when  he  meets  B  turns 
back,  and  so  on  till  they  all  come  together;  the  distance  0  walks 
in  the  direction  AB  is  twice  that  which  he  walks  in  the  contrary 
direction,  and  when  they  all  come  together  he  has  passed  over 
a  space  equal  to  AB;  shew  that  the  rates  of  A>  B>  C  are  as 
1,  2,  3. 


XI.   SIMULTANEOUS  EQUATIONS  OF  THE  FIRST 
DEGREE  WITH  TWO  UNKNOWN  QUANTITIES. 

176.  Suppose  we  have  an  equation  containing  two  unknown 
quantities  x  and  y,  for  example  5x^2y  =  4.  For  every  value 
which  we  please  to  ascribe  to  one  of  the  unknown  quantities  we 
can  determine  the  corresponding  value  of  the  other,  and  thus 
find  as  many  pairs  of  values  as  we  please  which  satisfy  the  given 
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equation.    Thus,  for  example,  if  y  =  1  we  find  a;  =  - ;  if  y  =  2 

we  find  x  =  ^ ;  and  so  on. 

Also,  suppose  that  there  is  another  equation  of  the  same  kind, 
as  for  example,  4#  +  3y  =  17.  We  can  also  find  as  many  pairs  of 
values  as  we  please  which  satisfy  this  equation. 

But  suppose  we  ask  for  values  of  x  and  y  which  satisfy  both 
equations ;  we  shall  find  then  that  there  is  only  one  value  of  x 
and  one  value  of  y.    For  multiply  the  first  equation  by  3;  thus 

15o5-6>  =  12; 

multiply  the  second  equation  by  2 ;  thus 
8x+6y  =  M. 

Therefore,  by  addition, 

15x- 6y  +  8»+  6y  =  12  +  34; 

that  is,  23x  =  46, 

and,  x=  2. 

Thus  if  both  equations  are  to  be  satisfied  x  rrmst  equal  2 ;  put 
this  value  of  x  in  either  of  the  two  given  equations ;  for  example, 
in  the  second  equation;  thus  we  obtain 

8  +  3y=17; 
therefore,  Zy  =  17  -  8, 

and,  y  =  3. 

177.  Two  or  more  equations  which  are  to  be  satisfied  by  the 
scwne  values  of  the  unknown  quantities  are  called  8imuLtomeous 
equations.  We  are  now  about  to  treat  of  simultaneous  equations 
involving  two  unknown  quantities  where  each  unknown  quantity 
occurs  only  in  the  first  degree. 

178.  There  are  three  methods  which  are  usually  given  for 
solving  these  equations.    The  object  of  all  these  methods  is  the 

6—2 
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same — namely,  to  obtain,  from  the  two  given  equations  which 
contain  two  unknown  quantities  a  single  equation  containing  only 
one  of  the  unknown  quantities.  By  this  process  we  are  said  to 
eliminate  the  unknown  quantity  which  does  not  appear  in  the 
single  equation. 

179.  First  method.  The  first  method  is  that  which  we/ 
adopted  in  the  example  of  Art  176 ;  it  may  be  thus  described — 
multiply  the  equations  by  such  numbers  as  will  make  the  coefficient 
of  one  of  the  unknown  quantities  the  same  in  the  two  resulting 
equations;  then  by  addition  or  subtraction  we  can  form  an  equa- 
tion containing  only  the  other  unknown  quantity. 

Example.  4»  +  3y  =  22;  $x-7y=  6. 

If  we  wish  to  eliminate  y  we  multiply  the  first  equation  by  7, 
which  is  the  coefficient  of  y  in  the  second,  and  the  second  by  3, 
which  is  the  coefficient  of  y  in  the  first.    Thus  we  obtain 

28«  +  21y^l54;  l&c-21y=18. 

Then  by  addition, 

28»+l&u=  154+18; 
that  is,  43a?  =  172, 

and,  * =  ^3  ' 

Then  put  this  value  of  a?  in  either  of  the  given  equations,  in 
the  first  for  example ;  thus,  . 

16  +  3y  =  22; 
therefore,  3y  =  6, 

and,  y  =  2. 

If  we  wish  to  solve  this  example  by  eliminating  x  we  multiply 
the  first  of  the  given  equations  by  5,  and  the  second  by  4 ;  thus, 
20a?+15y  =  110;  20aj-28y  =  24. 
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Then  by  subtraction, 


thus, 
and, 


20a>+16y-(20o:-28y)  =  110-24; 

43y  =  86, 
y-2. 


180.  Second  method.  Express  one  of  the  unknown  quantities 
in  terms  of  the  other  from  either  equation,  and  substitute  this  value 
in  the  other  equation. 

Thus,  taking  the  same  example,  we  have  from  the  first 
equation 

4a;  =  22 -3y; 
22  -  3y 

divide  by  4,  x  =  — j —  ; 

substitute  this  value  of  x  in  the  second  equation  and  we  obtain 


Then  substitute  this  value  of  y  in  either  of  the  given  equations 
and  we  shall  obtain  x  *=  4. 


substitute  this  value  of  y  in  the  second  equation  and  we  obtain 


multiply  by  4, 
that  is, 

by  transposition, 
and, 


5(22-3y)-28y  =  24; 
110-15y-28y  =  24; 

43y  =  86, 
y  =  2. 


Or  thus;  from  the  first  equation  we  have 
3y=22-4aj; 


divide  by  3, 


multiply  by  3, 


I&b- 7(22-4*)  =  18; 
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that  is,  I5x -  154  +  28x=  18; 

that  is,  43a?  =172, 

and,  x  =  4. 

Then  substitute  this  value  of  a?  in  either  of  the  given  equa- 
tions and  we  shall  obtain  y  =  2. 

181.  Third  method.  Express  the  same  wnknown  quantity  in 
terms  of  the  other  from  each  equation  and  equate  the  expressions 
thus  obtained. 

Thus,  taking  the  same  example,  from  the  first  equation 

22-3y      _  .  a        , »  6  +  7y 

x  =  — j— -,  and  from  the  second  equation  x  =  — jr2- ; 

.  22 -3y    6  +  7y. 

thus,  = 

clear  of  fractions,    5  (22  -  3y)  =  4  (6  +  7y) ; 
that  is,  110-15y=24+28y; 
by  transposition,  43y  =  86, 

and,  ,      y  =  2. 

Hence,  as  before,  we  deduce  x  =  4. 

22  -4a; 

Or  thus;  from  the  first  equation  we  obtain  y  —  — , 

and  from  the  second  equation  y  =  ^  - ;  thus, 

22-4a?  &c-6 
3     ~~~ 7^"* 

Hence  as  before  we  shall  obtain  a?  =  4  and  then  deduce  y  =  2. 

EXAMPLES  OF  SIMULTANEOUS  SIMPLE  EQUATIONS  WITH  TWO 
UNKNOWN  QUANTITIES. 

1.  3x-2y=  1,        3y-4a?  =  l. 

2.  a?  =  4y,        I  (2a?  +  7y)-  1  =  §  (2a? -  6y  +  1> 
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3.    a,+  l(3a!-y_l)=l+|(y_l),        *(4*+3y)=g  +  2. 

*•    5  +  6    18'        2~4  21> 

5-    3+4-9'         4  +  5-7' 

*  +  y    as-y  *+y  *-y 

6.   r  =8,         _  +  __n. 

7.  2*  +  3y  =  43,      10*-y  =  7. 

8.  5x-7y  =  33,        1 1*  +  12y  =  100. 

2    3-i'         3  4_i* 
10.    16a+17y  =  500,  17x-3y=110. 

2a?    By    Sx  y 


7           23  '  + 
4  2 

13.  4a;  +  8y  =  2-4,  102a;  -  6y  =  3-48. 

14.  13a;+lly  =  4a,  12x-6y  =  a. 

15.  -  +  -  =  1,  -  +  -  =  1. 

x    y  x  y 

lb'    a  +  3a  +  66"3" 

17.  a;  +  y=15,  x~y=l. 

18.  3a?-5y  =  13,  2«  +  7y  =  81. 
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19.    ax  +  by  =  c,        mx  -ny  =  d. 

3x-5y  ,  o    2x  +  y              z-2y  xv 
—2-+3  =  —5->        8  4~  =  2 +  3- 


20. 


3x     y     4     a:     y  x  y 

2lm    10-l5-9-l2-l8'        ^-2S-I2-15  +  1^ 


22. 


4a?-3y-7    3a?  2y  5 

5       ~  10  15    6'  1 

3      2    20  15     6    10'  J 

23.  5a;+7y  =  43,  lLc+9y  =  69. 

24.  8a;  -  21y  =  33,  6*  +  35y  =  177. 

26.  3y-7a;  =  4,  2y  +  5x  =  22. 

27.  21y  +  20a;=165,  77y  -  30*  =  295. 

28.  lLe-10y=14,  5a  +  7y  =  41. 


XII.  SIMULTANEOUS  EQUATIONS  OF  THE  FIRST 
DEGREE  WITH  MORE  THAN  TWO  UNKNOWN 
QUANTITIES. 

182.  If  there  be  three  simple  equations  and  three,  unknown 
quantities,  reduce  two  of  the  equations  to  one  containing  only  two 
of  the  unknown  quantities  by  the  rules  of  the  preceding  chapter; 
then  reduce  the  third  equation  and  either  of  the  former  two  to 
one,  containing  the  same  two  unknown  quantities;  and  from  the 
two  equations  thus  obtained  the  unknown  quantities  which  they 
involve  may  be  found.  The  third  quantity  may  be  found  by 
substituting  the  above  values  in  any  of  the  proposed  equations. 
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Example,  suppose, 

2a+3y  +  4s  =  16   (1), 

3s  +  2y-5«  =  8   (2), 

&e-6y  +  3«  =  6   (3). 

For  conyenience  of  reference  the  equations  are  numbered  (1), 
(2),  and  (3),  and  this  numbering  is  continued  as  we  proceed  with 
the  solution. 

Multiply  (1)  by  3  and  (2)  by  2 ;  thus, 
6s  +  9y+12«  =  48, 
6a?  +  4y-10*=16; 

by  subtraction, 

5y  +  22*  =  32   (4). 

Multiply  (1)  by  5  and  (3)  by  2;  thus, 

lOs+1%  +  20*  =  80, 
10«-12y+6«  =  12; 

by  subtraction, 

27y+14*=68  (5). 

Multiply  (4)  by  27  and  (5)  by  5 ;  thus, 

135y  +  594*  =  864, 

135y  +  70z  =  340; 
by  subtraction,  524s  =  524, 

therefore,  z- 1. 

Substitute  the  value  of  z  in  (4);  thus, 
5y  +  22  =  32; 
therefore,  y  =  2. 
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Substitute  the  values  of  y  and  z  in  (1) ;  thus, 

2a  +  6  +  4=16; 

therefore,  x  =  3. 

The  same  method  may  be  applied  to  any  number  of  simple 
equations. 


EXAMPLES  OF  SIMULTANEOUS  EQUATIONS  OF  THE  FIRST  DEGREE 
WITH  MORE  THAN  TWO  UNKNOWN  QUANTITIES. 

1.  3aj  +  2y-4*=15,    5x-Zy  +  2z  =  28,    3y  +  4*-a>  =  24. 

2.  x  +  y-z=l,    8x+3y-6z=l,    3z-4:X-y  =  l. 

1    1    0     1    1  3 

3.  -+-  =  1,    -  +  -  =  2,    -  +  -=-. 
x    y     7    x    z  y    z  2 

4.  x  +  y  +  z  =  0, 

(6  +  c)aj  +  (c  +  a)y  +  (a  +  b)z  =  0, 
5c£c  +  cay  +  abz  =  1, 

a    b  a    e  'be 

x    y    z     z    y         x    z  6 

7.  <kb  +  5y  +  cz  =  -4, 

a*x  +  b*y  +  c*z  =  A*. 

8.  a5+y  +  «  =  a+  ft+c, 

&b  +  cy  +  az  =     +  ay  +  6*  =  a9  +  6*  +  c*. 

9.  xyz  =  a(yz-zx-xy)  =  b(zx-xy-yz)  =  c  (xy  -yz-  zx\ 

10.     7*-3y=l,     4*-7y  =  l, 
11* -7m  =  1,    19a>-3tt=  1. 
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11.  3a  +  2y+  z  =  23, 
5a:+2y  +  4«  =  46, 

10a>+5y  +  4«  =  75. 

12.  2x-  4y  +  9*=  28, 
7x  +  3y-  5z  =  3, 
9a:+10y-ll*  =  4. 

13.  Su-2y  =  2,      2*  +  3y=39, 

7*  =11,    4y+3te  =  41. 

3y-l=6* 
A*«      4        5     2  * 

5x    4«  5 

T  +  T=*  +  6> 

3a?+l     a?     1  _2z  y 
7     ~"li  +  6~21+3# 

15.  4a-3y  +  2a=9,     2aj+5y-3a  =  4,     5x+  6y-2*  =  18. 

16.  5a?-6y+4a=  15, 
7«  +  4y-3«  =  19, 
2«+  y+6«  =  4& 

17.  2a?-3y  +  2*=  13, 

4y  +  2*=14, 

18.  7x-2z  +  3u=  17, 
4y-2«  +  t  «  11, 
5y-3a;-2w^  8> 
4y-aw+  2/  =  9, 

3«+8w=  33. 

19.  4»-3y+2«  =  40, 
5aj  +  9y-7«  =  47, 
9»+8y-3«  =  97* 


4w-2x  =  30, 
5y  +  3t*  =  32. 
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20.  a>-2y+3«  =  6, 
2x+  3y-4*  =  20, 
3x-2y+  5z  =  26. 

21.  7w-13«  =  87,     3w+14a;  =  57, 
lOy-  3a;  =11,     2x-llz  =  50. 

22.  ay  +  bx  =  c,       cx  +  az  =  b,    '   bz  +  cy=a. 

23.  3a;-4y  +  Sz+  3t?- 6i*  =  11, 

3x-5y  +  2z  — 4u  -  11, 
10y-3*  +  3w-  2«  =  2, 
5z  +  4u+2v  -2x  =  3, 
6w  -  3t?  +  4a?  -  2y  =  6. 

24.  *+^  =  0,       a;  +  y  +  *  =  2C. 
*    y          y  * 


XIIL  PROBLEMS  WHICH  LEAD  TO  SIMPLE  EQUA- 
TIONS WITH  MORE  THAN  ONE  UNKNOWN 
QUANTITY. 

183.  We  shall  now  give  some  examples  of  problems  which 
lead  to  simple  equations  with  more  than  one  unknown  quantity. 

A  and  B  engage  in  play;  in  the  first  game  A  wins  as  much 
as  he  had  and  four  shillings  more,  and  finds  he  has  twice  as  much 
as  B;  in  the  second  game  B  wins  half  as  much  as  he  had  at  first 
and  one  shilling  more,  and  then  it  appears  he  has  three  times 
as  much  as  A ;  what  sum  had  each  at  first? 

Let  x  be  the  number  of  shillings  which  A  had,  and  y  the 
number  of  shillings  which  B  had;  then  after  the  first  game  A 
has  2x+  i  and  B  has  y-x  —  L    Thus  by  the  question 

2a;  +  4  =  2(y-a>-4)  =  ?y-2x-8; 
therefore,  2y  -  4a;  =  12 ; 

therefore,  y  —  2x=fi. 
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Also  after  the  second  game  A  has  2x  +  4  -  and  B  has 

y  —  x  —  4+3  +  1.    Thus  by  the  question, 

y_a._4+|+l  =  3(2aj  +  4-  |-1)=6*  +  12-  ^-3; 

therefore,       2y-2a-8  +  y  +  2  =  12a;  +  24-3y- 6; 
therefore,  6y  -  14a  =  24, 

and  3y-7x  =  12. 

And  from  the  former  equation, 

3y-6x  =  18; 
hence  by  subtraction,  x  =  6 ; 

therefore,  y  =  18. 

184.  A  sum  of  money  "was  divided  equally  among  a  certain 
number  of  persons;  had  there  been  three  more,  each  would  have 
received  one  shilling  less,  and  had  there  been  two  fewer,  each 
would  have  received  one  shilling  more  than  he  did ;  required  the 
number  of  persons,  and  what  each  received. 

Let  x  denote  the  number  of  persons,  y  the  number  of  'shillings 
which  each  received.  Then  xy  is  the  sum  divided ;  thus  by  the 
question 

(a  +  3)(y-l)  =  xy, 
and  also,  (x  -  2)  (y  + 1)  =  xy. 

The  first  equation  gives 

xy+3y-x-3  =  xy; 
thus,  3y  —  x  =  3. 

The  second  equation  gives 

xy-2y  +  x-2  =  xy; 
thus,  x-2y  =  2, 
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By  addition,  3y -~x  +  x  —  2y  =  5; 

that  is,  y  =  5. 

Hence,  x  =  2y  +  2  =  12. 

185.  What  fraction  is  that  which  becomes  equal  to  f  when 
its  numerator  is  increased  by  6,  and  equal  to  |  when  its  denom- 
inator is  diminished  by  2. 

Let  x  denote  the  numerator  and  y  the  denominator  of  the 
fraction ;  then  by  the  question 

x  +  6  3 


and, 


y  "4/ 
x  1 


y-2  2' 


Clear  the  first  equation  of  fractions  by  multiplying  by  4y; 
thus, 

4(a?  +  6)  =  3y; 
therefore,  3y  —  4a:  =  24. 

Clear  the  second  equation  of  fractions  by  multiplying  by 
2  (y-2);  thus, 

2x  =  y-2; 
therefore,  y-2x  =  2, 

and,  3y-6x  =  6. 

By  subtraction, 

3y  -  4a?  -  (3y  -  6a)  =  24  -  6 ; 
that  is,  2x  =  18, 

and,  a?  =  9. 

Hence  y=2  +  2a  =  20. 

9 

Thus  the  required  fraction  is 
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EXAMPLES  OF  PROBLEMS. 

1.  A  certain  fraction  becomes  1  when  3  is  added  to  its  nu- 
merator, and  £  when  2  is  added  to  its  denominator.  What  fraction 
is  it? 

2.  A  and  B  together  possess  £570.  If  A's  money  were 
three  times  what  it  really  is,  and  B*s  five  times  what  it  really  is, 
the  sum  would  be  £2350.    What  is  the  money  of  each  ? 

3.  If  the  numerator  of  a  certain  fraction  is  increased  by  one 
its  value  becomes  one-third ;  if  the  denominator  is  increased  by 
one  its  value  becomes  one-fourth.    What  is  the  fraction? 

4.  Find  two  numbers  such  that  if  the  first  be  added  to  four 
times  the  second,  the  sum  is  29 ;  and  if  the  second  be  added  to 
six  times  the  first  the  sum  is  36. 

5.  If  A's  money  were  increased  by  36*.  he  would  have  three 
times  as  much  as  B9  but  if  2Ts  money  were  diminished  by  5*.  he 
would  have  half  as  much  as  A.  Find  the  sum  possessed  by 
each. 

6.  A  and  B  lay  a  wager  of  10s. ;  if  A  loses  he  will  have  twice 
as  much,  less  25s.,  as  B  will  then  have;  but  if  B  loses  he  will 
have  five-seventeenths  of  what  A  will  then  have;  how  much 
money  does  each  of  them  have? 

7.  Find  two  numbers,  such  that  twice  the  first  plus  the 
second  is  equal  to  17,  and  twice  the  second  plus  the  first  is  equal 
to  19. 

8.  Find  two  numbers,  such  that  one-half  the  first  and  three- 
fourths  of  the  second  together  equal  the  difference  of  three  times 
the  first  and  the  second,  and  this  difference  equals  11. 

9.  A  certain  number  of  persons  were  divided  into  three 
classes,  such  that  the  majority  of  the  first  and  second  together 
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over  the  third  was  10  less  than  four  times  the  majority  of  the  second 
and  third  together  over  the  first ;  but  if  the  first  had  30  more,  and 
the  second  and  third  together  29  less,  the  first  would  have  out- 
numbered the  last  two  by  one.  Find  the  number  in  each  class 
when  the  whole  number  was  34  more  than  eight  times  the  majo- 
rity of  the  third  over  the  second. 

10.  Determine  three  numbers  such  that  their  sum  is  9 ;  the 
sum  of  the  first,  twice  the  second,  and  three  times  the  third,  22; 
and  the  sum  of  the  first,  four  times  the  second,  and  nine  times  the 
third,  58. 

11.  A  pound  of  tea  and  three  pounds  of  sugar  cost  six  shil-r 
lings,  but  if  sugar  were  to  rise  50  per  cent,  and  tea  10  per  cent, 
they  would  cost  seven  shillings.  Find  the  price  of  tea  and 
sugar. 

12.  A  person  has  £2550  to  invest.  The  three  per  cent,  con- 
sols are  at  81,  and  certain  guaranteed  railway  shares  which  pay 
a  half-yearly  dividend  of  10s.  on  each  original  share  of  £25  are  at 
£24,  Find  how  many  shares  he  must  buy  that  he  may  obtain 
the  same  income  from  the  railway  shares  as  from  the  rest  of  his 
income  invested  in  the  consols. 

13.  A  person  possesses  a  certain  capital  which  is  invested  at 
a  certain  rate  per  cent.  A  second  person  has  £1000  more  capital 
than  the  first  person  and  invests  it  at  one  per  cent,  more;  thus 
his  income  exceeds  that  of  the  first  person  by  £80.  A  third 
person  has  £1500  more  capital  than  the  first  and  invests  it  at  two 
per  cent,  more;  thus  his  income  exceeds  that  of  the  first  person 
by  £150.  Find  the  capital  of  each  person  and  the  rate  at  which  it 
is  invested. 

14.  A  railway  train  after  travelling  for  one  hour  meets  with 
an  accident  which  delays  it  one  hour,  after  which  it  proceeds  at 
three-fifths  of  its  former  rate,  and  arrives  at  the  terminus  three 
hours  behind  time;  had  the  accident  occurred  50  miles  further  on, 
the  train  would  have  arrived  1  hour  20  minutes  sooner.  Required 
the  length  of  the  line. 
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15.  Two  plugs  are  opened  in  the  bottom  of  a  cistern  con- 
taining 192  gallons  of  water;  after  three  hours  one  of  them 
becomes  stopped,  and  the  cistern  is  emptied  by  the  other  in 
eleven  hours;  had  six  hours  occurred  before  the  stoppage  it  would 
have  required  only  six  hours  more  to  empty  it.  How  many  gal- 
lons will  each  plug  hole  discharge  in  an  hour,  supposing  the 
discharge  uniform. 

«  • 

16.  A  person  after  paying  a  poor-rate  and  also  the  income- 
tax  of  Id.  in  the  pound,  has  £486  remaining;  the  poor-rate 
amounts  to  £22.  10*.  more  than  the  income-tax;  find  the 
original  income  and  the  number  of  pence  per  pound  in  the 
poor-rate. 

17.  A  farmer  would  spend  all  his  money  by  buying  4  oxen 
and  32  lambs;  instead  of  doing  this  he  bought  the  same  number 
of  oxen  and  half  as  many  lambs,  and  had  a  surplus  of  £9  after 
paying  for  them  and  for  their  conveyance  by  railway  at  an  average 
cost  of  six  shillings  per  head.  Each  ox  cost  as  many  pounds  as 
its  carriage  by  railway  was  shillings,  and  the  lambs  altogether  cost 
three  times  as  many  pounds  as  the  carriage  of  each  was  shil- 
lings.   How  much  money  had  he  to  begin  with? 

18.  A,  B,  and  C  sit  down  to  play,  every  one  with  a  certain 
number  of  shillings.  A  loses  to  B  and  C  as  many  shillings  as 
each  of  them  has.  Next  B  loses  to  A  and  C  as  many  as  each  of 
them  now  has.  Lastly  C  loses  to  A  and  B  as  many  as  each  of 
them  now  has.  After  all  every  one  of  them  has  sixteen  shillings. 
How  much  had  each  originally? 

19.  A  and  B  play  at  bowls,  and  A  bets  B  three  shillings  to 
two  upon  every  game ;  after  a  certain  number  of  games  it  appears 
that  A  has  won  three  shillings ;  but  if  A  had  bet  five  shillings 
to  two  and  lost  one  game  more  out  of  the  same  number,  he 
would  have  lost  thirty  shillings.  How  many  games  did  they 
play? 

T.A.  '  7 
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20.  Five  persons,  A,  B,  C,  D,  E  play  at  cards;  after  A  lias 
won  half  of  B%  money,  B  one-third  of  C's,  G  one-fourth  of  D%, 
D  one-sixth  of  27*8,  they  have  each  £1.  10*.  Find  how  much 
each  had  to  begin  with. 

21.  If  there  were  no  accidents  it  would  take  half  as  long  to 
travel  the  distance  from  A  to  B  by  railroad  as  by  coach;  but 
three  hours  being  allowed  for  accidental  stoppages  by  the  former, 
the  coach  will  travel  the  distance  all  but  fifteen  miles  in  the 
same  time ;  if  the  distance  were  two-thirds  as  great  as  it  is,  and 
the  same  time  allowed  for  railway  stoppages,  the  coach  would 
take  exactly  the  same  time;  required  the  distance. 

22.  A  and  B  are  set  to  a  piece  of  work  which  they  can 
finish  in  thirty  days  working  together,  and  for  which  they  are 
to  receive  £7.  10*.  When  the  work  is  half  finished  A  intermits 
working  eight  days  and  B  four  days,  in  consequence  of  which  the 
work  occupies  five  and  a  half  days  more  than  it  would  otherwise 
have  done.    How  much  ought  A  and  B  respectively  to  receive? 

23.  A  and  B  run  a  mile.  First  A  gives  B  a  start  of  44 
yards  and  beats  him  by  51  seconds;  at  the  second  heat  A  gives 
B  a  start  of  1  minute  15  seconds,  and  is  beaten  by  88  yards. 
Find  the  times  in  which  A  and  B  can  run  a  mile  separately. 

24.  A  and  B  start  together  from  the  foot  of  a  mountain  to 
go  to  the  summit.  A  would  reach  the  summit  half  an  hour 
before  B,  but  missing  his  way  goes  a  mile  and  back  again  need- 
lessly, during  which  he  walks  at  twice  his  former  pace,  and  reaches 
the  top  six  minutes  before  B.  C  starts  twenty  minutes  after 
A  and  B  and  walking  at  the  rate  of  two  and  one-seventh  miles 
per  hour,  arrives  at  the  summit  ten  minutes  after  B.  Find  the 
rates  of  walking  of  A  and  B,  and  the  distance  from  the  foot  to 
the  summit  of  the  mountain. 

25.  A  offers  to  run  three  times  round  a  course  while  B  runs 
twice  round,  but  he  only  gets  150  yards  of  his  third  round 
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finished  when  B  wins.  He  then  offers  to  ran  four  times  round 
for  Bb  thrice,  and  now  quickens  his  pace  in  the  ratio  of  4  :  3. 
B  also  quickens  his  in  the  ratio  of  9  :  8,  but  in  the  second  round 
Ms  off  to  his  original  pace  in  the  first  race,  and  in  the  third 
round  only  goes  9  yards  for  10  he  went  before,  and  accordingly 
this  time  A  wins  by  180  yards.  Determine  the  length  of  the 
course. 

26.  A  pedestrian  starts  p  hours  before  a  coach ;  the  latter 
(both  travelling  uniformly)  passes  the  former  after  a  certain 
number  of  hours.  From  this  point  the  coach  increases  its  speed 
in  the  ratio  of  6  to  5,  while  the  man  increases  his  in  the  ratio 
of  5  to  4,  and  they  continue  at  these  increased  rates  for  q 
hours  longer  than  it  took  the  coach  to  overtake  the  man.  They 
are  then  92  miles  apart;  but  had  they  continued  for  the  same 
length  of  time  at  their  original  rates  they  would  have  been  only 
80  miles  apart.  Shew  that  the  original  rates  are  as  2  :  1.  Also 
if  p  +  q  =  16,  shew  that  the  original  rate  of  the  coach  was  10, 
of  the  man  5  miles  per  hour. 

27.  Two  persons  A  and  B  could  finish  a  work  in  m  days; 
they  worked  together  n  days  when  A  was  called  off  and  B  finished 
it  in  p  days.    In  what  time  could  each  do  it? 

28.  A  railway  train  running  from  London  to  Cambridge 
meets  on  the  way  with  an  accident,  which  causes  it  to  diminish 

its  speed  to  i  th  of  what  it  was  before,  and  it  is  in  consequence 

a  hours  late.  If  the  accident  had  happened  b  miles  nearer  Cam- 
bridge, the  train  would  have  been  c  hours  late.  Find  the  rate  of 
the  train  before  the  accident  occurred. 

29.  The  fore-wheel  of  a  carriage  makes  six  revolutions  more 
than  the  hind-wheel  in  going  120  yards;  had  each  wheel  been 
one  yard  more  in  circumference,  the  six  would  have  been  four. 
Required  the  circumference  of  each  wheel. 

7—2 

Digitized  by  Google 


100 


DISCUSSION  OP  SOME  PROBLEMS 


30.  There  is  a  number  consisting  of  two  digits ;  the  number 
is  equal  to  three  times  the  sum  of  its  digits,  and  if  it  be  multiplied 
by  three,  the  result  will  be  equal  to  the  square  of  the  sum  of  its 
digits.    Find  the  number. 

31.  A  certain  number  of  tw<*  digits  contains  the  sum  of  its 
digits  four  times  and  their  product  twice.    What  is  the  number? 

32.  A  person  proposes  to  travel  from  A  to  B,  either  direct 
by  coach,  or  by  rail  to  C,  and  thence  by  another  train  to  B.  '  The 
trains  travel  three  times  as  fast  as  the  coach,  and  should  there  be 
no  delay,  the  person  starting  at  the  same  hour  could  get  to  B 
20  minutes  earlier  by  coach  than  by  train.  But  should  the  train 
be  late  at  C,  he  would  have  to  wait  there  for  a  train  as  long  as  it 
would  take  to  travel  from  C  to  B,  and  his  journey  would  in  that 
case  take  twice  as  long  as  by  coach.  Should  the  coach  however 
be  delayed  an  hour  on  the  way,  and  the  train  be  in  time  at  (7,  he 
would  get  by  rail  to  B  and  half  way  back  to  C,  while  he  would  be 
going  by  coach  to  B.  The  length  of  the  whole  circuit  ABC  A  is 
76|  miles.    Required  the  rate  at  which  the  coach  travels. 


XIY.    DISCUSSION  OF  SOME  PROBLEMS  WHICH 
LEAD  TO  SIMPLE  EQUATIONS. 

186.  We  propose  now  to  solve  some  problems  which  lead  to 
Simple  Equations,  and  to  examine  certain  peculiarities  which 
present  themselves  in  the  solutions.  We  begin  with  the  following 
problem;  what  number  must  be  added  to  a  number  a  in  order 
that  the  sum  may  be  b  1    Let  x  denote  this  number ;  then, 

a-hx  =  b\ 

therefore,  x  =  b  —  a. 
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This  formula  gives  the  value  of  x  corresponding  to  any  as- 
signed values  of  a  .and  b.  Thus,  for  example,  if  a  =  12  and 
b  =  25,  we  have  x  =  25-12  =  13.  But  suppose  that  a  =  30  and 
b  =  24 ;  then  a*  =  24  -  30  =  -  6,  and  we  naturally  ask  what  is 
the  meaning  of  this  negative  result?  If  we  recur  to  the  problem 
we  see  that  it  now  reads  thus : — what  number  must  be  added  to 
30  in  order  that  the  sum  may  be  24  ?  It  is  thus  obvious,  that  if 
the  word  added  and  the  word  sum  are  to  retain  their  arithmetical 
meanings,  the  proposed  problem  is  impossible.  But  we  see  at  the 
same  time  that  the  following  problem  can  be  solved : —What 
number  must  be  taken  from  30  in  order  that  the  difference  may 
be  24?  and  6  is  the  answer  to  this  question.  And  the  second 
enunciation  differs  from  the  first  in  these  respects;  the  words 
added  to  are  replaced  by  taken  from,  and  the  word  sum  by 
difference. 

187.  Thus  we  may  say  that,  in  this  example,  the  negative 
result  indicates  that  the  problem  in  a  strictly  Arithmetical  sense 
is  impossible;  but  that  a  new  problem  can  be  formed  by  appro- 
priate changes  in  the  original  enunciation  to  which  the  absolute 
value  of  the  negative  result  will  be  the  correct  answer. 

188.  This  indicates  the  convenience  of  using  the  word  add 
in  Algebra  in  a  more  extensive  sense  than  it  has  in  Arithmetic. 
Let  x  denote  a  quantity  which  is  to  be  added  Algebraically  to  a; 
then  the  Algebraical  sum  is  a  +  x,  whether  x  itself  be  positive  or 
negative.  Thus  the  equation  a  +  x  =  b  will  be  possible  Algebrai- 
cally whether  a  be  greater  or  less  than  b.  We  proceed  to  another 
problem, 

189.  A'a  age  is  a  years,  and  2Ts  age  is  b  years;  when  will 
A  be  twice  as  old  as  2??  Let  x  denote  the  required  number  of 
years;  then  by  the  question, 


hence, 


a  +  x  =  2(b  +  x); 
x  =  a  -  26. 
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Thus,  for  example,  if  a  =  40  and  b  =  15,  then  a?  =  10.  Bat 
suppose  a  =  35  and  b  =  20,  then  x  =  -5;  here,  as  in  the  pre- 
ceding problem,  we  are  led  to  inquire  into  the  meaning  of  the 
negative  result.  Now  with  the  assigned  values  of  a  and  b  the 
equation  which  we  have  to  solve  becomes 

35  +  a;  =  40  + 2a, 

and  it  is  obvious  that  if  a  strictly  arithmetical  meaning  is  to  be 
given  to  the  symbols  x  and  +,  this  equation  is  impossible,  for  40 
is  greater  than  35,  and  2x  is  greater  than  x,  so  that  the  two  mem- 
bers cannot  be  equaL  But  let  us  change  the  enunciation  to  the 
following : — A'&  age  is  35  years,  and  age  is  20  years,  when 
was  A  twice  as  old  as  B%  Let  x  denote  the  required  number  of 
years,  then  by  the  question, 

35  -  x  =  2  (20  -  x)  =  40  -  2x ; 

thus,  x  =  5. 

Here  again  we  may  say  the  negative  result  indicates  that  the 
problem  in  a  strictly  Arithmetical  sense  is  impossible,  but  that  a 
new  problem  can  be  formed  by  appropriate  changes  in  the  original 
enunciation,  to  which  the  absolute  value  of  the  negative  result 
will  be  the  correct  answer. 

We  may  observe  that  the  equation  corresponding  to  the  new 
enunciation  may  be  obtained  from  the  original  equation  by  chang- 
ing x  into  —  x. 

190.  Suppose  that  the  problem  had  been  originally  enuncia- 
ted thus: — A'b  age  is  a  years,  and  2Ts  age  is  b  years;  find  the 
epoch  at  which  A'b  age  is  twice  that  of  B.  These  words  do  not 
intimate  whether  the  required  epoch  is  before  or  after  the  present 
date.  If  we  suppose  it  after  we  obtain,  as  in  Art.  189,  for  the 
required  number  of  years  x  =  a  —  2b.  If  we  suppose  the  required 
epoch  to  be  a;  years  be/ore  the  present  date  we  obtain  x  =  2b  —  a. 
If  2b  is  less  than  a,  the  first  supposition  is  correct,  and  leads  to 
an  arithmetical  value  for  x ;  the  second  supposition  is  incorrect, 
and  leads  to  a  negative  value  for  x.    If  2b  is  greater  than  a,  the 
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second  supposition  is  correct,  and  leads  to  an  arithmetical  value 
for  x;  the  first  supposition  is  incorrect  and  leads  to  &  negative 
value  for  x.  Here  we  may  say  then  that  a  negative  result  indi- 
cates that  we  made  the  wrong  choice  out  of  two  possible  supposi- 
tions which  the  problem  allowed,  But  it  is  important  to  notice, 
that  when  we  discover  that  we  have  made  the  wrong  choice,  it  is 
not  necessary  to  go  through  the  whole  investigation  again,  for  we 
can  make  use  of  the  remit  obtained  on  the  wrong  supposition. 
We  have  only  to  take  the  absolute  value  of  the  negative  result 
and  place  the  epoch  be/ore  the  present  date  if  we  had  sup 
posed  it  after,  and  after  the  present  date  if  we  had  supposed  it 
before. 

191.  One  other  case  may  be  noticed  Suppose  the  enuncia- 
tion to  be  like  that  in  the  latter  part  of  Art  189 ;  A's  age  is  a 
years,  and  IPs  age  is  b  years,  when  was  A  twice  as  old  as  J?) 
Let  x  denote  the  required  number  of  years;  then 

a  —  x  -  2  (b  —  x), 

hence,  x  =  2b  -  a. 

Now  let  us  verify  this  solution.  Put  this  value  for  x ;  then 
a  —  x  becomes  a- (2b  -  a),  that  is,  2a  -  26 ;  and  2  (b  -  x)  becomes 
2  (6  -  2b  +  a),  that  is,  2a  -  2b.  If  b  is  less  than  a,  these  results 
are  positive,  and  there  is  no  Arithmetical  difficulty.  But  if  b  is 
greater  than  a,  although  the  two  members  are  algebraically  equal, 
yet  since  they  are  both  negative  quantities,  we  cannot  say  that  we 
have  Arithmetically  verified  the  solution.  And  when  we  recur 
to  the  problem  we  see  that  it  is  impossible  if  a  is  less  than  6, 
because  if  at  a  given  date  A'b  age  is  less  than  2Fs,  then  -4's  age 
never  was  twice  2?'s  and  never  will  be.  Thus  it  appears  that  a 
problem  may  be  really  absurd,  and  yet  at  first  the  result  may 
present  no  difficulty,  though  when  we  proceed  to  verify  the  result 
we  may  discover  an  intimation  of  the  absurdity. 

192.  The  equation  a  +  x  =  2(b  +  x)  may  be  considered  as 
the  symbolical  expression  of  the  following  verbal  enunciation. 
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Suppose  a  and  b  to  be  two  quantities,  what  quantity  must  be  added 
to  each  so  that  the  first  sum  may  be  twice  the  second.  Here  the 
words  quantity,  sum,  and  added  may  all  be  understood  in  Alge- 
braical senses,  so  that  x,  a,  and  b  may  be  positive  or  negative. 
This  Algebraical  statement  includes  among  its  admissible  senses 
the  Arithmetical  question  about  the  ages  of  A  and  B.  It  appears 
then  that  when  we  translate  a  problem  into  an  equation,  the  same 
equation  may  be  the  symbolical  expression  of  a  more  comprehen- 
sive problem  than  that  from  which  it  was  obtained.  We  will 
now  examine  another  problem. 

193.  A  and  B  travel  in  the  same  direction  at  the  rate  of  a 
and  b  miles  respectively  per  hour.  A  arrives  at  a  certain  place  P 
at  a  certain  time,  and  at  the  end  of  n  hours  from  that  time  B 
arrives  at  a  certain  place  Q.    Find  when  A  and  B  meet. 

p  q  r 

Let  c  denote  the  distance  PQ;  suppose  A  and  B  to  travel  in 
the  direction  from  P  towards  Q,  and  to  meet  at  R  at  the  end  of  x 
hours  from  the  time  when  A  was  at  P ;  then  since  A  travels  at  the 
rate  of  a  miles  per  hour,  the  distance  PR  is  ax  miles.  Also  B 
goes  over  the  distance  QR  in  x  —  n  hours,  so  that  QR  is  b  (x  —  n) 
miles.    And  PR  is  equal  to  the  sum  of  PQ  and  QR ;  thus, 

ax  =  c  +  b(x  —  n)  =  c  +  bx—  bn; 

therefore,  x  =  - — ^ . 

a-b 

We  shall  now  examine  this  result  on  different  suppositions  as 
to  the  values  of  the  given  quantities. 

I.  Suppose  a  greater  than  b9  and  c  greater  than  bn;  then  the 
value  of  a;  is  positive,  and  the  travellers  will  meet,  as  we  have 
supposed,  after  A  arrives  at  P.  For  when  A  is  at  P,  the  space 
which  B  has  to  travel  before  he  reaches  Q  is  bn  miles,  and  since  bn 
is  less  than  c,  it  follows  that  when  A  is  at  P  he  is  behind  B; 
and  A  travels  more  rapidly  than  B  since  a  is  greater  than  6. 
Hence  A  must  at  the  end  of  some  time  overtake  B. 
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The  distance  PR 

ale  —  bn) 

=  ax  =  — ^  r-1. 

a-b  • 

Thus, 

_  a  (c  -  bn)    ^  _  a  (c  -  &n)  -  c  (a  -  6)  _  co  -  abn    b(c  —  an) 
a-0      w  a  —  b  a-b  a—b 

Now  if  c  be  greater  than  aw,  this  expression  is  a  positive  quantity, 
so  that  R  falls,  as  we  have  supposed,  beyond  Q;  we  see  that  this 
must  be  the  case,  for  since  c  is  greater  than  an,  it  will  take  A 
more  than  n  hours  to  go  from  P  to  Q,  so  that  he  cannot  overtake 
B  until  after  passing  Q.  If,  however,  c  be  less  than  an  the  ex- 
pression for  QR  is  a  negative  quantity,  and  this  leads  us  to  sup- 
pose that  some  modification  is  required  in  our  view  of  the  problem. 
In  fact  A  now  takes  less  than  n  hours  to  go  from  P  to  Q,  so  that 
he  will  overtake  B  before  aniving  at  Q.  Hence  the  figure  should 
now  stand  thus : 

p  hq 

And  now,  since  PR  ==  PQ  —  RQ,  the  equation  for  determining 
x  would  naturally  be  written 

ax  =  c  —  b  (n  —  x)  =  c  —  bn+bx. 

This,  however,  we  see  is  really  the  same  equation  as  before. 

Again,  if  c  be  equal  to  an  the  value  of  RQ  i»  zero.  Thus 
R  now  coincides  with  Q;  and 

c  —  bn    an  —  bn 

x  =  j-  =  j—  =  n, 

a-b  a-o 

Hence  A  and  B  meet  at  Q  at  the  end  of  n  hours  after  A  was 
at  P. 

II.    Next  suppose  that  a  is  greater  than  5,  and  c  less  than 
bn.    The  value  of  x  is  now  negative,  and  we  may  conjecture 
from  what  we  have  hitherto  observed  respecting  negative  quanti- 
fy   Qfl 

ties  that  A  and  B  instead  of  meeting  r  hours  after  A  was 

a  —  o 
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at  P,  will  now  really  have  met  — — ^  hours  before  A  was  at  P. 

And  in  fact,  since  c  is  less  than  bn  it  follows  that  B  was  behind  A 
when  A  was  at  P,  so  that  A  most  have  passed  B  before  arriving 
at  P.  Hence  the  correct  solution  of  the  problem  would  now  be 
as  follows. 

R  p  Q 


Suppose  that  A  and  B  meet  x  hours  before  A  arrives  at  P  ;  let  R 
be  the  point  where  they  meet.  Then  RP  =  axf  and  RQ  =  b(x  +  n\ 
Also  RP  =  RQ-PQ;  thus, 

=  ft  (a?  +  n)  —  e ; 
bn  —  c 


therefore, 


a-b 


III.    Next  suppose  that  a  is  less  than  b,  and  c  greater  than 

bn.    In  this  case  also  the  expression  originally  obtained  for  x  is 

negative,  and  we  shall  accordingly  find  that  A  and  B  met  be/ore 

A  was  at  P.    "For  P  now  travels  more  rapidly  than  A,  and  is 

before  A  when  A  is  at  P;  so  that  B  must  have  passed  A  before  A 

was  at  P.    The  result  now  is,  as  in  the  second  case,  that  A  and  B 
q  

met  -r        hours  fe/bre  A  was  at  P. 

IY.  Lastly,  suppose  a  less  than  5,  and  c  less  than  ftra.  Here 
the  expression  originally  obtained  for  x  is  a  positive  quantity,  for 

it  may  be  written  thus,  ^ — — .    Now  B  travels  more  rapidly 

than  A  and  is  behind  A  when  A  is  at  P;  thus  2?  must  at  some 
time  overtake  A.  If  we  suppose  A  and  B  to  meet  o/fer  -4  is  at 
Q,  the  figure  will  stand  thus: 

P  q  R 


Here  we  should  naturally  write  the  equation  thus, 
ax  ~  c  +  b(x  —  n)  =  c  +  bx  —  bn. 
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If  we  suppose  A  and  B  to  meet  be/ore  A  is  at  Q9  the  figure 
will  stand  thus : 

p  hq 

Here  we  should  naturally  write  the  equation  thus, 

ax  =  c  —  b  (n  —  x)  =■  c  —  bn  +  bx. 
In  the  two  cases  we  have,  however,  really  the  same  equation, 

and  we  obtain  x  —  ~ — ? . 

b  —  a 

194.  The  preceding  problem  may  be  variously  modified;  for 
instance,  instead  of  supposing  that  A  and  B  travel  in  the  same 
direction,  we  may  suppose  that  A  travels  as  before,  but  that  B 
travels  in  the  opposite  direction.  In  this  case,  if  we  suppose,  as 
before,  that  A  and  B  meet  x  hours  after  A  arrived  at  P,  we  shall 

find  that  x=  e  +  ^ .   Thus  the  time  of  meeting  will  necessarily 
a  +  o 

be  after  A  leaves  P,  and  the  travellers  meet  at  some  point  to  the 
right  of  P.  The  student  should  notice  that  the  value  of  x  in  the 
present  case  coincides  with  the  result  obtained  by  writing  -  b  for 
b  in  the  original  value  of  &  in  Art  193. 

195.  Or  instead  of  supposing  that  the  arrival  of  B  at  Q 
occurs  n  hours  after  the  arrival  of  A  at  P,  we  may  suppose  it  to 
occur  n  hours  before;  and  we  suppose  A  and  B  to  travel  in  the 
same  direction.    In  this  case  if  x  have  the  same  meaning  as 

before,  we  shall  find  that  x=  c+^m    This  is  a  positive  quantity 

a  —  o 

if  a  is  greater  than  6,  and  the  travellers  then  really  meet  after  the 
arrival  of  A  at  P.  If,  however,  a  is  less  than  b,  the  value  of  x  is 
a  negative  quantity;  this  suggests  that  the  travellers  now  meet 

?  jl*?  hours  before  the  arrival  of  A  at  P,  and  on  examination  this 
b  —  a  v 

will  be  found  correct.  The  student  should  notice  that  the  value 
of  x ,  in  the  present  case  coincides  with  the  result  obtained  by 
writing  -  n  for  n  in  the  original  value  of  a?  in  Art.  193. 
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196.  Again,  let  us  suppose  tnat  A  and  B  travel  in  opposite 
directions,  and  that  the  arrival  of  A  at  P  occurs  n  hours  before 
that  of  B  at  Q;  and  suppose  the  positions  of  P  and  Q  in  the 
former  figures  to  be  interchanged,  so  that  now  A  reaches  Q  before 
he  reaches  P,  and  B  reaches  P  before  he  reaches  Q.    If  x  have 

  g 

the  same  meaning  as  before,  we  shall  now  find  that  x  =  T . 

°  a  +  b 

If  then  bn  is  greater  than  c,  the  value  of  a;  is  a  positive  quantity, 

and  the  travellers  meet,  as  we  have  supposed,  after  the  arrival  of 

A  at  P.    If  however  bn  is  less  than  c,  the  value  of  a;  is  a  negative 

c  — -  bn 

quantity,  and  it  will  be  found  that  the  travellers  meet   =- 

^        J  a  +  b 

hours  be/ore  the  arrival  of  A  at  P.    The  student  should  notice 

that  the  value  of  a;  in  the  present  case  coincides  with  the  result 

obtained  by  writing  —c  for  c  in  the  value  of  &  in  Art  194; 

it  also  coincides  with  the  result  obtained  by  writing  —  b  for  6,  and 

-c  for  c  in  the  original  value  of  a;  in  Art.  193, 


197.  From  a  consideration  of  the  problems  discussed  in  the 
present  chapter,  and  of  similar  problems,  the  student  will  acquire 
confidence  and  accuracy  in  dealing  with  negative  quantities.  We 
will  lay  down  some  general  principles  which  have  been  illustrated 
in  the  preceding  articles,  and  the  truth  of  which  the  student  will 
find  confirmed  as  he  advances  in  the  subject. 

(1)  A  negative  result  may  arise  from  the  fact  that  the 
enunciation  of  a  problem  involves  a  condition  which  cannot  be 
satisfied;  in  this  case  we  may  attribute  to  the  unknown  quantity 
a  quality  directly  opposite  to  that  which  had  been  attributed  to  it, 
and  may  thus  form  a  possible  problem  analogous  to  that  which 
involved  the  impossibility. 

(2)  A  negative  result  may  arise  from  the  fact  that  a  wrong 
supposition  respecting  the  quality  of  some  quantity  was  made 
when  the  problem  was  translated  from  words  into  Algebraical 
symbols;  in  this  case  we  may  correct  our  supposition  by  attri- 
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buting  the  opposite  quality  to  such  quantity,  and  thus  obtain  a 
positive  result. 

(3)  When  we  wish  to  alter  the  suppositions  we  have  made 
respecting  the  quality  of  the  known  or  unknown  quantities  of  a 
problem,  and  to  attribute  an  opposite  quality  to  them,  it  is  not 
necessary  to  form  a  new  equation ;  it  is  sufficient  to  change  in  the  * 
old  equation  the  sign  of  the  symbol  representing  each  quantity 
which  is  to  have  its  quality  changed. 

198.  We  do  not  assert  that  the  above  general  principles  have 
been  demonstrated;  they  have  been  suggested  by  observation  of 
particular  examples,  and  are  left  to  the  student  to  be  verified  in 
the  same  manner.  Thus  when  a  negative  result  occurs  in  the 
solution  of  a  problem  the  student  should  endeavour  to  interpret 
that  result,  and  these  general  principles  will  serve  to  guide  him. 
When  a  problem  leads  to  a  negative  result,  and  he  wishes  to  form 
an  analogous  problem  that  shall  lead  to  the  corresponding  positive 
result,  he  may  proceed  thus : — change  x  into  —  x  in  the  equation 
that  has  been  obtained,  and  then,  if  possible,  modify  the  verbal 
statement  of  the  problem,  so  as  to  make  it  coincident  with  the 
new  equation.  We  say,  if  possible,  because  in  some  cases  no  such 
verbal  modification  seems  attainable,  and  the  problem  may  then 
be  regarded  as  altogether  impossible. 

199.  We  will  now  leave  the  consideration  of  negative  quanti- 
ties, and  examine  two  other  singularities  that  may  occur  in 
results. 

In  Art.  193  we  found  this  result,  x~°a  ~£ •    Suppose  that 

a  =  b,  then  the  denominator  in  the  value  of  &  is  zero;  thus,  denot- 

N 

ing  the  numerator  by  if,  we  have  x=  g-,  and  we  may  ask  what  is 

the  meaning  of  this  result  ?  Since  A  and  B  now  travel  with 
equal  speed,  they  must  always  preserve  the  same  distance ;  so  that 
they  never  meet.  But  instead  of  supposing  that  a  is  exactly 
equal  to  b}  let  us  suppose  that  a  is  very  nearly  equal  to  b;  then 
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may  be  a  very  large  quantity,  since  if  a  —  b  is  very  small 


a  —  b 

compared  with  N}  it  will  be  contained  a  large  number  of  times  in 

N 

and  the  smaller  a-b  is,  the  larger  will  - — -  be.    This  is 
N 

abbreviated  into  the  phrase         is  infinite/'  and  it  is  written 

thus,  -g-  =  oo .    But  the  student  must  remember  that  the  phrase 

is  only  an  abbreviation,  and  no  absolute  meaning  can  be  attached 
to  it. 

200.  The  student  should  examine  every  problem,  the  result 

of  which  appears  under  the  form     ,  and  endeavour  to  interpret 

that  result.  He  may  expect  to  find  in  such  a  case  that  the  pro- 
blem is  impossible,  but  that  by  suitable  modifications  a  new 
problem  can  be  formed  which  has  a  very  great  number  for  its 
result,  and  that  this  result  becomes  greater  the  more  closely  the 
new  problem  approaches  to  the  old  problem. 

201.  Again,  let  us  suppose  that  in  Art  193  we  have  a  =  b, 

and  also  c  =  bn;  then  the  value  of  x  takes  the  form  ~.  On 

examining  the  problem  we  see  that,  in  consequence  of  the  sup- 
positions just  made,  A  and  B  are  together  at  P,  and  are  travelling 
with  equal  speed,  so  that  they  are  always  together.  The  question, 
when  are  A  and  B  together  is  in  this  case  said  to  be  indetermi- 
nate, since  it  does  not  admit  of  a  single  answer,  or  of  a  finite 
number  of  answers. 

202.  The  student  should  also  examine  every  problem  in 

which  the  result  appears  under,  the  form  jj ,  and  endeavour  to 

interpret  that  result.  In  some  cases  he  will  find,  as  in  the  ex- 
ample considered  above,  that  the  problem  is  not  restricted  to  a 
finite  number  of  solutions,  but  admits  of  as  many  as  he  pleases. 
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Ill 


We  do  not  assert  here,  or  in  Art.  200,  that  the  interpretation  of 
&  0 

the  singularities  -g-  and  ^  will  always  coincide  with  those  given 

in  the  simple  cases  we  have  considered;  the  student  must  there- 
fore consider  separately  each  distinct  class  of  examples  that  may 
occur. 


XY.    ANOMALOUS  FOKMS  WHICH  OCCUR  IN  THE 
SOLUTION  OF  SIMPLE  EQUATIONS. 

203.  We  have  in  the  preceding  chapter  referred  to  the  forms 
NO. 

-g  and  g  which  may  occur  in  the  solution  of  an  equation  of  the 

first  degree.  We  shall  now  examine  the  meaning  of  these  forms 
when  they  occur  in  the  solution  of  simultaneous  equations  of  the 
first  degree.    We  will  first  recall  the  results  already  obtained. 

204.  Every  equation  of  the  first  degree  with  one  unknown 
quantity  may  be  reduced  to  the  form  ax  =  b.    Now  from  this  we 

obtain  x  =  — .    If  a  =  0  the  value  of  x  takes  the  form  ~  :  in  this 
a  0  ' 

case  no  finite  value  of  x  can  satisfy  the  equation,  for  whatever 

finite  value  be  assigned  to  x,  since  ax  =  0,  we  have  0-5,  which  is 

impossible.    If  a  =  0  and  6  =  0,  the  value  of  x  takes  the  form  ~ ; 

in  this  case  every  finite  value  of  x  may  be  said  to  satisfy  the 
equation,  since  whatever  finite  value  be  given  to  x  we  have  0  =  0. 
If  b  =  0  and  a  is  not  =  0,  then  of  course  x  =  0 ;  this  case  calls 
for  no  remark. 

205.  Suppose  now  we  have  two  equations  with  two  unknown 
quantities ;  let  them  be 

ax  +  by  =  c  and  a'x  +  b'y  =  cf. 

We  will  first  ,  make  a  remark  on  the  notation  we  have  here 
adopted.    We  use  certain  Utters  to  denote  the  known  quantities 
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in  the  first  equation,  and  then  we  use  corresponding  letters  with 
accents  to  denote  corresponding  quantities  in  the  second  equation; 
here  a  and  a'  have  no  necessary  connexion  as  to  value,  although 
they  have  this  common  point,  namely,  that  each  is  a  coefficient 
of  x,  one  in  the  first  equation  and  the  other  in  the  second  equa- 
tion.   Experience  will  establish  the  advantage  of  this  notation. 

By  solving  the  given  equations  we  obtain 

_  b'c  -bcf  _  a'c-ad 

X~Va~^ba''        V" a'b-abr  • 

I.  Suppose  that  b'a  -ba'  =  0;  then  the  values  of  #  and  y  take 

A  B 

the  forms  and  ^  ;  we  should  therefore  recur  to  the  given  equa- 
tions to  discover  the  meaning  of  these  results.  From  the  relation 
b'a  —  ba'  =  §  we  obtain  ^  =  ^  =  k  suppose;   thus  a'  =  ha  and 

b'  =  kb.  By  substituting  these  values  of  a'  and  bf  we  find  that  the 
second  of  the  given  equations  may  be  written  thus : 

kax  +  Jcby  =  (/, 
whence,  ax  +  by  =  ^  . 

Now  if  ^  be  different  from  c,  the  last  equation  is  inconsistent 

with  the  first  of  the  given  equations,  because  ax  +  by  cannot  be 
equal  to  two  different  quantities.    We  may  therefore  conclude 

A  2? 

that  the  appearance  of  the  results  under  the  forms  —  and  -g- 

indicates  that  the  given  equations  are  inconsistent,  and  therefore 
cannot  be  solved. 

a'  br 

II.  Next  suppose  that  Va  -  ba'  =  0,  so  that  —  =    ,  and  also 

that  —  =  — ,  and  therefore  of  course  =  \  .    In  this  case  the-  nu- 
c     a7  a 

merators  in  the  values  of  x  and  y  become  zero  as  well  as  the 
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denominators,  so  that  the  values  of  x  and  y  take  the  form  jj. 

Now  by  what  we  have  shewn  above,  the  second  of  the  given 
equations  may  be  written 

But  now  j  =  c,  so  that  the  second  given  equation  is  only  a 

repetition  of  the  first;  we  have  thus  really  only  one  equation 
involving  two  unknown  quantities.  We  cannot  then  determine 
x  and  y,  because  we  can  find  as  many  values  as  we  please  which 
will  satisfy  one  equation  involving  two  unknown  quantities.  In 
this  case  we  say  that  the  given  equations  are  not  independent,  rind 
that  the  values  of  x  and  y  are  indeterminate. 

206.  We  have  hitherto  supposed  that  none  of  the  quantities 
a,  by  c,  a\  b',  </  can  be  zero;  and  thus  if  the  value  of  one  of  the 

unknown  quantities  takes  the  form  jj  or  ~  the  value  of  the  other 

takes  the  same  form.  But  if  some  of  the  above  quantities  are 
zero,  the  values  of  the  two  unknown  quantities  do  not  necessarily 
take  the  same  form.    For  example,  suppose  a  and  a'  to  be  zero; 

A 

then  the  value  of  x  takes  the  form  ~ ,  and  the  value  of  y  takes 

the  form  ^.    tfow  in  this  case  the  given  equations  reduce  to 
by  =  c,   and  b'y  =  c* ; 

these  lead  to 

c  <f 
Thus  we  have  two  cases.    First,  if  j  is  not  equal  to  p  the 

e  c* 

two  equations  are  inconsistent.    Secondly,  if     is  equal  to  y  the 

two  equations  are  equivalent  to  one  only.    In  the  second  case, 

t.a.  8 
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since  the  relation  ^  =  gr  makes  the  numerator  of  x  also  vanish, 
the  values  of  both  x  and  y  take  the  form  ;  in  this  case  x  is  in- 
determinate but  y  is  not,  for  it  is  really  equal  to  ~. 

207.  Before  we  consider  the  peculiarities  which  may  occur  in 
the  solution  of  three  simultaneous  simple  equations  involving 
three  unknown  quantities,  we  will  indicate  another  method  of 
solving  such  equations. 

Let  the  equations  be 

ax  +  by  +  cz  =  d,    a'x  +  b'y+c'z  =  d\     a"x  +  b"y+  c"z  =  d". 

Let  I  and  m  denote  two  quantities,  the  values  of  which  are  at 
present  undetermined ;  multiply  the  second  of  the  given  equations 
by  I,  and  the  third  by  m;  then,  by  addition,  we  have 

ax  +  by  +  cz  + 1  (a'x  +  b'y  +  c'z)  +  m  {a"x  +  b"y  +  cf'z)  =  d+ld'  +  md", 

that  is, 

Now  let  such  values  be  given  to  I  and  m  as  will  make  the 
coefficients  of  y  and  z  in  the  last  equation  to  be  zero ;  that  is,  let 

b  +  tb'  +  mb"  =  0,       c  +  lc'  +  mc"  =  0. 

Thus  the  equation  reduces  to 

x(a+la'  +  ma")  =  d+ld'  +  md";, 

d+ld'  +  md" 


therefore, 


a  +  la!  +  ma!' ' 


We  must  now  find  the  values  of  I  and  m,  and  substitute  them 
in  this  expression  for  x,  and  then  the  value  of  x  will  be  known. 
We  have 

b  +  W  +  <mb"=Q,       c+W  +  wc"  =  0; 
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from  these  we  shall  obtain 

y_  W-Wc  Vc-bc' 
l~ b"c'-b'c"'  m~b"c'-b'c"; 

substitute  these  values  in  the  expression  for  x,  and  after  simplifi- 
cation we  obtain 

_  d(bf^-b,c/^+d,(bc,,^bf,c)^dff(bfc^bcf) 
X    a  (4V  -  b V)  +  a'  (6c"  -  V'c)  +  a"  \b'c  -  fie*) ' 

By  a  similar  method  the  values  of  y  and  «  may  also  be  obtained. 

208.  The  above  method  of  solution  is  called  the  method  of 
indeterminate  multipliers,  because  we  make  use  of  multipliers 
which  we  do  not  determine  beforehand,  but  to  which  a  convenient 
value  is  assigned  in  the  course  of  the  investigation.  The  multi- 
pliers are  not  finally  indeterminate;  they  are  merely  at  first  un- 
determined, and  if  it  were  possible  to  alter  established  language! 
the  word  undetermined  might  here  with  propriety  be  substituted 
for  indeterminate, 

209.  We  now  proceed  to  our  observations  on  the  values  of 
x,  y,  and  *  which  are  obtained  from  the  equations 

ax+by  +  cz  =  d,     a'x  +  Vy  +  </z  =  d',     a"x  +  b"y  +  c"z  =  d'\ 

The  value  of  x  has  been  given  in  Art.  207 ;  if  the  student 
investigates  the  value  of  y  he  will  find  that  the  denominator  of  it 
is  the  same  as  that  which  occurs  in  the  value  of  x,  or  can  be  made 
to  be  the  same  by  changing  the  sign  of  every  term  in  the  numera- 
tor and  denominator.  The  same  remark  holds  with  respect  to 
the  denominator  in  the  value  of  «. 

210.  We  may  however  obtain  the  values  of  y  and  *  from  the 
expression  found  for  the  value  of  a*.  For  the  original  equations 
might  have  been  written  thus: 

by  +  ax  +  cz  =  d,    b'y+a'x  +  cz =jd',     Vy  +  d'x  +  c"z  =  d" ; 

we  may  say  then  that  the  equations  in  this  form  differ  from  those 
in  the  original  form  only  in  the  following  particulars;  x  and  y  are 

8—2 
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interchanged,  a  and  b  are  interchanged,  a  and  V  are  interchanged, 
and  a"  and  6"  are  interchanged.  We  may  therefore  deduce  the 
value  of  y  from  that  of  x  by  the  following  rule ;  for  a,  a',  and  a" 
write  b,  b\  and  b"  respectively,  and  conversely.    Thus,  from 

d  (V V  -  b 'c")  +  o» 7  {be"  -  b"c)  +  d"  {b'c  -  be*) 
X~  a{b"c'-b'c'^  +  a\bc"-b"c)  +  a'(b'c-bc')  9 

we  may  deduce  that 

d  (a"c'  -  a'c")+  d'(ac"  -  a"c)  +  d"{a'c  -  ac) 
y  -  h  (a v -  a V)  +  6'  (ac"  -  a"c)  +  6"  (a'c  -  ac) ' 

It  will  be  found  on  comparison  that  the  denominator  of  the 
value  of  y  is  the  same  as  that  of  the  value  of  x  with  the  sign  of 
every  term  changed. 

Similarly  by  interchanging  a,  a',  and  a"  with  c,  c,  and  c" 
respectively,  we  may  deduce  the  value  of  z  from  that  of  a;;  or  by 
interchanging  b,  b\  and  V*  with  c,  c,  and  c"  respectively,  we  may 
deduce  the  value  of  z  from  that  of  y. 

211.  There  is  another  system  of  interchanges  by  which  the 
values  of  y  and  *  may  be  deduced  from  that  of  x.  The  given 
equations  are 

ax  +  by  +  cz=d,    ax  +  b'y  +  cz=d^9    a"x  +  b"y  +  c"z  =  d"; 

they  may  also  be  written  thus, 

by  +  cz  +  ax  =  d,    b'y  +  c'z  +  ax  =  d\    b"y  +  cz  +  ax  =  a7". 

We  may  say  then  that  the  second  form  differs  from  the  first 
only  in  the  following  particulars ;  x  is  changed  into  y,  y  into  z, 
z  into  x,  a  into  6,  b  into  c,  c  into  a,  a7  into  and  so  on.  We 
may  therefore  deduce  the  value  of  y  from  that  of  x  by  this  rule ; 
change  a  into  b,  b  into  c,  c  into  a,  and  make  similar  changes  in  the. 
letters  with  one  accent,  and  in  those  with  two  accents.  The 
value  of  z  may  be  deduced  from  that  of  y  by  again  using  the 
same  rule. 

212.  These  methods  of  deducing  the  values  of  y  and  z  from 
that  of  x  by  interchanging  the  letters  may  perhaps  appear  difficult 


Digitized  by  Google 


SOLUTION  OF  SIMPLE  EQUATIONS.  117 


to  the  student  at  first,  but  they  deserve  careful  consideration, 
especially  that  which  is  given  in  Art.  211. 

213.  We  shall  now  proceed  to  examine  the  peculiarities 
which  may  occur  in  the  values  of  the  unknown  quantities  de- 
duced from  the  equations 

ax  +  by  +  cz  =  d,    dx  +  b'y  +  c'z  =  d',     a"x  +  b"y+c"z  =  d". 
We  shall  first  shew  that  if  the  value  of  any  one  of  the  un- 
known  quantities  takes  the  form  q-,  the  given  equations  are 

inconsistent.  Suppose,  for  instance,  that  the  value  of  x  takes  this 
form,  that  is,  suppose  that 

•  a(6V-6V)  +  a  (be" -V'c)  + a"  (b'c-bc') 

is  zero.  Of  course  if  the  given  equations  were  consistent,  any 
equation  legitimately  deduced  from  them  would  also  be  true. 
Now  multiply  the  first  of  the  given  equations  by  b"e'  —  b'e\  the 
second  by  be"  &"<?,  and  the  third  by  b'c  -  be  and  add.  It  will  be 
found  that  the  coefficients  of  y  and  z  in  the  resulting  equation 
vanish ;  and  the  coefficient  of  x  is  zero  by  supposition.  Thus  the 
first  member  of  the  resulting  equation  vanishes,  but  the  second 
member  does  not;  hence  the  resulting  equation  is  impossible,  and 
therefore  those  from  which  it  was  obtained  cannot  have  been  con- 
sistent. 

214.  We  cannot  however  affirm,  that  if  the  value  of  one  of 

the  unknown  quantities  takes  the  form  ~,  the  equations  are 

consistent,  but  not  independent.  For  it  is  possible  that  the  value 
of  one  of  the  unknown  quantities  should  take  this  form,  while 

that  of  another  takes  the  form  q-  ;  and,  as  we  have  shewn  in  the 

preceding  article,  the  occurrence  of  the  form      is  an  indication 

that  the  given  equations  are  inconsistent.  For  example,  suppose 
the  equations  to  be 

ax  +  by+cz  =  d,    dx  +  by  +  cz  =  d',     a"x  +  by  +  cz  =  d". 

% 
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Here  it  will  be  found  that  the  values  of  y  and  *  take  the  form 

N  0 
-Q- ,  and  that  of  x  takes  the  form  ^ . 

215.  Moreover,  if  the  values  of  all  the  unknown  quantities 
take  the  form  jj,  we  cannot  affirm  certainly  that  the  given  equa- 
tions are  consistent,  but  not  independent.  For  example,  suppose 
the  equations  to  be 

ax  +  by  +  cz  =  d,    ax  +  by  +  cz  =  d'y    ax  +  by  +  cz  =  d"; 
here  it  will  be  found  that  the  values  of  all  the  unknown  quan- 
tities take  the  form  jj ,  but  the  equations  themselves  are  obviously 
inconsistent,  unless  d,  d\  and  d"  are  all  equal. 

216.  If  we  adopt  the  method  of  indeterminate  multipliers 
given  in  Art.  207,  it  may  happen  that  the  equations  for  finding 
I  and  m  are  inconsistent;  we  will  examine  this  case.  Suppose 
then  b V  -  b 'c  =  0,  so  that  these  equations  are  inconsistent  (Art. 
205).  In  this  case  the  value  of  x  may  be  obtained  from  the 
second  and  third  of  the  given  equations,  without  using  the  first. 
For  multiply  the  second  of  the  given  equations  by  c",  and  the 
third  by  c',  and  subtract ;  thus  the  coefficients  of  y  and  z  vanish, 
and  we  have  an  equation  for  determining  x.  For  example,  sup- 
pose the  equations  to  be 

4x  +  2y+3z=19,    aj  +  y+4z=9,    x  +  2y  +  8z=l5. 

Here  the  value  of  x  may  be  found  from  the  second  and  third 
equations ;  we  shall  obtain  x  =  S;  substitute  this  value  of  x  in 
the  three  given  equations;  from  the  first  we  have  2y  +  3z  =  7,  and 
from  the  second  or  third  y  +  4z  =  6 ;  hence  y-2  and  z=  1. 

217.  Again  the  values  of  I  and  m  may  take  the  form  jj,  so 

that  the  equations  for  finding  them  are  not  independent ;  we  will 
examine  this  case.  Here  we  have  b"c  -  b'c"  =  0,  be"  -  b"c  =  0,  and 
b'c -be  =0;  these  suppositions  are  equivalent  to  the  two  relations 
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-  =  -  and  -r-  =  — .  Suppose  then  that  V =  pb,  and  therefore 
be  be 

c=pc,  and  that  b"  =  qb,  and  therefore  c"  =  qc.  Thus  the  given 
equations  are 

ax+by  +  cz  =  d,    a'x+pby+pcz  =  d',    a"x  +  qby+qcz  =  d", 

and  they  may  be  written  thus, 

-At'      ,  <*'     a"      ,  d" 

ax  +  by+cz  =  d.   —  x  +  oy  +  cz  =  —  ,  — x  +  by  +  cz=-~. 
*  p        *         p      q        *  q 

Here  x  may  be  found  from  any  two  of  the  equations;  if  we  do 
not  obtain  the  same  value  from  each  pair,  the  given  equations  are 
of  course  inconsistent;  if  we  do  obtain  the  same  value  for  x,  then 
the  given  equations  are  not  independent;  and  in  met  we  shall  in 
the  latter  case  have  only  one  equation  for  finding  by  +  cz,  so  that 
the  values  of  y  and  z  are  indeterminate.  For  example,  suppose 
the  given  equations  to  be 

x+  2y+  3*  =  10,    3o?  +  iy  +  6s  =  23,    x  +  6y  +  9s=  24. 

From  any  two  of  these  equations  we  can  find  x=  3;  then 
substituting  this  value  of  a;  in  any  one  of  the  three  equations  we 
obtain  2y  +  Zz  =  7,  and  thus  y  and  z  are  indeterminate.  If,  how- 
ever, the  right-hand  member  of  one  of  the  given  equations  be 
altered,  we  shall  not  obtain  the  same  value  of  x  from  any  pair  of 
the  equations,  and  thus  the  given  equations  will  be  inconsistent. 

218.  In  the  preceding  articles  wer  have  supposed  the  given 
equations  to  be  solved,  and  from  the  peculiar  forms  of  the  solu- 
tions have  drawn  inferences  as  to  the  nature  of  the  given  equa- 
tions. We  will  now  take  one  example  of  investigating  a  relation 
between  the  equations  without  solving  them.  Suppose,  as  before, 
that  the  equations  are 

ax  +  by  +  cz  =  d,    a'x  +  b'y  +  c'z  =  d',    ax  +  b"y  +  c"z  =  d" ; 

and  let  us  find  the  relations  that  must  exist  among  the  given 
letters,  in  order  that  the  third  equation  may  be  deducible  from 
the  other  two  by  multiplication  by  suitable  quantitie  sand  addition. 
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Suppose  then  that  by  multiplying  the  first  equation  by  A,  and 
the  second  by  fi,  and  adding  we  obtain  a  result  which  is  coinci- 
dent with  the  third  equation.  Thus, 

(Xa  +  fiaf)  x  +  (Xb  +      y  +  (Xc  +  fi/)  z  =  Xd  +  fid' 
is  equivalent  to 

a"x+b"y  +  c"z  =  dT ; 

that  is,  we  suppose  that 

Xa  +  na'  jqT_       Xb+jib'    V        Xc  +  fjx  c" 
-    Xd  +  fid'    d"9      Xd  +  lid'~"dny  Xd+vd'~d^ 

From  the  last  three  equations  we  deduce 

A    aY-aT       \    b"d'-b'd"       X  c'd'^c'd" 
ad"-a"d  '      p."  hd'-V'd  9      fi'  cd"-c"d  ' 

Hence  in  order  that  the  third  equation  may  be  deducible  from 
the  ot^er  two  in  the  manner  proposed,  we  must  have  the  follow- 
ing relations  among  the  given  letters, 

a"d'  -  a'd"    b"#  -  Vd"    c"<T  -  c'd" 
ad" -ad  ~  W"-b"d  ~  cd"-cd  ' 

The  student  may  exercise  himself  by  shewing  that  if  these 

relations  hold,  the  values  of  x,  y,  and  *  take  t}ie  form  ^ . 


XVI.  INVOLUTION. 

219.  If  a  quantity  be  continually  multiplied  by  itself,  it  is 
said  to  be  involved  or  raised,  and  the  power  to  which  it  is  raised 
is  expressed  by  the  number  of  times  the  quantity  has  been  em- 
ployed in  the  multiplication.    The  Operation  is  called  Involution. 

Thus  as  we  have  stated  (Art  16),  a  x  a  or  a*  is  called  the 
second  power  of  a;  a  x  a  x  a  or  a*  is  called  the  third  power 
of  a;  and  so  on. 
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220.  If  the  quantity  to  be  involved  have  a  negative  sign 
prefixed,  the  signs  of  the  even  powers  will  be  positive,  and  the 
signs  of  the  odd  powers  negative. 

For,    —  ax  —  a  =  a\    —  ax  —  ax  —  a  =  a*  x  —  a  =  —  a8, 
-ax— ax-ax  —  a  =  -a*x-a  =  a4, 

and  so  on. 

221.  A  simple  quantity  is  raised  to  any  power  by  multiply- 
ing the  index  of  every  factor  in  the  quantity  by  the  exponent  of 
that  power,  and  prefixing  the  proper  sign  determined  by  the  pre- 
ceding article. 

Thus  am  raised  to  the  power  is  a"1";  for  if  we  form  the 
product  of  n  factors,  each  of  which  is  am,  the  result  by  the  rule  of 
multiplication  is  amn.  Also  (ab)H  =  ab  x  ab  x  oo....  to  n  factors, 
that  is,  axaxa...  to  n  factors  xbxbxb...  to  n  factors,  that 
is,  a*  x  b\  Similarly,  a*b*c  raised  to  the  fifth  power  is  al0b15cs. 
Also  —  a"  raised  to  the  power  is  *  a"**  where  the  positive  or 
negative  sign  is  to  be  prefixed  according  as  n  is  an  even  or  odd 
number.  Or  as  -  a"  ^  - 1  xam  the  n**  power  of  —  am  may  be 
written  thus  (-  1)"  x  aT"  or  (-  l)"a""\ 

222.  If  the  quantity  which  is  to  be  involved  be  a  fraction, 
both  its  numerator  and  denominator  must  be  raised  to  the  pro- 
posed power.   (Art.  142.) 

223.  If  the  quantity  which  is  to  be  involved  be  compound, 
the  involution  may  either  be  represented  by  the  proper  index,  or 
may  actually  be  performed. 

Let  a  +  b  be  the  quantity  which  is  to  be  raised  to  any 
power, 

a+b  a2  +  2ab  +  V  a*  +  3a'b  +  3ab*  +  68 

a+b  a  +  b  a  +  b 


a'  +  ab  aB  +  2a'b  +  ab'  a4  +  3a86  +  3aV  +  ao8 

+  ab  +  b*  +  a'b+2ab'  +  bM        +  a'b  +  3a  V  +  3a68  +  64 


a9  +  2ab  +  b*      a8  +  3a"6  +  dab'  +  b*     a4  +  4a86  +  6a*6s  +  4a68  +  64 
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Thus  the  square  or  second  power  of  a  +  b  is  a*  +  2ab  +  6s,  the 
cube  or  third  power  of  a  +  b  is  a8  +  3a*6  +  Sab2  +  bB,  the  fourth 
power  of  a  +  b  is  a4  +  4a36  +  6a*b*  +  4a&3  +  b\  and  so  on. 

Similarly,  the  second,  third,  and  fourth  powers  of  a  -  b  will 
be  found  to  be  respectively  a'  -  2ab  +  V,  a*  -  Sa'b  +  3ab*  -  bB,  and 
a4  -  4tazb  +  6a'b*  —  4ab3  +  bA;  that  is,  wherever  an  odd  power  of  b 
occurs,  the  negative  sign  is  prefixed. 

We  shall  hereafter  give  a  theorem,  called  the  Binomial  Theo- 
rem, which  will  enable  us  to  obtain  any  power  of  a  binomial  ex- 
pression without  the  labour  of  actual  multiplication. 

224.  It  is  obvious  that  the  n*  power  of  am  is  the  same  as  the 
mth  power  of  aH,  for  each  is  a**;  and  thus  we  may  arrive  at  the 
same  result  by  different  processes  of  involution.  We  may,  for 
example,  find  the  sixth  power  of  a  +  b  by  repeated  multiplication 
by  a  +  b ;  or  we  may  first  find  the  cube  of  a  +  b,  and  then  the 
square  of  this  result,  since  the  square  of  (a+  6)8  is  (a  +  6)6 ;  or  we 
may  first  find  the  square  of  a  +  b  and  then  the  cube  of  this  result, 
since  the  cube  of  (a  +  b)2  is  (a  +  b)8. 

225.  It  may  be  shewn  by  actual  multiplication  that 
(a  +  b  +  cf  =  a*  +  b'  +  c'  +  2ab  +  26c  +  2ac, 

(a  +  6  +  c  +  ^,==a,  +  6"  +  ^  +  dV2a6+2ac  +  2a^  +  26c  +  2^  +  2crf. 

The  following  rule  may  be  observed  to  hold  good  in  the  above 
and  similar  examples ;  the  square  of  any  multinomial  consists  of 
the  square  of  each  term,  together  with  twice  the  product  of  every  pair 
of  terms. 

Another  form  may  also  be  given  to  these  results, 

(a  +  b  +  c)'  =  a9  +  2a  (b+c)  +  b'  +  2bc  +  c*, 

(a  +  b  +  c  +  dy  =  a2  +  2a(b  +  c  +  d)  +  b2  +  2b(c  +  d)  +  c9  +  2cd  +  d2. 

The  following  rule  may  be  observed  to  hold  good  in  the  above 
and  similar  examples ;  the  square  of  a  multinomial  consists  of  the 
square  of  each  term,  together  with  twice  the  product  of  each  term  by 
the  sum  of  all  the  terms  which  follow  it. 
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These  rules  may  be  strictly  demonstrated  by  the  process  of 
mathematical  induction,  which  will  be  explained  hereafter. 

226.  The  following  are  additional  examples  in  which  we 
employ  the  first  of  the  two  rules  given  in  the  preceding  article. 

(«-&  +  c)a  =  aa  +  6,  +  c"-2a6-  2bc  +  2ac, 

(1  -  2x  +  3*7  =  1  +  4^  +  9** -4*-  12^  +  6^ 

=  1-4*+ 10a?-  12^+ 9s4, 

=  1  +  2x  +  3a*  +  ix*  +  3x4  +  2x5  +  x\ 

227.  The  following  results  should  be  noticed 
(a  +  b)8  =  a*  +  ba+3ab(a  +  b), 

(a-by  =  a*-b*-3ab(a-b), 
(a  +  b  +  cy  =  a*  +  b*  +  ca+  3a"  (6  +  c)  +  36*  (a  +  c)  +  3c*  (a  +  b)  +  6abc. 

EXAMPLES  OF  INVOLUTION. 

1.  Find  (l  +  2x  +  3x*)'. 

2  (l-x+af-x3)9. 

3  (a+b-c)\ 

4  (a  +  b  +  c  +  d)*. 

5  (l-3x  +  3xa-'x*y. 

<t  that  C^-18aV-6y    (9a' - 6')a (6' - aF) 

6.  Shew  that  +  -6. 

7   (oo2  +  2bxy  +  cy2)  (aX*  +  2bXY+  cY°) 

=  {a*X  +    F  +  6  (a?r+  yZ)}8  +  (ac  -  b')  (xY-  yX)\ 

8   (x*  +pxy  +  qtf)  (X*  +  />ZF+  ?r*) 

=  (xX+ pyX+qyY)a  +  p(xX  +pyX+qyY)(xY-yX)+  q(xY-yX)a 

and  also 

=  (xX+pxY+qyYy+p(xX+pxY+qyY)(yX-xYy+q(xY-yXy. 
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XVII.  EVOLUTION. 

228.  Evolution,  or  the  extraction  of  roots,  is  the  method  of 
determining  a  quantity,  which  when  raised  to  a  proposed  power 
will  produce  a  given  quantity. 

229.  Since  the  n*  power  of  am  is  a"",  the  n*  root  of  a""  must 
be  am;  that  is,  to  extract  any  root  of  a  simple  quantity,  we  must 
divide  the  index  of  that  quantity  by  the  index  of  the  root  re- 
quired. 

230.  If  the  root  to  be  extracted  be  expressed  by  an  odd  num- 
ber, the  sign  of  the  root  will  be  the  same  as  the  sign  of  the 
proposed  quantity,  as  appears  by  Art.  220.  Thus, 

V(-  «*)  =  -* 

231.  If  the  root  to  be  extracted  be  expressed  by  an  even 
number,  and  the  quantity  proposed  be  positive,  the  root  may  be 
either  positive  or  negative ;  because  either  a  positive  or  negative 
quantity  raised  to  an  even  power  is  positive  by  Art.  220.  Thus, 

232.  If  the  root  proposed  to  be  extracted  be  expressed  by  an 
even  number  and  the  sign  of  the  proposed  quantity  be  negative, 
the  root  cannot  be  extracted;  because  no  quantity  raised  to  an 
even  power  can  produce  a  negative  result.  Such  roots  are  called 
impossible. 

233.  A  root  of  a  fraction  may  be  found  by  taking  that  root 
of  both  the  numerator  and  denominator.  Thus, 

234.  "We  will  now  investigate  the  method  of  extracting  the 
square  root  of  a  compound  quantity. 
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Since  the  square  root  of  a*  +  2ab  +  6*  is  a  +  b,  we  may  be  led 
to  a  general  role  for  the  extraction  of  the  square  root  of  an  alge- 
braical expression  by  observing  in  what  manner  a  and  b  may  be 
derived  from  a*  +  2ab  +  b*. 

a9  +  2ab  +  b\a  +  b 
a' 

2a  +  b  )2ab  +  V 
2ab  +  V 


Arrange  the  terms  according  to  the  dimensions  of  one  letter  a, 
then  the  first  term  is  a9,  and  its  square  root  is  a,  which  is  the  first 
term  of  the  required  root.  Subtract  its  square,  that  is  a*,  from 
the  whole  expression,  and  bring  down  the  remainder  2ab  +  b*. 
Divide  2ab  by  2a  and  the  quotient  is  b9  which  is  the  other  term 
of  the  required  root.  Multiply  the  sum  of  twice  the  first  term 
and  the  second  term,  that  is  2a  +  b,  by  the  second  'term,  that  is 
b,  and  subtract  the  product,  that  is  2ab  +  V  from  the  remainder. 
This  finishes  the  operation  in  the  present  case.  If  there  were 
more  terms  we  should  proceed  with  a  +  b  as  we  did  formerly 
with  a;  its  square,  that  is  as  +  2o6  +  ft>  has  already  been  sub- 
tracted from  the  proposed  expression,  so  we  should  divide  the 
remainder  by  the  double  of  a  +  b  for  a  new  term  in  the  root,  and 
then  for  a  new  subtrahend  we  should  multiply  this  term  by  the 
sum  of  twice  the  former  terms  and  this  term.  The  process  must 
be  continued  until  the  required  root  is  found. 

235.  For  example,  required  the  square  root  of  4a?4  -  I2x* 
+  &e*  +  6a;+l. 

4a;4  - 1 2x*  +  6V  +  %x  + 1  ^  2x*  -  Zx  -  1 
4a;4 

4x*-3xJ-12x*  +  5x'+6x+l 
-12xa^9x'. 

4a,-6a?-l  J-4aj,+  6a?+l 
-4a*  +  6a;+l 
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Here  the  square  root  of  4x*  is  2a? ,  which  is  the  first  term  of 
the  required  root.  Subtract  its  square,  that  is  4#4,  from  the 
whole  expression,  and  the  remainder  is  —  I2x*  +  dx9  +  6x  +  1. 
Divide  -  12a?8  by  twice  2af,  that  is  by  ix9,  the  quotient  is  —  3x, 
which  will  be  the  next  term  of  the  required  root;  then  mul- 
tiply 4a*  —  3x  by  -  3x  and  subtract,  so  that  the  remainder  is 
-4«*  +  6a;+l.  Divide  by  twice  the  portion  of  the  root  already 
found,  that  is  by  4x*  -  6x;  this  leads  to  - 1 ;  the  product  of 
4x*  —6x—l  by  -  1  is-  4x*  +  6x  +  1,  and  when  this  is  subtracted 
there  is  no  remainder,  and  thus  the  required  root  is  2x9  -  3x  -  1. 

236.    Again,  extract  the  square  root  of 

x9  -  6ax5  +  15a  V  -  20aV  +  15aV  -  6a5x  +  a9. 
The  operation  may  be  arranged  as  before, 

x6- 6ax5 + 15aV-20aV+  15aV- 6a5x+ a6(xs-3aac9  +  3a9x-a* 
x6 

2x3-3ax9 J-6ax6+  15aV-20aV+ 15aV-  6a5x+a9 
-6ax5+9a*x* 

2x3- tax9*  3a9xJ6a9x*- 20aV+ 15aV-  Wx+a* 
6aV-18aV+9aV 

2x3-6ax*+6a*x-a*)-  2a*x3  +  6aV  -6a'a>+ae 
-  2aV  +  6aV  -6aBx+a9 


237.  It  has  been  already  remarked,  that  all  even  roots  admit 
of  a  double  sign.  (Art.  231.)  Thus  in  the  example  of  Art.  235, 
the  expression  2x9  —  3x—l  is  found  to  be  a  square  root  of  the 
expression  there  given,  and  -  2x*  +  3x  + 1  will  also  be  a  square 
root,  as  may  be  verified.  In  fact,  the  process  commenced  by  the 
extraction  of  the  square  root  of  ±x*,  and  this  might  be  taken  as 
2x*  or  as  -  2x9 ;  if  we  adopt  the  latter  and  continue  the  opera- 
tion in  the  same  manner  as  before,  we  shall  arrive  at  the  result 
-2x9  +  3x+l. 
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The  fourth  root  of  an  expression  may  be  found  by  ex- 
tracting the  square  root  of  the  square  root.  Similarly  the  eighth 
root  may  be  found,  or  the  sixteenth  root,  and  so  on. 

239.  The  preceding  investigation  of  the  square  root  of  an 
Algebraical  expression  will  enable  us  to  prove  the  rule  for  the 
extraction  of  the  square  root  of  a  number  which  is  given  in 
arithmetic. 

The  square  root  of  100  is  10,  of  10000  is  100,  of  1000000  is 
,1000,  and  so  on;  hence  it  will  follow  that  the  square  root  of  a 
number  less  than  100  must  consist  of  only  one  figure,  of  a  number 
between  100  and  10000  of  two  places  of  figures,  of  a  number  be- 
tween 10000  and  1000000  of  three  places  of  figures,  and  so  on. 
If  then  a  point  be  placed  over  every  second  figure  in  any  number 
beginning  with  the  units,  the  number  of  points  will  shew  the 
number  of  figures  in  the  square  root.  Thus  the  square  root  of 
4356  consists  of  two  figures,  the  square  root  of  6il524  of  three 
figures,  and  so  on. 

240.  Suppose  the  square  root  of  4356  required. 

Point  the  number  according  to  4356(^60+6 
the  rule;   thus  it  appears  that  the  3  6  0  0 

root  consists  of  two  places  of  figures.   

Let  a  +  b  denote  the  root  where  a  is  120+6^756 
the  value  of  the  figure  in  the  tens'  7  5  6 

place,  and  b  of  that  in  the  units' 

place.  Then  a  must  be  the  greatest  multiple  of  ten  which  has 
its  square  less  than  4300 ;  this  is  found  to  be  60.  Subtract  a8, 
that  is  the  square  of  60,  from  the  given  number,  and  the  remain- 
der is  756.  Divide  this  remainder  by  2a,  that  is  by  120,  and  the 
quotient  is  6,  which  is  the  value  of  b.  Then  (2a +  6)  6,  that  is 
126  x  6  or  756,  is  the  quantity  to  be  subtracted ;  and  as  there  is 
now  no  remainder,  we  conclude  that  60  +  6  or  66  is  the  required 
square  root. 

It  is  stated  above  that  a  is  the  greatest  multiple  of  ten  which 
has  its  square  root  less  than  4300.    For  a  evidently  cannot  be  a 
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greater  multiple  of  ten.  If  possible  suppose  it  to  be  some  multi- 
ple of  ten  less  than  this,  say  x;  then  since  a?  is  in  the  tens'  place, 
and  b  in  the  units'  place,  x+bis  less  than  a ;  therefore  the  square 
of  x  +  b  is  less  than  a*,  and  consequently  x  +  b  is  less  than  the 
true  root. 

If  the  root  consist  of  three  places  of  figures,  let  a  represent 
the  hundreds  and  b  the  tens;  then  having  obtained  a  and  b  as 
before,  let  the  hundreds  and  tens  together  be  considered  as  a  new 
value  of  a,  and  find  a  new  value  of  b  for  the  units. 

241.  The  cyphers  may  be  omitted  for  the  sake  of  brevity, 
and  the  following  rule  may  be  obtained  from  the  process. 

Point  every  second  figure  beginning  with  4  3  5  6  (  6  6 

the  units'  'place,  and  thus  divide  the  whole  ^  g 

number  into  several  periods.    Find  the  great-   

est  number  whose  square  is  contained  in  the  12  6^756 
first  period;  this  is  the  first  figure  in  the  ^  ^ 

root;  subtract  its  square  from  the  first  period, 
and  to  the  remainder  bring  down  the  next  period.  Divide  this 
quantity,  omitting  the  last  figure,  by  twice  the  part  of  the  root 
already  found,  and  annex  the  result  to  the  root  and  also  to  the 
divisor,  then  multiply  the  divisor  as  it  now  stands  by  the  part  of 
the  root  last  obtained  for  the  subtrahend.  If  there  be  more 
periods  to  be  brought  down  the  operation  must  be  repeated. 

242.  Extract  the  square  root  of  611524 ;  also  of  10246401. 
6  i  152  4^7  8  2  102i640i(J201 

4  9  9 

148J1215  62^124 
1184  124 


1562  J3124  6  40  1 ) 6  4  0  1 

3124  6401 


In  the  second  example  the  student  should  observe  the  occur- 
rence of  the  cypher  in  the  root. 
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243.  The  rule  for  extracting  the  square  root  of  a  decimal 
follows  from  the  preceding  rule.  We  must  observe,  however,  that 
if  any  decimal  be  squared  there  will  be  an  even  number  of  decimal 
places  in  the  result,  and  therefore  there  cannot  be  an  exact  square 
root  of  any  decimal  which  in  its  simplest  state  has  an  odd  number 
of  decimal  places. 

The  square  root  of  21*76  is  one-tenth  of  the  square  root  of 
100  x  21-76,  that  is  of  2176.  So  also  the  square  root  of  -0361  is 
one-hundredth  of  that  of  10000  x  -0361,  that  is  of  361.  Thus  we 
may  deduce  this  rule  for  extracting  the  square  root  of  a  decimal ; 
put  a  point  over  every  second  figure  beginning  at  the  units'  place, 
and  continuing  both  to  the  right  and  left  of  it ;  then  proceed  as 
in  the  extraction  of  the  square  root  of  integers,  and  mark  off  as 
many  decimal  places  in  the  result  as  the  number  of  periods  in  the 
decimal  part  of  the  proposed  number. 

244.  In  the  extraction  of  the  square  root  of  an  integer,  if 
there  is  still  a  remainder  after  we  have  arrived  at  the  figure  in 
the  units'  place  of  the  root,  it  indicates  that  the  proposed  num- 
ber has  not  an  exact  square  root.  We  may  if  we  please  proceed 
with  the  approximation  to  any  -desired  extent  by  supposing  a 
decimal  point  at  the  end  of  the  proposed  number,  and  annexing 
any  even  number  of  cyphers  and  continuing  the  operation. 
We  thus  obtain  a  decimal  part  to  be  added  to  the  integral  part 
already  found. 

Similarly,  if  a  decimal  number  has  no  exact  square  root,  we 
may  annex  cyphers  and  proceed  with  the  approximation  to  any 
desired  extent. 

245.  The  following  is  the  extraction  of  the  square  root  of 
twelve  to  seven  decimal  places. 
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1  2-0  6  0  0"...(w3-464  1  0  16 
9 

6  4  J  3  0  0 
25  6 

6  8  6  J44  0  0 
4  116 

6924J28400 
2  7  6  9  6 

69281^70400 
6  9  2  8  1 

6  9  2  8  2  0  1  J  1  1  1  9  0  0  0  0 
6928201 

6  9  2  8  2  02  6  J4  26179900 


246.  When  n  +  1  figures  of  a  square  root  have  been  obtained 
by  the  ordinary  method,  n  more  may  be  obtained  by  division 
only,  8Vjpposing  2n  +  1  to  be  the  whole  number. 

Let  iT  represent  the  number  whose  square  root  is  required, 
a  the  part  of  the  root  already  obtained,  x  the  part  which  remains 
to  be  found;  then 


415692156 


10487  744 


J* 


a  +  x, 

a*  +  2ax  +  x*, 
2ax  +  x*, 


so  that 


therefore, 


and 


N-a% 
2a 
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Thus  iV-  a2  divided  by  2a  will  give  the  rest  of  the  square 

x*  xa 
root  required,  or  x,  increased  by  jt—  ;  and  we  shall  shew  that 

Za  2a 

is  &  proper  fraction,  so  that  by  neglecting  the  remainder  arising 
from  the  division  we  obtain  the  part  required.  For  x  by  sup- 
position contains  n  digits,  so  that  x*  cannot  contain  more  than 

x*  . 

2n  digits;  but  a  contains  2n4  1  digits,  and  thus,  ^-  is  a  proper 

Aa 

fraction. 

247.  "We  will  now  investigate  the  method  of  extracting  the 
cube  root  of  a  compound  quantity. 

The  cube  root  of  a8  +  3a'b  +  3ab8  +  bB  is  a  +  b,  and  to  obtain 
this  we  proceed  as  follows;  arrange 

the  terms  according  to  the  dimen-    a*  +  3a*b  +  3ab*  +  b\a  +  b 

sions  of  one  letter  a,  then  the  first  ^  

term  is  a8,  and  its  cube  root  is  a,  3a*)  3aab  +  3aba  +  68 
which  is  the  first  term  of  the  re-  3aab  +  3aba  +  b8 

quired  root.    Subtract  its  cube,  that 

is  a8,  from  the  whole  expression,  and  bring  down  the  remainder 
3axb  +  3aba  +  b*.  Divide  the  first  term  of  the  remainder  by  3a8, 
and  the  quotient  is  b,  which  is  the  other  term  of  the  required 
root;  then  subtract  3a*b+3ab*  +  b*  from  the  remainder,  and  the 
whole  cube  of  a  +  b  has  been  subtracted.  This  finishes  the  opera- 
tion in  the  present  case.  If  there  were  more  terms  we  should 
proceed  with  a  +  b  as  we  formerly  did  with  a;  its  cube,  that  is 
a*  +  3a'b  +  3ab*  +  b3  has  already  been  subtracted  from  the  pro- 
posed expression,  so  we  should  divide  the  remainder  by  3  (a  +  b)a 
for  a  new  term  in  the  root;  and  so  on. 

248.  It  will  be  convenient  in  extracting  the  cube  root 
of  more  complex  Algebraical  expressions,  and  of  numbers,  to 
arrange  the  process  of  the  preceding  article  in  three  columns, 
as  follows : 

9—2 
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3a +  &  3a*  a8  +  3a86  +  3a6'  +  b*  {a  +  b 

(3a  +  b)b  a* 

3a2+3a6  + 68  3a86  +  3a*'  +  b* 

Sa*b  +  3ab'  +  b* 


Find  the  first  term  of  the  root,  that  is  a;  put  a*  under  the 
given  expression  in  the  third  column  and  subtract  it  Put  3a 
in  the  first  column,  and  3a8  in  the  second  column;  divide  3a*6 
by  3a8,  and  thus  obtain  the  quotient  b;  add  b  to  the  quantity 
in  the  first  column;  multiply  the  expression  now  in  the  first 
column  by  b,  and  place  the  product  in  the  second  column  and  add 
it  to  the  quantity  already  there;  thus  we  obtain  3a8  +  3ab  +  b2; 
multiply  this  by  b  and  we  obtain  §a*b  +  3a68  +  b*  which  is  to  be 
placed  in  the  third  column  and  subtracted.  We  have  thus  com- 
pleted the  process  of  subtracting  (a  +  b)8  from  the  original  ex- 
pression. If  there  were  more  terms  the  process  would  have  to 
be  continued. 

249.  In  continuing  the  operation  we  must  add  such  a  quan- 
tity to  the  first  column  as  to  obtain  there  three  times  the  part  of 
t/ie  root  already  found.  This  is  conveniently  effected  §a  +  j  ^ 
thus;  we  have  already  in  the  first  column  3a  +  b;  2b  ( 

place  2b  under  the  b  and  add;  thus  we  obtain  3a  +  36,    ~  ^  ■ 
which  is  three  times  a  +  b,  that  is,  three  times  the 
part  of  the  root  already  found.    Moreover,  we  must  add  such  a 
quantity  to  the  second  column  as  to  obtain  there  three  times  Hie 
square  of  the  part  of  the  root  already  found. 
This  is  conveniently  effected  thus;    we  have  (3a  +  6)oj 

already  in  the  second  column  (3a  +b)  b,  and  3a8+3oft+68v 

below  that  3a8  +  Sab  +  b' ;  place  b*  below  and   

add  the  eocpressions  in  the  three  lines  ;  thus  we     3a'  +  6ab  +  36* 
obtain  3a8  +  6ab  +  368,  which  is  three  times 
(a  +  b)9,   that  is,  three  times  the  square  of  the  part  of  the 
root  already  found. 
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250.    Example ;  extract  the  cube  root  of 

8*«  -  36c*a  +  66cV  -  63c3*8  +  33cV  -  9c5*  +  c\ 

6x*-3cx\  12*4 

~6cx)  -  3c*  (Ox?  -  3c*)  } 

0x*-9cx  +  ca  12^T8^+9cV> 

+  9cVJ 

l2x4-Mcxa  +  27c9x* 

+  c,(6a^-9caj+cf) 

1 2*4  -  36c*8  +  33cV  -  9c8*  +  c4 
8*a  -  36c*5  +  66cV  -  63c8*8  +  33cV  -  9c5*  +  c'  (2*f  -  3c*  +  c' 


-  36c*5  +  66cV  -  63c8*8  +  33cV  -  9c  W  ce 
-Seca^  +  McV^Tc8*8 

12c8*4  -  36c8*8  +  33cV  -  9c5*  +  c* 
12cV  -  36cV  +  33c V  -  9c5*  +  c' 


The  cube  root  of  8*6  is  2**  which  will  be  the  first  term  of  the 
root ;  put  8**  under  the  given  expression  in  the  third  column  and 
subtract  it.  Put  three  times  2**  in  the  first  column,  and  three 
times  the  square  of  2x9  in  the  second  column;  that  is,  put  6**  in 
the  first  column,  and  12*4  in  the  second  column.  Divide  —  36c*5 
by  12*4,  and  thus  obtain  the  quotient  -  3c*,  which  will  be  the 
second  term  of  the  root;  place  this  term  in  the  first  column, 
and  multiply  the  expression  now  in  the  first  column,  that  is, 
6*"  — 3c*  by  -  3c*;  place  the  product  under  the  quantity  in  the 
second  column  and  add  it  to  that  quantity;  thus  we  obtain 
12*4  -  18c*3+  9c V;  multiply  this  by  -  3c*,  and  place  the  product 
in  the  third  column  and  subtract.    Thus  we  have  a  remainder  in 
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the  third  column,  and  the.  part  of  the  root  already  found  is 
2x*  -  Sex. 

We  must  now  adjust  the  first  and  second  columns  in  the 
manner  explained  in  Art.  249.  We  put  twice  —  3cx,  that  is, 
-  6cx,  under  the  quantity  in  the  first  column,  and  add  the  two 
lines ;  thus  we  obtain  fix2  —  9cx,  which  is  three  times  the  part  of 
the  root  already  found.  We  put  the  square  of  —  3cx,  that  is  9c V, 
under  the  quantity  in  the  second  column,  and  add  the  last  three 
lines  in  this  column ;  thus  we  obtain  12a;4-  36«c3  +  27cV,  which 
is  three  times  the  square  of  the  part  of  the  root  already  found. 

Now  divide  the  remainder  in  the  third  column  by  the  ex- 
pression just  obtained,  and  we  arrive  at  ca  for  the  last  term  of 
the  root;  proceed  as  before  and  the  operation  closes. 

251.  The  preceding  investigation  of  the  cube  root  of  an 
Algebraical  expression  will  enable  us  to  deduce  a  rule  for  the 
extraction  of  the  cube  root  of  any  number. 

The  cube  root  of  1000  is  10,  of  1000000  is  100,  and  so  on; 
hence  it  will  follow  that  the  cube  root  of  a  number  less  than 
1000  must  consist  of  only  one  figure,  of  a  number  between  1000 
and  1 000000  of  two  places  of  figures,  and  so  on.  If  then  a  point 
be  placed  over  every  third  figure  in  any  number  beginning  with 
the  units,  the  number  of  points  will  shew  the  number  of  figures 
in  the  cube  root. 

252.  Suppose  the  cube  root  of  405224  required. 

2  1  0  +  4  1  4  7  0  0  4  0  5  2  2  4(70  +  4 

856  343000 

15556  62224 
6  2  2  2  4 


By  pointing  the  number  according  to  the  direction,  it  appears 
that  the  root  consists  of  two  places ;  let  a  be  the  value  of  the 
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figure  in  the  tens'  place,  and  b  of  that  in  the  units'  place.  Then 
a  must  be  the  greatest  multiple  of  ten  which  has  its  cube  less 
than  405000;  that  is,  a  must  be  70.  Place  the  cube  of  70, 
that  is  343000,  in  the  third  column  under  the  given  number  and 
subtract.  Place  three  times  70,  that  is  210,  in  the  first  column, 
and  three  times  the  square  of  70,  that  is  14700,  in  the  second 
column.  Divide  the  remainder  in  the  third  column  by  the  number 
in  the  second  column,  that  is,  divide  62224  by  14700;  we  thus 
obtain  4,  which  is  the  value  of  b.  Add  4  to  the  first  column; 
multiply  the  sum  thus  formed  by  4,  that  is,  multiply  214  by  4; 
we  thus  obtain  856 ;  place  this  in  the  second  column  and  add  it 
to  the  number  already  there.  Thus  we  obtain  15556;  multiply 
this  by  4,  place  the  product  in  the  third  column  and  subtract. 
The  remainder  is  zero,  and  therefore  74  is  the  required  root 
The  cyphers  may  be  omitted  for  brevity,  and  the  process  will 
stand  thus: 


2  1  4 


147 


85  6 


405224 (7 4 
3  4  3 


1  55  5  6 


6  2  2  2  4: 
6  2  2  2  4 


253.    Example;  extract  the  cube  root  of  12812904. 


1  2 


12812904 (2 34 
8 


6  94 


4  8  12 
4167 


1587 


645904 
6  4  5  9  0  4 


2  7  7  6 


16  1476 
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After  obtaining  the  first  two  figures  of  the  root  23,  we  adjust 
the  first  and  second  columns  in  the  manner  explained  in  Art.  249. 
We  place  twice  3  under  the  first  column  and  add  the  two  lines 
giving  69,  and  we  place  the  square  of  3  under  the  second  column 
and  add  the  last  three  lines  giving  1587.  Then  the  operation  is. 
continued  as  before.    The  cube  root  is  234. 

254.    Example;  extract  the  cube  root  of  144125083907. 

1  5  6  4  | 
8) 

1  5  7  2  3 


The  cube  root  is  5243. 

255.  If  the  root  have  any  number  of  decimal  places  the  cube 
will  have  thrice  as  many;  aud  therefore  the  number  of  decimal 
places  in  a  decimal  number,  which  is  a  perfect  cube,  and  in  its 
simplest  state,  will  necessarily  be  a  multiple  of  three,  and  the 
number  of  decimal  places  in  the  root  will  be  a  third  of  that 
number.  Hence  if  the  given  cube  number  be  a  decimal,  we 
place  a  point  over  the  units'  figure,  and  over  every  third  figure  to 
the  right  and  left  of  it ;  then  the  number  of  points  in  the  decimal 
part  of  the  proposed  number  will  indicate  the  number  of  decimal 
places  in  the  cube  root. 
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75 
3  0  4^ 

7  8  04j 

8  112 

6  2  5  6> 

8  1  7  4  5  6  [ 
1  6J 

823728 

4  7  16  9 

82419969 


144125083907  (^5  243 
125 


19  12  5 
1  5  6  0  8 


3  5  1  7  0  8  3 
3  2  6  9  8  2  4 

247259907 
247259907 
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256.    Required  the  cube  root  of  1481*544. 

3l\  3  1  4  8  i-5  4  4\l  1-4 

2  J  3  1^  1 


334  3  3  1  f  481 

3  3  1 


363  150544 
1336  150544 


3  7  6  3  6 
The  cube  root  is  11*4. 

257.  When  n  +  2  figures  of  a  cube  root  have  been  obtained 
by  the  ordinary  method,  n  more  may  be  obtained  by  division 
only,  supposing  2n  +  2  to  be  the  whole  number. 

Let  represent  the  number  whose  cube  root  is  required, 
a  the  part  of  the  root  already  obtained,  x  the  part  which  remains 
to  be  found;  then 

yir=a+x, 

so  that  tf=  aa  +  3a*aj  +  3a«*-faJ8; 

therefore,  N-az=  3a*x  +  Zax*  +  x*, 

N-az         x9  Xs 
and  ,   =  x  +  —  +  ^-j . 

3d*  a  3a* 

Thus  N-a*  divided  by  3a*  will  give  the  rest  of  the  cube 

x9  x8 

root  required,  or  x,  increased  by  —  +  -5—5 ;  and  we  shall  shew 

a  oa 

that  the  latter  expression  is  a  proper  fraction,  so  that  by  neglect- 
ing the  remainder  arising  from  the  division,  we  obtain  the  part 
required.    For  by  supposition,  x  is  less  than  10",  and  a  is  not 

jc*  10*" 
less  than  10*,+1 :  thus  —  is  less  than  ttjztz  >  that  is,  less  than 

1  x*  10**  1 

To'  And  3o"> 13  less  than  3  x  io4"*"  that    le8S  than  3Tur^' 

X*      X*  11 

Hence  —  +  is  less  than  —  +  - — r-^zi  j  and  is  thus  less  than 
a    oa  10    3  x  10 +* 

unity.. 
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Extract  the  square  roots  of  the  following  expressions : 

1.  x*-2x*  +  3x*-2x  +  l. 

2.  x*-ix*  +  Sx  +  L 

3.  4aj4+12o8  +  &c8-6a;+l. 

4.  4a4- 4^  + 5s8- 2x  +  1. 

5.  4a4  -  Wax*  +  25aV  -  24a8*  + 1 6a4. 

6.  25a4  -  30aa8  +  49a  V  -  24a8a  + 1 6a4. 

7.  x9  -  6ax5  +  15aV  -  20aV  +  15aV  -  6a5x  +  a9. 

8.  (a-6)4-2(a,  +  68)(a-.6)a4.2(a4  +  64). 

9.  4  {(a*  -  b*)  cd  +  ab  (c8  —  rf8)}8  +  {(a8  -  6s)  (c8  -  a*8)  -  4a^  }8. 
10.  a4  +  64  +  c4+a,4-2a8(68  +  rf8)-268(c8-aT8)  +  2c8(a8-rf8). 

»■  HM-iy 

12.  a4-a/+ ~  +  4*-2+4. 

4  or 

13.  +  —  -f  — a  -  OiC  -  2  +  — 9  . 
4     a?    or  a 

14.  a4  +  2(26-c)a8  +  (468-45c  +  3c8)a8  +  2c8(26-c)a  +  c4. 

15.  (a  -  26)8  x4 -2a  (a-  2b)  x9  +  (a8  +  4a& -  6a -  868  +  1 26) 

-(4a6-6a)a?  +  468-126+9. 

16.  Find  the  square  root  of  the  sum  of  the  squares  of  *2,  *4, 

•6,  -86. 

Extract  the  cube  root  of  the  following  expressions  and 
numbers : 

17.  8aje  -  36a5  +  66a4  -  63»8  +  33a8  -  9*  +  1. 

18.  8x8  +  48ca;5  +  60cV  -  80cV  -  90cV  +  \0Wx-2n\ 
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19.  8x9  -  36«c8  +  102cV  -  171cV  +  204cV  -  ltec'x  +  64c*. 

20.  167-284151. 

21.  731189187729. 

22.  10970-645048. 

23.  1371742108367626890260631. 

24.  Extract  the  fourth  root  of  (af  +  ^  J"  -  4  (x  +  ^"  +  12. 

25.  If  a  number  contain  n  digits,  its  square  root  contains 
£{2w+  l-(-l)"}  digita 

26.  Shew  that  the  following  expression  is  an  exact  square : 
(of  -  yz)*  +  (y  -  *c)8  +  (z9  -  ay)8  -  3  {of  -  y»)  (y8  -  zx)  (z*-xy). 


XVIII.   THEORY  OF  INDICES. 


258.  We  hare  defined  a*  where  m  is  a  positive  integer,  as 
the  product  of  m  factors  each  equal  to  a,  and  we  have  shewn  that 

am  1 

a"  x  a"  =  am+",  and  that  —  =  a"*~"  or        according  as  m  is  greater 

or  less  than  n.  Hitherto  then  an  exponent  has  always  been  a 
positive  integer;  it  is  however  found  convenient  to  use  exponents 
which  are  not  positive  integers,  and  we  shall  now  explain  the 
meaning  of  such  exponents. 

259.  Positive  Fractional  Exponent  a*  is  used  to  denote 
the  nth  root  of  aw,  that  is  ll(am). 

Negatwe  Exponent,  a"p  is  used  to  denote  ^  whether  p  be 
whole  or  fractional. 
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260.  Thus,  for  example,  according  to  the  first  definition, 

cfi  -  tya*,       a£  =  J  a,       a*  =  Ja*  =  a*, 

and  so  on. 

According  to  the  second  definition 

-*  1  1 

a  i  =  — r  —  ~  > 
a»  a 

261.  Thus  it  will  appear  that  it  is  not  absolutely  necessary  to 
introduce  fractional  and  negative  exponents  into  Algebra,  since 
they  merely  supply  us  with  a  new  notation  for  quantities  which 
we  had  already  the  means  of  representing.  It  is  as  we  have  said 
a  convenient  notation,  which  the  student  will  learn  to  appreciate 
as  he  proceeds.  We  may,  however,  shew  at  once  that  the  new 
notation  is  not  arbitrary,  but  founded  on  an  important  principle; 
to  this  we  proceed. 

262.  The  relation  am  x  a*  =  a*4*,  which  holds  when  m  and  n 
are  positive  integers,  occurs  perpetually  in  Algebraical  operations ; 
if  we  wish  to  give  a  meaning  to  fractional  and  negative  exponents, 
it  is  reasonable  that  the  meanings  should  be  such  as  will  allow  this 
important  relation  still  to  subsist.  We  shall  shew  hereafter  that 
the  meanings  we  have  given  do  satisfy  this  condition,  and  we  will 
here  briefly  indicate  how  these  meanings  might  have  been  sug- 
gested by  the  condition.  Take  the  given  relation,  and  suppose, 
for  example,  that  m  and  n  are  each  £,  so  that  the  relation  be- 
comes a^  x  a£  —  a1  =  a.  Thus  a^  must  denote  a  quantity  such 
that  if  it  be  multiplied  by  itself  the  product  is  a;  now  the  square 

root  of  a  is,  by  definition,  such  a  quantity.  Thus  a£  must  be  the 
square  root  of  a,  that  is,  must  denote  the  same  thing  as  Ja. 

263.  Similarly  we  can  indicate  the  way  in  which  the  mean- 
ing of  negative  exponents  might  have  been  suggested  by  the 


«     1  -ill 

and  so  on. 
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condition  of  making  the  relation  am  x  a"  =  a",+"  universally  true. 
For  write  —n  for  n  in  this  relation,  then  it  becomes 
am  x  arn  =  a"""". 
But  we  know  if  m  be  greater  than  n  that 

m_n  dr    m  i 

a  a 

hence  we  see  that  or*  and  4  must  denote  the  same  thing. 

264.    We  have  shewn  in  Arts.  62  and  63  that 

am  1 

-  =  a     or  —  , 
a  a 

according  as  m  is  greater  or  less  than  n ;  in  consequence  of  the 
meaning  which  we  attach  to  negative  exponents,  it  will  no  longer 
be  necessary  to  distinguish  between  these  two  cases.  For 
1 


a ' 


so  that  we  may  for  the  future  use        and  dT~*  indifferently. 

265.  In  the  relation  —  =am~n  suppose  that  m  =  n ;  the  left- 
hand  member  is  then  obviously  unity,  and  the  right-hand  member 
takes  the  form  a0;  the  last  symbol  has  not  hitherto  received  a 
meaning,  so  that  there  is  nothing  to  prevent  our  giving  it  the 
meaning  which  naturally  presents  itself.  Hence  we  may  put 
a°  =  l. 

266.  '  The  notation  which  we  have  explained  will  now  be 
used  in  establishing  some  propositions  relating  to  roots  and 
powers. 

J.     -L  _! 

267.  To  shew  that  an  xbn  =  (ab)\ 

i  JL 

Let  a"  x6"  therefore, 

xm  =  {J  x  b*)n  =  (a?)*  x         (by  Art  41),  =  «xj. 
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JL 

Thus  a?  =  ab,  therefore  x  =  (ab)n,  which  was  to  be  proved. 
In  the  same  manner  we  can  prove  that 

.*♦<■- 

JL      1      JL         J.      J.  J. 

268.  Hence  an  x  b^x  cn  =  (ab)n  x  cn  =  (abc)\ 

And  by  proceeding  in  this  way  we  can  prove  that 

a7x&x  £x  x  k*  =  {abe.....kf. 

Suppose  now  that  there  are  m  of  these  quantities  a,  b,c,...k, 
and  that  each  of  them  is  equal  to  a;  then  we  obtain 

(a V  =  (amf. 

2.  — 
But  (am)n  is,  by  definition,  an ;  thus 

1  m 

(a")-  =  a». 

JL  1  i 

269.  To  shew  that  (amf  =  aT. 

Li.  JL 
Let  x  =  (am)n  j  therefore  x*  =  am ;  therefore  xTH  =  a;  there- 
i  i  i  i 

fore  x  =  amn.    Thus  (am)"  =  a"1",  which  was  to  be  proved. 

to  m£ 

270.  To  shew  that  a»  =  aw*. 

Let  x  =  an;  therefore  x*  =  am;  therefore  xnp  =  amp ;  therefore 

top  to  mp 

x  =  aw*.    Thus  a"  =  a*',  which  was  to  be  proved. 

271.  The  student  may  infer  from  what  we  have  said  in 
Art.  261,  that  the  propositions  just  established  may  also  be 
established  without  using  fractional  exponents.  Take  for  example 
that  in  Art  267;  here  we  have  to  shew  that 
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Proceed  as  before ;  let  x  =  J/a  x  *J b ;  therefore 

*  =  W*xTjbY  =  &*Y*W)a9  (by  Art.  41),  =  ax6. 
Thus  af  =  ab,  therefore  x=nJ(ab\  which  was  to  be  proved. 

272.  We  shall  now  proceed  to  shew  that  the  relations 
a?  x  a*  =  a*4"  and  (a")"  =  am"  are  universally  true,  whatever  m 
and  n  may  be. 

p.     z      »  + r 

273.  To  shew  that  o«xo'=  a«  •. 

£  ?!  «*" 

fl'xo'  =  a*  x  a*,  by  Art  270, 

i  j_ 
=  (erf*  x  (a4")'',  by  definition, 

=  (a"  x  a91")",  by  Art  267, 

-  (a"**")*  =  a  «•  =  a«  •. 

274.  In  the  same  way  we  can  prove  that 

a*  +  a*  =  a*  . 

27 5.  Thus  the  relation  am  x  a"  =  a"14"  is  shewn  to  be  true 
when  m  and  n  are  positive  fractions,  so  that  it  is  true  when  m 
and  n  are  any  positive  quantities.  It  remains  to  shew  that  it  is 
also  true  when  either  of  them  is  a  negative  quantity,  and  when 
both  are  negative  quantities. 

(1)  Suppose  one  to  be  a  negative  quantity,  say  n;  let 

n  =  -  v. 

1  m 

Then  o"  x  an  =  amxar9  =  am  x  -  =—  ^a"-',  (by  Art.  274), 
=  a^. 

(2)  Suppose  Jo<A  to  be  negative  quantities;  let 

m  =  -  ft  and  n  v. 


Digitized  by  Google 


144  THEORY  OF  INDICES. 

Then 

«-  x  «•  =      x  or'  =  1  x  I  =  -JL.  =  X,  (by  Art.  273), 

276.  Similarly  am  xa*  xap=  aT**  xaf=  am+*** ;  and  so  on. 

Thus  if  we  suppose  there  to  be  r  quantities  m,  n,  p,  and 
that  each  of  the  others  is  equal  to  m,  we  obtain 

whatever  m  may  be. 

277.  To  shew  that  (<*«)•  =  a*. 

*  I.  *  £ 

Let  a  =  (a«)-;  therefore  of  =  (a«)r  =  a« ,  by  Art.  276;  there- 
in 

fore  of  -  a"";  therefore  x  =  a"i  which  was  to  be  proved. 

278.  To  shew  that  (am)u  =  a"*  universally. 

By  the  preceding  article  this  is  true  when  m  and  n  are  any 
positive  quantities ;  it  remains  to  shew  that  it  is  true  when  either 
of  them  is  a  negative  quantity,  and  when  both  are  negative 
quantities. 

(1)  Suppose  n  to  be  a  negative  quantity,  and  let  it  =  —  v. 
Then       («-)•  =  («")-=  =a—=a~. 

(2)  Suppose  m  to  be  a  negative  quantity,  and  let  it  =  —  /lu 
Then       (a")'  =  (<r*f  =  Q"  =  ±  =  «r~  =  eT. 

(3)  Suppose  both  m  and  n  to  be  negative  quantities;  let 

m  —  —  \L  and  n  =  —  v. 

Then       (a-)"  =  («-")-  «  ^  =  _L  »     .  a"". 
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1.  Simplify  (a£  x  a?*)S. 

2.  Find  the  product  of  a\  a"*,  a"*,  and 

-          (?)'-  (7)'  -  (*)*• 

4.    Simplify  the  product  of 

a*,  a"*,  fa*,  ah,  J/aT,  and  (a~r)i. 

JL  JL 

6.    Multiply  a*  +  6* +        by  ai^-J  +  i*. 


7.    #*-ay*  +  JC*y-y*  by  x+xty  +  y. 

8   a*-a8  +  a*-a*  +  a*-a+a*-l  by  a*  +  l. 

9   a*-a*+ l-a"*  +  a*  by  o^+l  +  a"*. 

10.    -3a-3  +  2a-46"1  by  -2a-* -3a"4 6. 

11.  Divide     - xy^  +  a^y - y*  by  a^-y*. 

12  a*  +  At*  +  a*  by      +       +  a*. 

13   ciJ-a*   by  a" -a"'. 

14.    2x5y-*-5x*y-*  +  7xBy-l-5x*+2xy 

by  afy""3  -  x*y~°  +  ay-1. 

15   al-al&  +  a6,-2Ar  +  &1  by  a*  -  a6*  +  a*b  -  6!. 

id    a«     til.  a* -aa* + 

lo.    oimpliry -r  j  ?  j  r  5. 

t.a.  10 
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17.  Extract  the  square  root  of 

y ,  *■ , 

*    ±y  (ay)* 

18.  Extract  the  square  root  of 

4<*  - 12^*  +  96*  +  16aM  -  24&M  +  16c4. 

19.  Extract  the  square  root  of 

256a1  -  512a  +  640a*  -  512a*  +  304  -  128a"*  +  40a"*  -  8a"1  +  a"1. 

20.  If  ab  =  b*  shew  that  (jjj*  =  a*"1 ;  and  if  a  =  2b  shew 
that  6  =  2. 

XIX.  SURDS. 

279.  When  a  root  of  an  Algebraical  quantity  which  is  re- 
quired, cannot  be  exactly  obtained,  it  is  called  an  irrational  or 

surd  quantity.  Thus  IJa*  or  a*  is  called  a  surd.  But  fa*  or  <A 
though  apparently  in  a  surd  form,  can  be  expressed  by  a8,  and  so 
is  not  called  a  surd. 

The  rules  for  operations  with  surds  follow  from  the  proposi- 
tions established  in  the  preceding  chapter,  as  will  now  be  seen. 

280.  A  rational  quantity  may  be  expressed  in  the  form  of  a 
given  surd,  by  raising  it  to  the  power  whose  root  the  swrd  expresses y 
and  affixing  the  radical  sign. 

n 

Thus  a  =  J  a2  =  If  a8,  &c. ;  and  a  +  a  =  {a  +  a)  \  In  the  same 
manner  the  form  of  any  surd  may  be  altered ;  thus 

(a  +  a)*  =  (a  +  a)'  =  (a  +  a)*,  <fea 

The  quantities  are  here  raised  to  certain  powers,  and  the  roots  of 
those  powers  are  again  taken,,  so  that  the  values  of  the  quantities 
are  not  changed. 
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281.  The  coefficient  of  a  surd  may  be  introduced  winder  the 
radical  sign,  by  first  reducing  it  to  the  form  of  the  surd  and  then 
multiplying  according  to  Art.  271.* 

For  example, 


282.  Conversely,  any  quantity  may  be  made  the  coefficient  of 
a  surd,  if  every  part  under  the  sign  be  divided  by  the  quantity 
raised  to  the  power  whose  root  the  sign  expresses. 


283.  When  surds  have  the  same  irrational  part,  their  sum  or 
difference  is  found  by  affixing  to  that  irrational  part,  the  sum  or 
difference  of  their  coefficients. 

Thus,  a  Jx±b  Jx  =  (a  ±  6)  Jx; 

J300±5J3  =  10J3±5J3  =  15J3  or  5  JS; 

J{Wb)  +  J(3x'b)  =  a  JQb)  +  x  J{Sb)  =  (a  +  x)  ^(36). 

284.  .  If  two  surds  have  the  same  index,  their  product  is  found 
by  taking  the  product  of  the  quantities  under  the  signs  and  retain- 
ing the  common  index. 


x 


ajx=ja'xjx  =  j(a'x);  ay*  =  (a'yy; 
J(2a -x)  =  J(2ax' -  Xs) ;  a*{a~xf=  {a2  (a -  x)*}* ; 
4  ^2  =  ^(16x2)=  J32. 


Thus  J(a*  —  ax)  =  a^x  J  [a  —  x);  J(t 


[a*  —  a*x)  =  a  J  (a  -x); 


Thus,    an  xb«  =  (ab)»,  (Art.  267);    */2  x  ^3  =*  V6j 
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285.  If  tlie  surds  have  coefficients,  the  product  of  these  coeffi- 
cients must  be  prefixed. 

Thus  ajxxbjy  =  abj(xy);    3^/8x5^/2  =  15^16  =  60. 

286.  If  the  indices  of  two  surds  have  a  common  denominator, 
let  the  quantities  be  raised  to  the  powers  expressed  by  their  respective 
numerators,  and  their  product  may  be  found  as  before. 

Thus,  2*  x  3i  =  8*  x  31  =  (24)* ; 

(a  +  x)*  x(a~x)*=  {(a  +  x)(a- a)8}*. 

287.  If  the  indices  have  not  a  common  denominator,  they  may 
be  transformed  to  others  of  the  same  value  with  a  common  deno- 
minator, and  their  product  found  as  in  Art.  286. 

:  Thus, 

(a9  -  x*)*  x  (a  ~  xf  =  (a*  -  x*f  x  (a  -  xf  =  {(a*  -  x9)  (a  -  x)*}*  ; 
2J  x  3*  =  2f  x  31  =  8*  x  9*  =  (72)*. 

288.  If  two  surds  have  the  same  rational  quantity  under  the 
radical  signs,  their  product  is  found  by  making  the  sum  of  the 
indices  ilie  index  of  that  quantity. 

JL      1       2  1 
Thus,  an  x  a"  =  on+ro,  (Art.  273) ; 

J2  x  IJ2  =  2i  x  2*  =  2i+i  =  2* 

289.  If  Ike  indices  of  two  surds  have  a  common  denominator, 
the  quotient  of  one  divided  by  the  other  is  obtained  by  raising  them 
respectively  to  the  powers  expressed  by  the  numerators  of  their 
indices,  and  extracting  that  root  of  the  quotient  which  is  expressed 
by  the  common  denominator. 

Ib*      2J  =         (A*.  387);  Sjf 
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290.  If  the  indices  have  not  a  common  denominator,  reduce 
them  to  others  of  the  same  value  with  a  common  denominator,  and 
proceed  as  be/ore. 

Thus, 

(«•  -      («'  -      («•  -    -  k  -    =  { [^}*. 

291.  If  the  surds  have  the  same  rational  quantity  under  the 
radical  signs,  their  quotient  is  obtained  by  making,  the  difference  of 
tlie  indices  the  index  of  that  quantity. 

Thus,  fl*Ta*  =  cF~n,  (Art  27*4); 

J2  4-  4/2  =  21  -  2*  =  2i_i  =  2*. 

292.  It  is  sometimes  useful  to  put  a  fraction  which  has  a 
simple  surd  in  its  denominator  into  another  form,  by  multiplying 
both  numerator  and  denominator  by  a  factor  which  will  render  the 
denominator  rational.    Thus,  for  example, 

2  _  2J3 

^     J3xJ3      3  ' 

If  we  wish  to  calculate  numerically  the  approximate  value  of 
2 

— it  will  be  found  less  laborious  to  use  the  equivalent  form 

2  J3     Q.       ,      a  ajb 
— .    Similarly,  -^-=-^. 

293.  It  is  also  easy  to  rationalise  the  denominator  of  a  frac- 
tion when  that  denominator  consists  of  two  quadratic  surds. 

For         «      =       a(Jb^Jc)  a(Jb*Jc) 
Jb±Jc    (Jb±Jc)(Jb*Jc)  b-c 

So  also       a     =     "Q^J0)  _<*(°*JC) 
b±>jc    (b±Jc)(b=Fjc)  b'-c 
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294.  By  two  operations  we  may  rationalise  the  denominator 
of  a  fraction  when  that  denominator  consists  of  three  quadratic 
surds.  For  suppose  the  denominator  to  be  Ja  +  Jb  +  Jc;  first 
multiply  both  numerator  and  denominator  by  J  a  +  Jb  —  Jc,  thus 
the  denominator  becomes  a  +  b  —  e  +  2  J(ab) ;  then  multiply  both 
numerator  and  denominator  bya  +  b  —  c—2  J(ab),  and  we  obtain 
a  rational  denominator,  namely  (a  +  b  —  c)3  —  4tab9  that  is, 

a"  +  V  +  c*  -  2ab  -  2bc  -  2ca. 

295.  A  factor  may  be  found  which  wtil  rationalise  any  bino- 
mial. 

1      2.  -Li. 

(1)  Suppose  the  binomial  ap  +  bq .    Put  x  =  ap,  y  =  bq  ;  let 

n  be  the  least  common  multiple  of  p  and  q ;  then  xm  and  y"  are 
both  rational  Now 

(x  +  yXaT1  -  xn"y  +  x*~Y  -  ....  ±  y-1)  =     *  y>, 

where  the  upper  or  lower  sign  must  be  taken  according  as  n  is 
odd  or  even.  Thus, 

a*-1  -  ar  v  +    y  -  *  y-> 

is  a  factor  which  will  rationalise  #  +  y. 

(2)  Suppose  the  binomial  ap  -b*.  Take  a;,  y,  and  n  as  be- 
fore. Now 

(x-y)^'1 +  x*-'y  +  x-Y  +  +  tf"1)  =  x9-tfl. 

Thus  a""1  +  «"~sy  +  a"' Y  +  +  y"""1 

is  a  factor  which  will  rationalise  x  —  y. 

Take,  for  example,  a*  +  6^;  here  w  =  6.  Thus  we  have  as  a 
rationalising  factor 

x5  -  x*y  +  x*y*  -  x*tf  +  ay*  -  y5, 

that  is,  a1  -  a1 6*  +  a*  6*  -       +       -  &*, 

that  is,  a1  -       +  a* 6*  -  a£  +  aM  -  6* 

The  rational  product  is  x9  —  y*,  that  is,  a*  -  $,  that  is,  a3  -  6*. 
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296.  The  square  root  of  a  rational  quantity  cannot  be  partly 
rational  and  partly  a  quadratic  surd 

If  possible  let  Jn  =  a  +  Jm ;  then  by  squaring  these  equal 
quantities  we  have  n  =  a*  +  2a  Jm  +  m;  thus  2a  Jm  =  n-a* -m, 

and  Jm  =  - — ^-  m ,  a  rational  quantity,  which  is  contrary  to 

the  supposition. 

297.  I/two  quadratic  surds  cannot  be  reduced  to  others  which 
have  the  same  irrational  part,  their  product  is  irrational. 

Let  Jx  and  Jy  be  the  two  quadratic  surds,  and  if  possible 
let  J(xy)  =  rx  where  r  is  a  whole  number  or  a  fraction.  Then 
xy  =  r*x*,  and  y  r*x,  therefore  Jy  =  r  Jx,  that  is,  Jy  and  Jx 
may  be  so  reduced  as  to  hare  the  same  irrational  part,  which  is 
contrary  to  the  supposition. 

298.  One  quadratic  surd  cannot  be  made  up  of  two  others 
which  have  not  the  same  irrational  part. 

If  possible  let  Jx  =  Jm  +  Jn;  then,  by  squaring,  we  have 
x  =  m  +  n  +  2  J(mn),  and  J{mn)  =  £  (a?  -  m  —  n),  a  rational  quan- 
tity, which  is  absurd. 

299.  In  any  equation  x  +  Jj  =  a  +  Jb  which  involves  rational 
quantities  and  quadratic  surds,  the  rational  parts  on  each  side  are 
equal,  and  also  the  irrational  parts. 

For  if  a;  be  not  equal  to  a  suppose  x  =  a  +  m;  then 

a  +  m  +  Jy  =  a  +  Jb, 

so  that  m  +  Jy  =  Jb ;  thus  Jb  is  partly  rational  and  partly  a 
quadratic  surd,  which  is  impossible  by  Art.  296.  Therefore  x  =  a, 
and  consequently  Jy  =  Jb.  % 

300.  If  J(a  +  Jb)  =  x  +  Jy,  then  J(a  -  Jb)  =  x  -  Jy. 
For  since  J(a  +  Jb)  =  x  +  Jy,  we  have  by  squaring 

a  +  jb  =  x'  +  2xjy  +  y; 
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therefore,  a  =  xa  +  y,  Jb  =  2x  Jy,  (Art  299). 
Hence,  a  —  Jb  =  x*  -  2x  Jy  +  y, 

and,  J(a  -Jb)  =  x-  Jy. 

Similarly  we  may  shew  that  if 

J{a  +  tJb)  =  Jx  +  Jy, 
then,  J  (a  -  Jb)  =  Jx-  Jy. 


301.  Tlie  square  root  of  a  binomial,  one  of  whose  terms  is  a 
quadratic  surd  and  the  other  rational,  may  sometimes  be  expressed 
by  a  binomial,  one  or  each  of  whose  terms  is  a  quadraUc  surd. 

Let  a  +  Jb  be  the  given  binomial,  and  suppose 
J  {a  +  Jb)  =  Jx+  Jy. 
By  Art  300,  J(a  -  Jb)  =  Jx~  Jy. 

By  multiplication,       J(a* -rb)  =  x  —  y. 

By  squaring  both  sides  of  the  first  equation 
a  +  Jb  =  x  +  2  J(xy)  +  y; 
therefore,  a  =  x  +  y. 

Hence,  by  addition  and  subtraction, 

a  +  J(a*-b)  =  2x,       a  -  J(a*  -  b)  =  2y  ; 
therefore,    x=${a  +  J(a* - b)},       y  =  £{a-  J(a* - b)}. 

Thus  x  and  y  are  known,  and  therefore  J(a  +  Jb)  which  is 

J*  +  Jy. 

Also  J{a-  Jb)  is  known,  for  it  is  Jx-  Jy. 

302.  For  example,  find  the  square  root  of  3  +  2  J2. 
Here    a  =  3,       Jb=2  J%       a*-b  =  9-8=l; 

therefore        «=£(3+l)  =  2,       y  =  £(3-l)=l. 
Thus  fJ(3  +  2J2)  =  J2  +  Jl  =  tJ2  +  l. 
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303.  Again;  find  the  square  root  of  7  -2  J10. 

Instead  of  usingthe  result  of  Art.  301  we  may  go  through  the 
whole  operation  as  follows  :  • 

Suppose         ^(7  -2  J10)  =  Jx-Jy; 
then,  by  squaring,     7-2  J10  =  x- 2  J(xy)  +  y ; 

hence  x  +  y  =  7   (1), 

and  2  J(xy)  =  2  J10 ; 

therefore  (x  +  yf  -  ixy  =  49  -  (2  ^/l  0)a, 

that  is,  (x-y)a=49-40  =  9, 

and  x-y  =  3  (2); 

therefore,  from  (1)  and  (2),     x  =  5,  and  y  =  2. 

Thus  J(7-2J10)  =  J5-J2. 

304.  It  appears  from  Art.  301  that 

hence,  unless  a*  -  6  be  a  perfect  square,  the  values  of  ^/a;  and  Jy 
will  be  complex  surds,  and  the  expression  Jx  +  Jy  will  not  be  so 
simple  as  J(a  +  Jb)  itself. 

305.  A  binomial  surd  of  the  form  J(a*c)  +  Jb  may  be  written 
thus  Jc  (a  +  ^J^j :    ^  ^en  a*  -  ^  he  a  perfect  square  the  square 

root  of  a  +        ^7  06  expressed  in  the  form  Jx  + 

Hence  the  square  root  of  J(a'c)  +  Jb  is  Jc(Jx+  Jy), 

306.  For  example,  find  the  square  root  of  ^32  +  ^30. 
Here  J32  +  ^30  =  ^2(4  +  ^1^) ; 

thus  V(  V32  +  J$0)  =  ys  x  ^(4  +  J15) ; 
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and  it  may  be  shewn  that 

Hence  J(  JZ2  +  ^30)  =  J§  =  ±(^5  +  ^3> 

307.  Sometimes  we  may  extract  the  square  root  of  a  quantity 
of  the  form  a  +      +  */c  +  ^/c?  by  assuming 

Jia+Jb+Jc+Jd)  =  Jx  +  Jy+Jz', 
then  a+Jb  +  Jc  +  Jd=x  +  y  +  z  +  2  J(xy)  +  2  ^/(y*)  +  2  ; 
we  may  then  put- 

owe?  i/*  tffo  values  of  x,  y,  z,  fownd  from  these,  also  satisfy 
x  +  y  +  z  =  a}  we  shall  have  the  required  root. 

308.  For  example,  find  the  square  root  of 

8  +  2J2  +  2J5  +  2J1Q. 
Assume    J(8  +  2  J2 +  2  J5  +  2  J10)  =  Jx+  Jy+  Jz ; 
then 

8+2  J2  +  2J5  +  2       =  x  +  y  +  z+2  J(xy)  +  2         +  2 

Put    2J(xy)=2J2,      2J(yz)  =  2j5,       2  J(zx)  =  2  J10 ; 

hence  by  multiplication  J(xy)  x  ^(y^) 

and  ^V10> 

therefore  by  division  y  =  1 ; 

hence  x  =  2,    and   z  =  5. 

These  values  satisfy  the  equation  x  +  y  +  z  =  8. 
Thus  the  required  square  root  is  ^/2  +  */!  +  ^/5, 

that  is,  1  +  V2  +  N/5. 
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309.  If  9J(a+Jb)  =  x  +  Jy,   then    J(a- Jb)  =  x-  Jy. 
For  suppose  J(a  +  Jb)  =  x  +  Jy ; 

then  by  cubing  a  +  Jb  =  x*  +  Zx*  Jy  +  3xy  +  y  Jy ; 

therefore      a  =  x*+  3xy,       -Jb  =  3x*  Jy  +  y  Jy,    (Art.  299) ; 

hence  a  -  Jb  =  x*-3x§  Jy  +  3xy  -  y  Jy, 

and  %J{<*-Jb)  =  x-Jy. 

310.  The  cube  root  of  a  binomial  a±  Jb  may  be  sometimes 
found. 

Assume  J (a  +  Jb)  =  x  +  Jy, 
then  J(a- Jb)  =  x-  Jy. 

By  multiplication      J(a'  —  b)  =  x*—y. 

Suppose  now  that  a*  -  b  is  a  perfect  cube,  and  denote  it  by  c9, 
thus  c  =  x*-y; 

and,  as  in  Art  309,  a  =  x*  +  3xy. 

Substitute  the  value  ofy; 
thus  a  =  sc8  +  3^0^  —  c)  ; 

therefore  —  3c&  =  a. 

Prom  this  equation  a;  must  be  found  6y  trial,  and  then  y  is 
known  from  the  equation  y  =  x*  —  c. 

Thus  it  appears  that  the  method  is  inapplicable  unless  a'—b 
be  a  perfect  cube;  and  then  it  is  imperfect  since  it  leads  to  an 
equation  which  we  have  not  at  present  any  method  of  solving 
except  by  trial.  The  proposition,  however,  is  of  no  practical 
importance. 

311.  For  example,  find  the  cube  root  of  10  4-  ^108. 
Assume  y(10  +  J108)  =  x  +  Jy, 

then  9J{10-J108)  =  x-Jy. 
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By  multiplication  1/(100- 108)  =  a? -y, 
that  is,  —  2  =  x*  —  y . 

Also  10  =  ^  +  3^ 

=  x*+3x(x9+2); 
therefore  4a?3  +  6a:  =  10. 

We  see  that  this  is  satisfied  by  x  =  1 ;  hence  y  =  3  and  the 
required  cube  root  is  1  +  ^3. 


EXAMPLES  OF  SURDS. 

1.  Find  a  factor  which  will  rationalise  a£  — 

2.    n/2-4/3. 

3.    JS  +  ft. 

4.  Shew  that  — *  ^7^-5  zr2  =  a;  +  */(ar  -  or). 

x  +  a-  J (ar  -  a  )  ^  v  7 

5.  Given  V3  -  1*7320508,  find  the  value  of  ^~/3  * 

15 

8.  Extract  the  square  root  of 

9?-24    /?  +  34-24    A  + 

9.  Extract  the  square  root  of  (a  +  b)'  -  4  (a  -  6) 

10.    3  +  2  ^3. 

11.   7-4^/3. 
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12.  Extract  the  square  root  of  7  +  2  J10. 

13.    18  +  8J5 

14.    75-12  ^21. 

15.    16  +  5^/7. 

16.   ab  +  c*  +  J{(a*  -  c*)(b*  -  c*)}. 

17.    -  9  +  6  JS. 

18.    1  +  (1  -  c")-i. 

19.  Find  the  value  of 

l+x  l-x  J3 

i  77-j  1  +  -z  jrz  r  when  x  =  — — . 

l  +  J(l  +  x)    1+^(1 -a)  2 

20.  Find  the  value  of 


21.  Extract  the  square  root  of  6  +  2  J2  +  2      +  2  JO. 

23.    5  +  J10  -  J6  -  J\5. 

23.  Extract  the  square  root  of 

15  -  2  JZ  -  2  ^15  +  3  J2  -  2  ^6  +  2  ^5  -  2  ^30. 

24.  Extract  the  cube  root  of  7  +  5  J2. 

25.  Find  the  cube  root  of  16  +  8  J5. 

26.    9  ^3  -  10  J2. 

27.    21J6-23J5. 

28.  Shew  that  */(j5  +  2)-  5/(^5-2)=  1. 
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XX.    QUADKATIC  EQUATIONS. 

312.  When  an  equation  contains  only  the  square  of  the 
unknown  quantity  the  value  of  this  square  can  be  found  by  the 
rules  for  solving  a  simple  equation ;  then  by  extracting  the  square 
root  the  values  of  the  unknown  quantity  are  found.  For  example, 
suppose 

8a*  -  72  +  1  Ox9  =  7  -  24a1  +  89  : 

by  transposition  42x*  =  168 ; 

by  division  x*  =  4 ; 

therefore  x  =      =  ±  2. 

The  double  sign  is  used  because  the  square  root  of  a  quantity 
may  be  either  positive  or  negative.    (Art.  231.) 

313.  It  might  at  first  appear  that  from  £c"  =  4  we  ought  to 
infer,  not  that  x  =±2,  but  that  ±#  =  ±2.  It  will  however  be 
found  that  the  second  form  is  really  coincident  with  the  first.  For 
±  x  =  ±  2  gives  either  +  x  =  +  2,  or  +  x  =  —  2,  or  —  x  =  +  2,  or 
—  x  =  —  2;  that  is,  on  the  whole,  either  x  =  2,  or  x  =  -2.  Hence 
it  follows,  that  when  we  extract  the  square  root  of  the  two  mem- 
bers of  an  equation  it  is  sufficient  to  put  the  double  sign  before 
the  square  root  of  one  of  the  members. 

314.  Quadratic  equations  which  contain  only  the  square  of 
the  unknown  quantity  are  called  pure  quadratics.  Quadratic 
equations  which  contain  the  first  power  of  the  unknown  quantity 
as  well  as  the  square  are  called  adfected  quadratics.  We  proceed 
now  to  the  solution  of  the  latter. 

315.  We  shall  first  shew  that  every  quadratic  equation  may 
be  reduced  to  the  form  x2  +px  =  q,  where  p  and  q  are*  positive  or 
negative.    For  we  can  reduce  any  quadratic  equation  to  this  form 

V  the  following  steps;  bring  the  terms  which  contain  the  un- 
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known  quantity  to  the  left-hand  side  of  the  equation,  and  the 
known  quantities  to  the  right-hand  side;  if  the  coefficient  of  x* 
be  negative,  change  the  sign  of  every  term  of  the  equation ;  then 
divide  every  term  by  the  coefficient  of  x*.  Thus  we  may  represent 
any  quadratic  equation  by 

x*  +px  =  q. 

To  solve  this  we  add  ^p*  to  both  sides ;  thus 


i  • 


The  left-hand  member  is  now  a  complete  square;  extract  the  square 
root  of  each  member ;  thus 


transpose  the  term  ^ ,  and  we  obtain 


-fV<S*0- 


316.    For  example,  suppose 

-3x*  +  36x -105  =  0; 
transpose,  —3x*+  36a;  =  105 ; 

change  the  signs,  3  x*  —  36a;  =  —  105  ; 

divide  by  3,  a^-12x  =  -35  ; 

add  to  both  sides  (  — ) ,  that  is,  36 ;  thus 

^ -12x4-  36  =  36-35=1; 
extract  the  square  root  of  both  members ;  thus 

«-6  =  ±l. 

Therefore  x  =  6  ±  1 ;  that  is,  x  =  7,  or  5.  If  either  of  these 
values  be  substituted  for  x  in  the  expression  —  3a:9  +  36a:  —  105  the 
result  is  zero. 
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317.  Hence  the  following  role  may  be  given  for  the  solution 
of  a  quadratic  equation  : — 

By  transposition  and  reduction  arrange  the  equation  so  that 
the  terms  involving  the  unknown  quantity  are  alone  on  one  side9 
and  the  coefficient  of  x*  is  +  1 ;  add  to  both  sides  of  the  equation 
the  square  of  half  the  coefficient  of  x,  and  extract  the  square  root  of 
both  sides. 

318.  As  another  example  we  wOl  take 

ax*  +  bx  +  c  =  0 ; 
transpose,  ax*  +  bx  =  —  c; 

divide  by  a,  Xs  +  —  =--  : 

a  a 


V-±ac 


fb\*  .   bx     b*      V  c 

b  ±J(b*-4ac) 
extract  the  square  root,    x  +  ^  =  ^— —  ' ; 

transpose,  x  —  ~~~^2~ — 

319.  When  an  example  is  proposed  for  solution  we  may, 
instead  of  going  through  the  process  indicated  in  Art.  317,  make 
use  of  the  formula  in  Art.  318.  Thus,  take  the  example  in  Art. 
316,  namely,  -  &r*+  36a  - 105  =  0,  and  by  comparing  it  with  the 
formula  in  Art  318  we  see  that  we  may  suppose  a  =  —  3,  b  =  36, 
c  =  — 105.  Hence  if  we  put  these  values  for  a,  b,  and  c  in  the 
result  of  Art.  318  we  shall  obtain  the  value  of  a.  Here 

b*-±ac  =  (36)'-  12  x  105  =  36 ; 

-  -36*6  r 

therefore  x  =  ^ —  =  7,  or  5. 

—  o 

320.  For  another  example  take  the  equation 
add  (|V  *c*-6a;  + 9  =  9-2  =  7; 
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extract  the  square  root,    x  -  3  =  *  ^/7, 

transpose,  x  =  3  *  ^/7. 

Here  cannot  be  found  exactly;  but  we  can  find  an  ap- 
proximate value  of  it  to  any  assigned  degree  of  accuracy,  and  thus 
obtain  the  value  of  x  to  any  assigned  degree  of  accuracy. 

321.  In  the  examples  hitherto  considered  we  have  found  two 
different  roots  of  a  quadratic  equation;  in  some  cases  however  we 
shall  find  really  only  one  root.  Take  for  example  the  equation 
x*-  \2x  +  36  =  0;  by  extracting  the  square  root  we  have  x- 6  =  0, 
and  therefore  se=  6.  It  is  however  convenient  in  this  case  to  say 
that  the  quadratic  equation  has  two  equal  roots. 

322.  If  the  quadratic  equation  be  represented  by 

ax*  4-  bx  +  c  =  0, 
we  know  from  Art.  318  that  the  two  roots  are  respectively 

2a  2a 

Now  these  will  be  different  unless  b*  -  iac  =  0,  and  then  each  of 

them  is  -  ~  .  This  relation  b*  -  iac  =  0  is  then  the  condition  that 
La 

must  hold  in  order  that  the  two  roots  of  the  quadratic  equation 
may  be  equal. 

323.  Consider  next  the  example  x*  -  10a;  +  32  =  0, 
By  transposition,      x*-  lOx  =  -  32  ; 

by  addition,         x9  -  10<e  +  25  =  25  -  32  =  -  7. 
If  we  proceed  to  extract  the  square  root  we  have 
x-B  =  ±  J-7. 

Sut  -  7  has  no  square  root  either  exact  or  approximate  (Art 
232);  thus  no  real  value  of  x  can  be  found  to  satisfy  the  proposed 
equation.  In  such  a  case  the  quadratic  equation  has  no  real  roots; 
T.A.  11 
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this  is  sometimes  expressed  by  saying  that  the  roots  are  imaginary 
or  impossible.  We  shall  return  to  this  point  in  a  subsequent 
chapter. 

324.    If  the  quadratic  equation  be  represented  by 
oaf  +  bx  +  c  =  0, 

we  see  from  Art.  318  that  the  roots  are  real  if  V-  iac  is  positive, 
that  is,  if  b*  is  greater  than  4ac,  and  that  the  roots  are  impossible 
if  b2  —  4ac  is  negative,  that  is,  if  6*  is  less  than  4ac. 

EXAMPLES  OF  QUADRATICS. 

1.  x9  -  5x  +  4  =  0. 

2.  6^-130;  + 6  =  0. 

3.  a»-4aj+3  =  0. 

4.  30* -7a;  =  20. 

5.  2x*-7x  +  3  =  0. 

6.  Zx*  -  53a*  +  34  =  0. 

7.  a,+  10a>  +  24  =  0. 

8.  7*,-3<e=  160. 

9.  14*-*"=  33. 

10.  2x*-2x-^  =  0. 

11.  a^-3  =  i(aj-3). 

12.  4  (a* -1)  =  4oj-1. 

13.  110a*  -  21a?  +  1  =0. 

14.  780*,-73aj+l  =  0. 

15.  (*-l)(*-2)  =  6. 

16.  (3a?-2)(a;-l)  =  14. 

17.  (3aj-5)(2aj-5)  =  (*  +  3)(aj-l). 
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18.  (2a?+l)(«+2)  =  3a;s-4. 

19.  (a +1)  (2* +3)  =  43* -22. 

20.  (a:-l)(«-2)  +  (a;-2)(a:-4)  =  6(2a-5). 

21.  (2x-3)a  =  8x. 

22.  (fo-3),-7  =  44a?+5. 

23.  (*-7)(a-4)  +  (2*-3)(a;-5)  =  103. 

Qd  5  .   7      73  A 

24.  y^+r+i4-  =  0. 

0/s  «    2    a?  3 

26.  -+-=-+_. 
2    x    3  x 

27.  g^lJ-^+s-l^Afc+l). 

28.  8*  +  ll  +  I  =  21  +  65a! 


29. 


as  7 

6    a;    5  (x-1) 
x+6~      4  * 


30.  ;+JL_„. 

7    «  +  5  r 

31.  *L  » 
5-*    7  T 


32. 
33. 


3        _1  1 

2(^-1)  4(a>+l)~8* 

_J   3  1 

2(a:-l)',V-l~4'  • 

2a>  3a; +  50  _  12s -70 
15+3(10-a!)~    190  ' 

2os  3a;-50  _12jc  +  70 
15  +  3(10  +  a:)~    190  ' 


11—2 
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*+2     4-0!  7 


36. 


38. 


43. 
44. 


46. 


x-l      2x  3' 


37.  _8+l. 
x  +  6  x 


a?-6  x-12  5 
a;  —  12     a;  —  6     6  * 


a; 4-  4    x-4  10 

39.   t+  v=-o-. 

a5—4    x+  4  3 

a?  +  2    a;-2  13 

40.   h  +         =  -x- . 

x~2    x  +  2  6 

x      x+1  13 

41.   T  +  = 

fiC+  1         X  D 

x      3    a- 1 

42.  -^t  =  h  +  

a- 1     2  SD 


48. 


1  2 


a-2    fic  +  2  5' 

4    l  _5_  =  12 
1    a;  +  2 ~"  x  +  3" 


5      3  14 

45.   s  +  -  =  Tl « 

x  +  2    x    a  +  4 


2a;  -3  3a? -5  5 
3a7^5+  2aJ-3~2' 


Afr  3a;-2  2a;-5  10 
47.    o  •>» + 


2a; -5    3a; -2  3' 

aM-3  a;- 3  2x-Z 
a;  +  2+*-2~  x-1  ' 


49    x~2  +  x  +  2  -  2     +  3) 
a;  +  2    x—  2  ~    x  —  'd 

KA    a;+l    a?+2    2  (a; +  3) 

50.   r  +  r  =  — ^  . 

»-  1    x-  1      a;  -  o 
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51.  (7-ifJS)xa  +  (2-fjS)x  =  2. 

52.  x*-2ax  +  a'-b2  =  0. 

53.  (3aa  +  b3)(xa-x+l)  =  (Zba  +  aa)(x9A-x+l). 

54.  xt-2ax  +  b9  =  0. 

55.   +  =  + — =0. 

x  —  a    x  —  o    x  -c 

56  1  1       =        1  1 

(#-£)(a;-c)    (a+c)(a+6)~  (a+c)(x-c)  (a+b)(x-b)' 

1  111 

57.   T  =  -  +  T  +  -  . 

a+b+x     a     b  x 

58.  {ax  -b)(bx-a)  =  c*. 

kn       a         b  2c 

59.   +  7  =  . 

x  —  a    x  —  o  x—c 

60.  a&e9  +  =  -a  . 

c  c  c 

x  +  a    x+b    x+c  0 

61.  +  t  +  =  3. 

x  —  a    x—o  x—c 

^2    a  +  c(a  +  x)  +  a  4- a?  _  a 

a  +  c(a-x)      x      a-  2cx ' 


XXI.    EQUATIONS  WHICH  MAY  BE  SOLVED 
LIKE  QUADRATICS. 

325.    There  are  many  equations  which,  though  not  really 
quadratics,  may  be  solved  by  processes  similar  to  those  given  in 
the  preceding  chapter.    For  example,  suppose 
x4-9a;s+20  =  0. 
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Transpose,  x* -9x*  =  -20 ; 

by  addition,  x4  -  dx*  +       =  20  =  1 ; 

9  1 

extract  the  square  root,  j^--=±-; 

9  J 

therefore  a^=^±^  =  5,  or  4; 

therefore  a?= ±  ^5,  or  ±  2. 

326.  Similarly  we  may  solve  any  equation  of  the  form 

ax*n  +  bxn  +  c=0. 
Transpose,  ax*"  +  foe"  =  -  c  ; 

divide  by  a,  ar  +  —  =  — ; 

J    1  a  a7 

by  addition,       +  +  -  +        =  y  -  -  =  -y-  ; 

extract  the  square  root,    ar  +  —  =    > 

therefore  «"  =    —  ^ — 

2a 

Hence  by  extracting  the  ntb  root  the  value  of  a:  is  known. 

327.  Suppose,  for  example, 

x  +  4  N/ar=21 ; 
therefore  x  +  4  Jx  +  4  =  25 ; 

therefore  ^3+ 2  =  ±5; 

therefore  ^/cc  =  -2  ±5  =  3,  or  -  7 ; 

therefore  x  =  9,  or  49. 
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328.   Again,  suppose 

1  25 

therefore  x~l  +      +  j  =  -j- ; 

.    r  -A    1  ±5 

therefore  x  »  +  -  =  — ; 

therefore  =  —  i±^  =  2,  or -  3; 

therefore  x~l  =  4,  or  9, 

1  1 

:4'°r9' 


^  11 

and  x  =  -7 ,  or  - . 


329.   Suppose  we  require  the  solutions  of  the  equation 

x+J(5x  +  lO)  =  8. 
By  transposition,    ^(50?  +  10)  =  8  —  a?; 

square  both  sides ;  thus 

5aj+10  =  64-16a?  +  o;9; 
therefore  x*  —  2lx  =  —  54; 

therefore  *'  -  21,  +  (»)»  (2^)'-  54  =  ?* ; 

therefore  as  — ^-  =  =*=  ; 

therefore  <c=  ~  ±  —  =  18,  or  3. 

Substitute  these  values  of  x  in  the  left-band  side  of  tbe  given 
equation;  it  will  be  found  that  3  satisfies  tbe  equation  but  that  18 
does  not;  we  shall  find  however  that  18  does  satisfy  tbe  equation 

x-  J{5x+  10)  =  8. 

In  fact  tbe  equation  5x  +  10  =  64  —  16a;  +  x*  wbicb  we  obtained 
from  tbe  given  equation  by  transposing  and  squaring  might  have 
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arisen  also  from  x  —  J{5x  + 10)  =  8.  Hence  we  are  not  sure  that 
the  values  of  x  which  are  finally  obtained  will  satisfy  the  proposed 
equation ;  they  may  satisfy  the  other  form. 

330.  Again,  consider  the  example 

x-2  J(x>  +  x  +  5)-U  =  0. 
By  transposition,  x-  14  =  2  ,J(x*  +  x  +  5) ; 
by  squaring,        x*  -  28a?  +  196  =  4x*  +  4<c  +  20  ; 
therefore  3x*  +  32a?  =  176, 

-44 

From  the  last  equation  we  shall  obtain  x=4,  or        .    It  will, 

o 

hpwever,  be  found  on  trial  that  neither  of  these  values  satisfies  the 
proposed  equation;  each  of  them  however  satisfies  the  equation 

x  +  2  J(x'  +  x  +  5)-U  =  0. 

From  this  and  the  preceding  example  we  see  that  when  an 
equation  lias  been  reduced  to  a  rational  form  by  squaring  it  will 
be  necessary  to  examine  whether  the  roots  which  are  finally 
obtained  satisfy  the  equation  in  the  form  originally  given. 

331.  Suppose  that  all  the  terms  of  an  equation  are  brought  to 
one  side  and  the  expression  thus  obtained  can  be  represented  as 
the  product  of  simple  or  quadratic  factors,  then  the  equation  can 
be  solved  by  methods  already  given.    For  example,  suppose 

{x  -  c)(x*  -3ax  +  2cf)  =  0. 

The  left-hand  member  is  zero  either  when  x—  c  =  0,  or  when 
x*  —  Sax  +  2a2  =  0.    But  if  x  —  c  =  0  we  have  x  =  c  \  and  if 

of- Sax  +  2a*  =  0, 

we  shall  find  that  x=a,  or  2a.  Hence  the  proposed  equation  is 
satisfied  by  x  =  c,  or  a,  or  2a. 

332.  Facility  in  separating  expressions  into  factors  will  be 
acquired  by  experience ;  some  assistance  however  will  be  furnished 
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by  a  principle  which  we  will  here  exemplify.  Consider  the 
example  * 

x(x  —  c)a  =  a  (a  —  c)f. 
Here  it  is  obvious  that  x  =  a  satisfies  the  equation;  and  we  shall 
find  that  if  we  bring  all  the  terms  to  one  side  x-a  will  be  a  factor 
of  the  whole  expression.    For  the  equation  may  be  written 

a^-a*- 2c(x*  -  a9)  +  c?(x-a)  =  0 ; 
that  is,         (x -a)  {x*  +  ax  +  a* -  2c(x  +  a)  +  c?)  =  0. 

Hence  the  other  roots  besides  a  will  be  found  by  solving  the 
quadratic 

x*  +  ax+a*-2c(x+a)  +  c?  =  0. 
In  this  manner  when  one  root  is  obvious  on  inspection,  we 
may  succeed  in  arranging  the  equation  in  the  manner  named  in 
Art.  331. 

333*  We  will  now  add  some  miscellaneous  examples  of  equa- 
tions reducible  to  quadratics. 

(1)  Suppose 

x*-7x  +  J(x9-7x  +  18)  =  24. 
Add  18  to  both  sides;  thus, 

_  7a- +  18  4V(^  -  7*  +  18)  =  42 ; 
complete  the  square;  thus, 

x*- 7s+  18  +  jp-  7x+  18)  +  j  =  42i  = 

1  13 

therefore,  ^(x9 -  7x  +  18)  +  ^  =±  ; 

therefore,  J(x*  -  7x  +  18)  =  6  or  -  7 ; 

therefore,  a?  -  7x  +  18  =  36  or  49. 

Hence  we  have  now  two  ordinary  quadratic  equations  to 
solve.  We  shall  obtain  from  the  first  x  =  9  or  -  2,  and  from  the 
second  x  =  £(7  *  ^173).  It  will  be  found  on  trial  that  the  first 
two  only  are  solutions  of  the  proposed  equation;  the  others  apply 
to  the  equation 

a?  _  7X  _  j(gf  _  7X  +  1 8)  =  24. 
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(2)  Suppose 

x*  +  x*  -  4aj*  +  x  +  1  =  0. 

Divide  by  x*,  thus, 

.         .     1     1  A 
a?*  +  a:-4  +  -  +—.  =  0: 
xx  1 

or,  a^+^  +  aj  +  i      =  0  . 

therefore,        ^  +  1^  +  ^  +  2^  _  g  =  q  . 
therefore,  ^  +  1^  +  ^  +  _ 

therefore,  #  +  _  +    =±  £  . 

a;     2  2' 

therefore,  x  +  —  =2  or  - 3. 

x 

First  suppose,  a?  +  —  =  2 ; 

•27 

therefore,  x*  -  2a:  +  1  =  0; 

therefore,  as  =  1. 

Next  suppose,  x  +  —  =  —  3 ; 

a?  ' 

therefore,  x*  +  3x  =  -l ; 

therefore,  ^  +  3x4-?  =  ?-  !  =  ^: 

4    4  4 

therefore,  a:  + 1  =  ±  ^  and  a?  =  -  3  *  ^ . 


(3)  Suppose 


x4  +  3a?  +  1  =  3a?8  +  ~  Xs. 


m  4ai* 
Transpose  a;4- 3a?8  + 3a?+ 1  =  — ; 


Digitized  by  Google 


SOLVED  LIKE  QUADRATICS.  171 
therefore,       V^~~t)  "T  +  3aj+  1  =  "9"^* 

(»*-t)'-2(*'-¥)+i't 


a"  4g,_2&c» 
+  y  ~~  36  ' 


Extract  the  square  root 


*    2  T* 
We  have  now  ordinary  quadratics,  namely  - 1 

and  a?2  —  — -1  =  — — .     From  the  former  we  shall  obtain 
x  =  I  C  *  <s/85)>  ai^d  from  the  latter  a;  =  £  (1  ±  ,/10). 
(4)  Suppose 

6x  Jx  -  11a;  +  6  ,/ai  -  1  =  0. 

We  may  write  the  equation  in  the  form 

(x-3Jx)*  +  2(x-3Jx)  +  l  =x*. 
Hence,  x-3  Jx+1  =  ±  x. 

Take  the  upper  sign ;  thus, 

x  —  3  Jx  +  1  =  x ; 

therefore,  =  -i ,  and  a?  =  . 

Take  the  lower  sign;  thus, 

x-3  Jx  +  1  =  -a;; 
therefore,  2x~3  Jx  +1=0. 

From  this  we  obtain  Jx  =1  or     and  therefore  x-l  or  j . 

It  will  be  seen  that  very  artificial  methods  are  adopted  in  some 
of  these  examples;  the  student  can  acquire  dexterity  in  using 
such  transformations  only  by  practice. 
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EXAMPLES  OF  EQUATIONS  REDUCIBLE  TO  QUADRATICS. 


1.  3x  +  2Jx-l  =  0. 

2.  xl0+3lx*  =  32. 


4.  x*  -  I3x*»  =  14. 

5.  35a?8 +216  =  0. 

6.  a;"  -  a;"  4-  2  =  0. 

7.  05  +  2  J(ax)  +  c  =  0. 

8.  3*4- 7^  =  43076. 


9.    8*^+^  =  16. 


11.  ,/(2x)~7a;  =  -52. 

12.  a;4 -14*^+40  =  0. 

13.  2a;+N/(^  +  8)  =  5- 

14.  2^/a>  +  -r  =  5. 

15.  **  +  &rJ-22  =  0. 

16.  3s* -4^*  =  7. 

17.  x+5-J(x  +  5)  =  6. 

18.  2(a/+af  ")  =  5. 


3. 


3tf8  +  42a:*  =  3321. 
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19.    J(2x  +  7)  +  J(3x  -  18)  =  J{lx  +  1). 

21.  >J(a+x)  +  J(a-x)  =  Jb. 

22.  N/(a;+9)  =  2\/a;-3- 

23.  x  +  N/(&»  +  10)  =  8. 

24.  2*+1  +  4*  =  80. 

25.  (a* +       =  + 

28.  (a  +  &)V(a,  +  &2  +  ^-(a-&)N/(a*  +  &,-^=«'  +  6ir- 

29.  x+Jx  +  J(x+2)+J(a?  +  2x)  =  a. 

30.  2a;  +  V(2  +  2a;)  =  c(1  -4 

a  —  a?  a  +  a?     _  —  / 

3L     %/a  +  %/(«-*)+  V«+n/(«  +  *)"V 

J(x+2a)-J(x-2a)  _ 
,y(!e-2a)+ V(*+2«)  2a* 

33.  +  8)  -  «/(*  +  3)  =  Vas. 

34.  N/(a:+3)  +  V(a!+8)  =  5>/a!- 
a? -a*    rf  +  a?  _ 34 

36.  J(a  +  bx*)-Ja  =  cJQ>x'). 

37.  V(*+*W*  + 

38.  ^^-a'-I^O. 


32. 
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on     850    x'jx'-a*)  . 


42.   +  =  4a. 

a  +  a;      a  — a 

43.  <s/(l-a;  +  a^)-^(l  +  a;  +  a:a)  =  m. 

45.    </(a2  -  3o»  +  a*)  +        +  3aa;  +  a")  =  J(2a9  +  26s). 

47.  W+0"i(^+^)  =  0. 

48.  Jx+J{x-J(\  -x)}±\. 

49.  (a; +  «)'-•(*- a)5  =  242a*. 
_ft  +  l  /6 

51.    Jfo'  +  ax+b^+^x*  +  bx  +  a*)  =  a  +  b. 

25^-16    3  (x*  -4) 
10a  +  8       2a-4  * 

53.    (S/(2a:  +  9)  +  N/(3a-15)  =  ,y(7aJ  +  8). 

55.  + 2*- 1)  +  J(x*  +  x  +  \)=J2  +  ^3. 

56.  J(a?+att-l)  +  J(a?  +  bx-l)=Ja-+Jb.. 
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x     («-!)*  11 
°im    2  J(ix-\)~W 

58.  (x*+l)(x+2)  =  2. 

59.  (x-a)(x-b)(x-c)  +  abc  =  0. 
1         1  4x 


60. 


1-a?    l+x  1+xf' 


61.   — r  +  r+  r  +  7  =  0. 

x  +  a  +  b    x  —  a  +  b    as  +  a  — 6    as—  a-b 
(a  —  x)(x  +  m)    (a  4-  x)  (x  —  m) 

Da  ~~ — — — — — ^—  , 

63  ^a  +      -  1  +  CX 
\a  —  xj  ~~  ab' 

64  2x  +  1  +  xj(x*  +  2)  +  (x  +  1)^  +  2a?+  3)  =  0. 

65.  «»  +  3  =  2j(x*-2x  +  2)  +  2x. 

66.  «8+5*  +  4  =  5  ^(^4-  5x  +28). 

67.  ^-2*4.9)  -^=3-*. 

68.  3a^  +  15a;  -  2  ^  +  5«  +  1)  =  2. 

69.  (x  4-  5)  (a;  -  2)  +  3       (a;  4-  3)}  =  0. 

70.  x*  4-  3  -  V(8rf-  3a  +  2)  =  I  (0  4- 1). 

71.  aj(a:+l)  +  3N/(2iB,-6«4-5)  =  2(12-a;)4.1. 

72.  ^-2V(3^-2aaj4-4)4-4  =  y(a?4.|  +  l). 


73.    (cf-a54-3V(2a,-3aj  +  2)  =  |  +  7. 
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75.  (x  +a)(x  +  2a)  (x  +  3a)  (x  +  4a)  =  c\ 

76.  l6x(x+l)(x  +  2)(x+S)  =  9. 

a*  +  aa?  +  a?*  _  a' 
a*-ax  + x*  ~~  x*' 

78.  a  =  *4  +  (l-s)\  , 

79.  x4-2x3  +  x  =  a. 

80.  «4-2a;8  +  a;=  132. 

81.  Jx  +  J{x  +  7)  +  2J{x*  +  U)  =  35  -  2*. 

82.  aj9-8(s+ 1) 18*;+ 1  =  0. 

83.  2(o>  +  oa;)4  +  is/a:  +  /iy(a4-a?)  =  b-2x. 

84.  a4  +  2a8  -  llx9  +  4*  +  4  =  0. 

85.  a?4  +  4a8a  =  a4. 

86.  a4  +  aa?8  +  foe8  +  «e  +     =  0. 

a* 

89'  yK)-yH)-^- 

91.  »*+l  =  0. 

92.  no*  +  *  +  n  +  1  =  0. 

93.  (x-2)(x-$)(x-4)  =  1.2.3. 

94.  (*  - 1)  («  -  2)  («  -  3)  -  (6  -  1)  (6  -  2)  (6  -  3)  =  0. 

95.  (*-l)(*-2)(a!-3)  =  24. 

96.  6s*  -  &c*  +  x  =  0. 
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97.    af+af-tx-t  =  0. 


x  b  V  ,  b  V 
-  +  =1  +  -+-, 
a    x    x*         a  or 


99.  8**  +  16s  =  9. 
100. 

101.  a;  (x*  -  2)  =  w(ic,  +  2ww;  +  2). 

102.  (xt-a^(x  +  a)b  +  (a9-b^(a  +  b)x  +  (b'-x*)(b  +  x)a. 

103.  +^+^-1+^^)*+ 1  =0. 

104.  (p-l)'x9+px9+(j>-l+j^^x+l  =  b 

105.  3^  +  8^-8^=3. 

XXIL    THEORY  OF  QUADRATIC  EQUATIONS  AND 
QUADRATIC  EXPRESSIONS. 

334.    A  quadratic  equation  cannot  have  more  than  two  roots. 

If  possible  let  three  different  quantities  a,  ft,  y  be  roots  of 
the  quadratic  equation  ax*  +  bx  +  c  =  0 ;  then,  by  supposition, 

aa*  +  6a  +  c  =  0,    afF+bp  +  c  =  0f    <*/  +  &y  +  c  =  0. 

By  subtraction, 

a(a9-F)+b(a-P)  =  0; 
divide  by  a— f$  which  is,  by  supposition,  not  zero;  thus, 
a(a  +  j3)  +  o  =  0. 
Similarly  we  have,    a(a  +  y)  +  6  =  0. 
By  subtraction,  <*(fi-y)  -  0; 

this  however  is  impossible,  since  by  supposition  a  is  not  zero,  and 
/?  — 7  is  not  zero.  Hence  there  cannot  be  three  different  roots 
to  ft  quadratic  equation, 

T.  A.  12 
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335.  In  a  quadratic  equation  where  the  coefficient  of  the  first 
term  is  unity,  the  sum  of  the  roots  is  equal  to  the  coefficient  of  the 
second  term  with  its  sign  changed,  and  the  product  of  the  roots  is 
equal  to  the  last  term. 

For  the  roots  of  ax9  +  bx  +  c  =  0  are 

-6+N/(6'-4oc)     ,  -b-J(b*-lac) 
2a  Ya  ~; 

hence  the  sum  of  the  roots  is  —  ~  ,  and  the  product  of  the  roots  is 

^  > tnat      ~~  •    ■^J1^       dividing  by  a  the  equation 

may  be  written  ^  +  +^  =  ®  >  an<*  ^nus  *ne  proposition  is  esta- 
blished. 

336.  Let  a  and  fi  denote  the  roots  of  the  equation 

oaf  +  bx  +  c  =  0 ; 
b  c 

then  a  +  fi  =  and  afi  =  —  .     These  relations  are  useful  in 

a  a 

finding  the  values  of  expressions  in  which  a  and  fi  occur  in  a 
symmetrical  manner.    For  example, 

a'  +  fir  =  (a  +  fiy-2afi=*-2^; 

I     1 =  *  +  fi  =    h     e  b 
a     fi      aft         a     a  c* 


337.    We  have 
ax' 


9  +  bx  +  c  =  a  [a?  +  —  +  — }  : 
(       a     a J ' 


b  c 

now  put  for  —  and  —  their  values  in  terms  of  a  and  fi ;  thus, 

ax8  +  bx  +  c  =  a  {x*  -  (a  +  fi)  x  +  a/?}  =  a  (a>  —  a)  («  —  fi). 

Thus  the  expression  ax9  +  &c  +  c  is  identical  with  the  expres- 
sion a(x-a)(x- fi);  that  is,  the  two  expressions  are  equal  for 
all  values  of  x. 
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The  student  may  naturally  ask  if  the  identity 

ax*  +  bx  +  c  —  a  {x  —  a)  (x  —  /J) 

holds  in  those  cases  alluded  to  in  Art.  323,  where  the  roots  of 
aa?  +  bx  +  c  =  0  are  impossible;  we  shall  return  to  this  point  in 
another  chapter. 

338.  The  student  must  be  careful  to  distinguish  between  a 
quadratic  equation  and  a  quadratic  expression.  In  the  quadratic 
equation  ax*  +  bx  +  c  =  0  we  must  suppose  x  to  have  one  of  two 
definite  values,  but  when  we  speak  of  the  quadratic  expression 
ax*  +  bx  +  c,  without  saying  that  it  is  to  be  equal  to  zero,  we  may 
suppose  x  to  have  any  value  we  please. 

339.  We  have 

ax8  +  bx  +  c  =  a  ix*  +  —  +  —  1 
(       a  a) 

= a  + + ca  -&}=a{(x + b-i^}- 

b*  —  iac 

Now  first  suppose  that  b*  —  Aac  is  negative;  then  — j^s — 

also  negative;  hence  {x  +  -^j  -  ^  necessar^y  positive 

for  all  real  values  of  x.  In  this  case,  ax2  +  bx  +  c  being  equal  to 
the  product  of  a  into  some  positive  quantity  must  have  the  same 
sign  as  a.  Thus  if  b*  -  4ac  be  negative,  ax*  +  bx  +  c  has  the 
same  sign  as  a  for  all  real  values  of  x. 

Next  suppose  that  b*  —  iac  is  zero;  then 

ax*  +  bx+  c=  a(x  +  . 

Here,  as  before,  ax*  +  bx  +  c  has  the  same  sign  as  a;  in  this 
case  the  expression  ax*  +  bx  +  c  is  a  perfect  square  with  respect 
to  x,  and  its  square  root  is 

12—2 
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Lastly,  suppose  that  6*  -  4oc  is  positive ;  then 

=  a(aj-a)(a;-/3), 
where  a  and  /J  are  both  real  quantities,  namely, 

2a  ^  2a 

The  expression  a(x-a)(x-  ft)  must  have  the  same  sign  as 
a  except  when  one  of  the  factors  x  —  a  and  sc  —  is  positive,  and 
the  other  is  negative ;  and  we  shall  now  shew  that  this  can  only 
be  the  case  when  x  lies  in  value  between  a  and  ft.  Of  the  two  quan- 
tities a  -  /J  and  /J  —  a  one  must  be  positive ;  suppose  the  former,  so 
that  a  is  algebraically  greater  than  p.  Now  if  as  is  algebraically 
greater  than  a,  then  x  —  a  is  positive,  and  therefore  also  x  —  ft 
is  positive,  and  if  a;  is  algebraically  less  than  then  x-  ft  is 
negative,  and  therefore  also  a;  —  a  is  negative.  But  if  x  lie  be- 
tween a  and  /?,  then  #-a  is  negative,  and  x  —  fiia  positive. 
For  such  a  value  of  x  the  sign  of  the  expression  ox9  +  bx  +  c  is 
the  contrary  to  the  sign  of  a. 

The  conclusion  of  the  investigation  of  the  three  cases  is  this ; 
ax*  +  bx  +  c  and  a  never  differ  in  sign,  except  when  the  roots 
of  ax*  +  bx  +  c  =  0  are  possible  and  different,  and  x  is  taken  so 
as  to  lie  between  them. 

340.    The  roots  of 

ax9  +  bx  +  c  =  0  are  -4oc) 

/ 

and  the  roots  of 

ax*  -bx  +  c  =  0  are  ^afe*/(^  ~^qg)  ^ 

2a 

It  is  obvious  that  the  latter  roots  are  the  same  as  the  former  with 
their  signs  changed.  Hence  if  two  quadratic  equations  differ 
only  in  the  sign  of  the  second  term,  the  roots  of  one  may  be 
obtained  by  changing  the  signs  of  the  roots  of  the  other. 
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341.  Suppose  we  divide  ax*  +  bx  +  c  by  x-h.  The  first 
term  of  the  quotient  is  ax,  and  the  next  term  ah  +  b,  and  there 
is  a  remainder  alb9  +  bh  +  a  If  this  remainder  vanish,  so  that 
atf  +  hh \c  =  0,  then  h  is  a  root  of  the  equation  ax8  +  bx  +  c  -  0* 
Thus  the  expression  ax9  -f  bx  +  c  is  divisible  by  x  -  h  only  when 
A  is  a  root  of  the  equation  ax8  +  bx  +  c  =  0. 


342.  Some  particular  cases  of  the  equation  ax9  +  bx  +  c  =  0 
may  now  be  investigated.     The  roots  of  the  equation  are 

2a  2a  ' 

we  will  first  examine  the  results  of  supposing  a  =  0. 

The  numerator  of  the  first  root  becomes  -  6  +  6,  that  is,  0; 
thus  this  root  takes  the  form  -jj .    TJhe  numerator  of  the  second 

-26 

root  becomes  -  26 ;  thus  this  root  takes  the  form  — — .    If  in  the 

original  equation  we  put  a  =  0,  it  becomes  bx  +  c  =  0,  so  that 

x  =  —  ~  ;  and  we  may  arrive  at  this  result  from  the  expression 
o 

which  takes  the  form  -jj  by  a  suitable  transformation.  For  mul- 
tiply both  numerator  and  denominator  of  — — ^0- — by 

—  2c 

b  +       —  4ac) ;  thus  we  obtain  ^  ~        -       ,  and  if  we  now 

put  a  =  0,  we  obtain        that  is,  -r^.  If  the  root  ~  ^  ~  N^ 

be  transformed  by  multiplying  its  numerator  and  denominator  by 

—  2c 

b  -  J(p*  —  iac)  it  becomes  ^ZTJ^TT^y  an(*        sm^er  a 

the  smaller  is  the  denominator  of  this  fraction,  and  the  greater  the 
fraction  itself  Thus  we  may  enunciate  our  results  as  follows;  in 
the  equation  ax9  +  bx  +  c  =  0,  if  a  be  very  small  compared  with 
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b  and  c,  one  of  the  roots  is  very  large  and  the  other  is  nearly 
c 

equal  to  -  ,  and  the  smaller  a  is,  the  larger  one  root  becomes, 
and  the  nearer  the  other  approaches  to  —  j- .  ' 

343.  Next  suppose  both  a  and  b  to  be  zero ;  then  the  ordi- 
nary expressions  for  both  roots  take  the  form  ~.  By  trans- 
forming the  roots  as  in  the  preceding  article,  we  shall  see  that 
when  a  and  6  are  both  small  compared  with  c,  both  roots  are  very 
large,  and  become  greater  the  smaller  a  and  6  are. 

344.  Lastly,  suppose  a,  b  and  c  to  be  zero;  then  the  roots 
take  the  form  ~  .    In  this  case,  if  we  transform  the  roots  as  in 

Art.  342,  we  shall  still  obtain  the  form  ^  ;  we  may  say  here  that 
the  value  of  x  is  really  indeterminate. 

345.  We  will  give  an  example  of  the  application  of  the 
results  of  Art.  339. 

x*  —  2x  +  21 

Let  it  be  required  to  ascertain  if  the  fraction  —  — —  can 

035—14 

assume  any  value  we  please  by  suitably  choosing  the  value  of  x. 
x9-2x+21 

therefore,  .    a?*-  2x  +  21  =  y  (fix  -  14) ; 

therefore,  a?f-2  (1  +  3y)  x  +  21  +  Uy  =  0. 

By  solving  the  quadratic  we  obtain 

*=l  +  3y*V(V-8y-20> 

Hence  if  x  is  to  be  real  the  quantity  9y* 20  must  be 
positive;  that  is,  9  (j/-2)  (y  +       must  be  positive.  Therefore 
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y  cannot  lie  between  2  and  —  ~ ,  but  may  have  any  other  value. 

We  conclude  then  that  by  suitably  choosing  the  value  of  g>  the 
•C*  ~—  2«z?  i  21 

fraction  — — jj—  may  have  any  value  we  please,  except 
values  between  2  and  -  ^ . 


EXAMPLES  ON  THE  THEORY  OF  QUADRATIC  EQUATIONS  AND 
QUADRATIC  EXPRESSIONS. 

Resolve  the  following  quadratic  expressions  into  the  product 
of  simple  factors : 

L  3x'-10x-25. 

2.  ^  +  73® +  780. 

3.  2a>'+a-6. 

4.  88a  +1612. 

5.  Form  the  quadratic  equation  whose  roots  are  6  and  8. 

6.    4  and  5. 

7.    1  arid  -  2. 

a    1*^/5. 

9.    Find  the  sum,  difference,  and  product  of  the  roots  of 
V-42a>+ 117  =  0. 

10.  For  what  value  of  m  will  the  equation  2x*  +  8x  +  m=0 

have  equal  roots) 

11.  If  o  and  P  be  the  roots  of  x*  -jMc+  q  =  0,  find  the  value 

of  £  +  £  and  of  a'  +  £\ 
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12.  If  a  and  ft  be  the  roots  of  ax*  +  bx  +  c  =  0,  construct  the 

equation  whose  roots  are  —  and  . 

a  p 

13.  Shew  that  the  roots  of  x*  +px  +  g  =  0  will  be  rational  if 

2>  =      £  where  #  9,  &  are  any  rational  quantities. 

14.  Shew  that  if  aa?*  +  &B+c  =  0  and  a 'x*  +  Vx  +  c'  =  0  have 

a  common  root,  then  (ac  -  ae)*  =  (ab  —  ab^ff/c  —  c b). 

2x-7 

15.  If  &  be  real  prove  that  rr-z — z  =•  can  have  no  real 

r  2x  -2x-5 

value  between  ~  and  1. 

16.  If  p  be  greater  than  unity,  then  for  all  real  values  of  x 

the  expression  ^ — o^^^a  lies  between  - — \  and 
r  x*  +  2x  +  p*  P+L 

p  +  1 


XXIII.   SIMULTANEOUS  EQUATIONS  INVOLVING 
QUADRATICS. 

346.  We  will  now  give  some  examples  of  simultaneous  equa- 
tions where  one  or  more  of  the  equations  may  be  of  a  degree 
higher  than  the  first;  various  artifices  are  employed,  the  proper 
application  of  which  must  be  learned  by  experience. 

(1)  Suppose      ^-2/ =  71,   aJ  +  y  =  20. 

From  the  second  equation  y  =  20  substitute  in  the 
first,  thus, 

«*-2(20-s)9  =  71; 
therefore,  -  7?  +  80a  -  800  =  7 1, 

therefore,  of  -  80«  =  -  871. 
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From  this  quadratic  we  shall  obtain  #=13  or  67 ;  then  from 
the  equation  y  =  2Q-x  we  obtain  the  corresponding  values  of  y, 
namely,  y  =  7  or  -47. 

(2)  Suppose      x*  +  tf  =  25,    ay  =12. 
Here,  a,  +  y,  =  25, 

2xy  =  24  ; 

iherefore9  by  addition, 

x*+2xy+y*  =  25  +  24  =  49; 
that  is,  (*  +  y)*  =  ^9; 

therefore,  x  +  y  =  *  7. 

Similarly,  by  subtraction, 

(aj-y)"  =  2o-24  =  l; 
therefore,  «-y  =  *l. 

We  have  now  four  cases  to  consider ;  namely, 


«  +  y  = 

7, 

a?-y  = 

1; 

a>  +  y  =  - 

7, 

x-y  = 

i; 

x  +  y  = 

7, 

x-y  =  - 

1; 

x'+  y  =  - 

7, 

x-y  =  - 

1. 

By  solving  these  simple  equations  we  obtain  finally 
x  =  *3,      y  =  *4;      or  «  =  *4,      y  =  *3. 

(3)  Suppose   2y*-4ay+3<c,=  17,  y*-x*=l6. 
Let  y-vx,  and  substitute  in  both  equations;  thus, 
of  (2va  ~  4*  +  3)  =  1 7,  -  1)  =  1 6 ; 

17 


from  the  former,         x*  = 


2t^-4v  +  3 


16 

from  the  latter,         .    =  — — r  : 
9  v*  -  1 * 
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17  16 

therefore,  17^  -  17  =  32v*  -  64i;  +  48 ; 

therefore,  15V  -  64t>  +  65  =  0. 

5  13 

From  this  quadratic  we  shall  obtain  v  =     or      .    Take  the 

16 

former  value  of  v;  then  x*  -  ^ — j  =  9;  therefore  a?  =  afe  3;  and 

y  =  vx  =  ±  5.     Again,  taking  the  second  value  of  t?  we  have 

,   25     A_     ,  5        ,  13 

x  =— ;  therefore,  a;  =  ^  —  ;  and  y  =  *  —  . 

The  artifice  here  used  may  be  adopted  conveniently  when  the 
equations  are  homogeneous  and  of  the  same  degree. 

(4)  Suppose      x  +  y  =  &,    x5  +  tf  =  b\ 

By  division,  •  -  *  ^  =  —  : 

J  x  +  y  a 

that  is,  z4~x*y  +  x*y*~-xif  +  y4=  — ; 

Qi 
b* 

or,  xA  +  y*-xy  (x*  +  y")  +  aty"  =  -  . 

Now  since  a>  +  y  =  <*> 

xa  +  y9  =  a9~2xy; 
therefore,  x4  +  y4  +  2a; V  =  (a*  -  2ay)*  =  a4  -  4a8£cy  +  4x*y*; 
therefore,  x4  +  y4  =  a4  -  4a*ay  +  2a?y. 

By  substituting  the  values  of  x*+i/  and  a^  +  y8  we  obtain 

a4  -  4 a'xy  +2xY~xy  (a9  -  2sy)  +  a^  ~  ~ , 
6s 

that  is,  5x*y*  -  5cfxy  =  —  -  a4.  , 
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From  this  quadratic  we.  can  find  two  values  of  xy\  let  c 
denote  one  of  these  values,  then  we  have 

x  +  y  =  a,         xy  =  c; 

thus,  (x  +  yf  —  4xy  =  a*  —  4c,  . 

that  is,  (x  —  yf  =  a*  —  4c; 

therefore,  x-y  =  ±  J  (a*  -  4c). 

Thus  since  x  +  y  and  x-y  are  known,  we  can  find  immediately 
the  values  of  x  and  y. 


EXAMPLES  OP  SIMULTANEOUS  EQUATIONS  INVOLVING  QUADRATICS. 


1. 

4*" +  7^=148,      34*-/ =  11. 

2. 

x  +  y=  100, 

ay  =  2400. 

3. 

*  +  y  =  4, 

I + l=i. 

x  y 

4. 

*+y  =  7, 

^  +  2^=34. 

5. 

as-y  =  12, 

af  +  y*  =  74. 

6. 

-V-* 

V    x  +  2~L' 

7. 
8. 

a?y  =  1,  3a; 

#y=28. 
-5y=2. 

9. 

I  +  i  =  2, 
x  y 

o?  +  y  =  2. 

10. 

a*  +  ay  +  2y*  = 

=  74,       2x*+2xy  +  y*  =  73. 

11. 

2x  +  3y  =  37, 

.1     1  14 
«     y  4o 

12. 

a*  +  3ficy  =  54, 

ay+*4y'=115. 
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13.  a*  +  a;y=15,       xy-y'  =  2. 

14.  a^  +  a;y  +  4y*  =  6,       3**+ 8/=  14. 

15.  a^  +  a;y=12,       xy-2y*  =  1. 

16.  x*-xy  +  y*  =  21,       y"-23y+15  =  0. 

17.  a^-4y*  =  9,       a;y+2y*  =  3. 

18.  7a;2  -  %xy  =  159,       5x  +  2y  =  7. 

19.  x*-2xy-y*  =  1,       a;  +  y  =  2. 

a;-y    a;  +  y     3  ^ 

21.   ^  +         =  ^,       a;*  +  y*=20. 

a-y    a5  +  y    2'  * 

22.  Sx  +  •  125y  =  3a;  -  y,       3a;  -  -5y  =  2  25a;y  +  3y. 

23.  ly  +  -125a;  =  y-x,      y--5x  =  -I5xy  -  3a;. 

24.  y*-  4a^  +  20a^  +  3y-  264a;  =  0,  V 
5y*-38a;y  +  x8  -  12y  +  1056a;  =  0.  J 

25.  x  +  y  =  x*,       3y  -x  =  y*. 

5  1 

26.  a^  +  y^^y,       x-y  =  -xy. 

27.  a;  +  2y  +  —  =  16,       3a;  +  y  +  -=23. 

28.  4(a;  +  y)  =  3a^,       a;  +  y.+ ai'  +  y"  =  26.  * 

29.  a;-y  =  2,       x*-ya  =  8. 

30.  x  +  y  =  5,       a;a  +  y3  =  65. 

31.  a;  +  y=  11,     af  +  y3  =  1001. 

32.  ay(a;  +  y)  =  30,       8^  +  ^  =  35. 

33.  -  +  ^=18,      a?  +  y=J2. 
y  * 
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34.  *  +  y=18,      xz  +  ^  =  4914, 

35.  -+^  =  9,       s  +  y  =  6. 
y  x 

36.  a^(aj+y)  =  80,  (2*  -  3y)  =  80. 

37.  «V  +  jf«  =  20f       ^^  =  J- 

38.  =  7  +  ^,      a8  +  y,  =  6ajy-l. 

39.  *2  +  y»  =  8,      p+7  =  5- 

40.  a?  +  y=4,       a4  +  y4  =  82. 

41.  a;5-ya  =  3093,       »-y  =  3. 

\      a  +  y/     \  x-yj 

43.  ^-0^  +  ^=19,      x-xy  +  y=L 

44.  x*-xy  +  y*  =  7,       x'  +  afff  +  y4  =  *33- 

45.  x*  +  xy  +  y9  =  49,       ae4+*y  +3/*  =  931. 

46.  z4-^  +  y4-ysl  =  84,      at  +  aW  +  tf  =  49. 

47.  a(12-oy)  =  y(ay-3),    sy(y  +  4s-3y)  =  12(a  +  y-  3). 

48.  a  +  y  +  V(«y)  =  14»       oB  +  ys  +  a^  =  84. 

49.  x  +  y-J(xy)  =  7,       a?  +  ff+xy=lM. 

50.  *+y=72,      y*  +  ^y=6. 

51.  x  +  J(x'-Y)  =  8,  <c-y=l. 
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54.    Jx-Jy=2,J(xy),       *  +  y  =  20. 

vv     .//      v\     s)    J(x-y)'         xy  15 

56.  N/(3  +  o>)  +  2y  =  8,       2a*  +  N/(5y8+4a;4)=9. 

f»     35     y    -i  aft. 

57.  -  +  ^r  =  1,     -  +-  =  4. 
a     b  x  y 

58.  x*-y*  =  a\       xy  =  b\ 

59.  a4  +  y4  =  a4,       x  +  y  =  b. 

60.  «4  +  y4=14«y,       a>  +  y  =  a. 

61.  xs-y5  =  a5,      x-y  =  b. 

62.  J{x'  +  y°)  +  J(x'-y')  =  2y>       x*-y*  =  a\ 

63.  2a&(e*  +  6) a;  +  y«  =  a&B*+  2o6y,  ) 

abx  +  (a  +  6)  y  =  ay .  J 

64.  2^-2^  +  ^  =  1,      ^~x  =  a' 

65.  x  +  y  =  aj(xy\      X~V  =  C  • 

66.  J(x  +  y)  +  J(x-y)  =  Ja,  +  y">  +  nA*"  ~  */)  = 

xy  =  ab. 

68.  aa  +  y*-(a;  +  y)  =  a,       a4  +  y4  +  a:  +  y- 2  (a^  +  y8)  =  6 

69.  y*  =  6c,       -  +  f  =  l,      -+-  =  1. 

70.  1+1+1=9,      !  +  i  =  13,       8*  +  3y  =  5. 
*    y    *      *      x    y       9  9 

1  1  1 

71.  y  +  *  =  -,      *  +  £  =  -,      <c  +  y  =  --. 

•c  if  z 
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72.  xyz  =  a*(x  +  y)  =  b*(y  +  z)  =  <f  (x  +  z). 

73.  x?  +  yz=if  +  zx  =  c,       z*  +  xy  =  a. 

7L  ^(aj  +  f)  =  ^(y  +  f)  =  ^     •  +  *  +  •  = 

75.  «  +  jf  +  *  =  l+l  +  I=BJf  *y*=l, 

76.  3y  +  az  +  y«  =  26.  \ 
£cy(«  +  y)  +  y«(y  +  «)  +  «c  +  =  162.  > 
ay  (ar*  +  y*)  +  a»(aj*  +  z*)  +  y*  (y*  +  z*)  =  538.  J 

77.  a?  +  if  +  z?  =  ar,  +  y,  +  «"  =  a  +  y  +  «  =  1. 

78.  »(a;  +  y  +  *)  =  a£,     y(aj  +  y  +  *)  =  6*,     «  (#  +  y  +  «)  =  c*. 

79.  2*  +  ^  =  2y+-  =  2*  +  -  =  * 

z     *    x  y 


XXIV,   PROBLEMS  PRODUCING  QUADRATIC 
EQUATIONS. 

347..  We  shall  now  solve  and  discuss  some  problems  which 
lead  Jo  quadratic  equations. 

A  man  buys  a  horse  which  he  sells  again  for  £24 ;  he  finds 
that  he  thus  loses  as  much  per  cent,  as  the  horse  cost;  required 
the  price  of  the  horse. 

Let  x  denote  the  price  in  pounds ;  then  he  loses  x  per  cent. 

1  thus  his  total  1 

also  a— 24;  thus, 


X  X* 

and  thus  his  total  loss  is        x  x,  that  is,        ;  but  this  loss  is 


m=x-2i'> 
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therefore,  a?*-  100a  =-2400, 

and,  x>  -  100a;  +  (50)'  =  2500  -  2400  =  100 ; 

hence,  x  -  50  =  *  10, 

and  x  =  60  or  40. 


Thus  all  we  can  infer  is,  that  the  price  was  either  £60  or  £40, 
for  each  of  these  values  satisfies  all  the  conditions  of  the  problem. 

348.  Divide  the  number  10  into  two  parts,  such  that  their 
product  shall  be  24. 

Let  x  denote  one  part,  and  therefore  10 -a;  the  otherr.  part; 


then,* 

a(10-aO  =  24; 
therefore,  x*-\0x  =  -  24, 

and  x9  - 1 0a;  +  5'  =  25  -  24  =  1 ;• 

hence,  x  —  5  =  *  1, 

and  x  =  4  or  6. 


Here  although  x  may  have  either  of  two  values,  yet  there 
is  only  one  mode  of  dividing  10,  so  that  the  product  of  the  two 
parts  shall  be  24;  one  part  must  be  4  and  the  other  6. 

349.  A  person  bought  a  certain  number  of  oxen  for  £80; 
if  he  had  bought  4  more  for  the  same  sum  each  ox  would  have 
cost  £1  less;  find  the  number  of  oxen  and  the  price  of  each. 

80 

Let  x  denote  the  number,  then  —  is  the  price  of  each;  if  he 

80 

had  bought  4  more,  the  price  of  each  would  have  been  j ;  thus, 

X  *t"  4 

by  supposition, 

80  =80  _1. 
x  +  4  ~  x  ' 

therefore,  80*  =  80  (x  +  4)  -  a*  -  4a;, 
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therefore,  Xs  +  ix  =  320, 

and,  a?  +  4aj  +  2"  =  320  +  4  =  324; 

hence,  z  +  2  =±18, 

and,  x  =  16  or  -20. 


Only  the  positive  value  of  x  is  admissible,  and  thus  the  number 
of  oxen  is  16,  and  the  price  of  each  ox  is  £5. 

In  solving  problems,  we  often,  as  in  the  present  example, 
obtain  results  which  do  not  correspond  with  the  proposed  con- 
ditions. The  reason  appears  to  be,  that  the  algebraical  mode  of 
expression  is  more  general  than  ordinary  language,  and  the  equa- 
tion which  is  a  proper  representation  of  the  conditions  will  also 
apply  to  other  conditions.  It  is  sometimes  possible,  by  suitable 
changes  in  the  enunciation  of  the  original  problem,  to  form  a 
new  problem,  corresponding  to  the  result  which  was  inapplicable 
to  the  original  problem.  Thus  in  the  present  case  we  may  pro- 
pose the  following  modification  of  the  original  problem ;  a  person 
sold  a  certain  number  of  oxen  for  .£80 ;  if  he  had  sold  4  fewer  for 
the  same  sum,  the  price  of  each  ox  would  have  been  £1  more; 
find  the  number  of  oxen  and  the  price  of  each. 

Let  x  represent  the  number;  then  by  the  question  we  shall 
have 

80      80  ' 
a?-  4  x 

The  roots  of  this  quadratic  will  be  found  to  be  20  and  -  16; 
thus  the  number  20  which  appeared  with  a  negative  sign  as  a 
result  in  the  former  case,  and  was  then  inapplicable,  is  here  the 
admissible  result. 

350.  Find  a  number  such  that  twice  its  square  increased  by 
three  times  the  number  itself  may  amount  to  65. 

Liet  x  denote  the  number;  then,  by  the  qiiestion, 

2x*  +  3x  =  65. 

T.A.  13 
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13 

The  roots  of  this  quadratic  will  be  found  to  be  5  and  -  ~ ; 

the  former  value  satisfies  the  conditions  of  the  question.  In  order 
to  interpret  the  second,  we  observe,  that  if  we  write  -  x  for  x  in 
the  equation,  it  becomes 

2x*  -3x  =  65; 

13 

and  the  roots  of  the  latter  equation  are       and  -  5,  as  will  be 

13 

found  on  trial,  or  may  be  known  from  Art  340.    Hence  -~  is  the 

answer  to  a  new  question,  namely :  find  a  number  such  that  twice 
its  square  diminished  by  three  times  the  number  itself  may 
amount  to  65. 

351.  Divide  a  given  line  into  two  parts,  such  that  twice 
the  square  on  one  part  may  be  equal  to  the  rectangle  contained 
by  the  whole  line  and  the  other  part. 

Let  a  denote  the  length  of  the  line,  and  x  the  length  of  one 
part,  then  a-x  is  the  length  of  the  other  part;  thus,  by  the 
question, 

2x*  =  a(a  —  x); 

therefore,  2x*  +ax  =  a9, 

,  ,   ax  a* 

and,  2  =  2' 

and,  tc«  +  _  +  y  =_+_=_; 

a  3a 

hence,  x  +  j  =  *  -j- , 

and,  x  =  ^  or  —  a. 

Here  ~  is  the  required  length.    The  negative  answer  sug- 

gests  the  following  problem;  produce  a  given  line,  so  that  twice 
the  square  on  the  part  produced  may  be  equal  to  the  rectangle 
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contained  by  tlie  given  line,  and  the  line  made  up  of  the 
given  line  and  the  part  produced;  the  result  is,  that  the  part 
produced  must  be  equal  to  the  given  line. 

352.  In  the  examples  hitherto  given,  both  roots  of  the  quad- 
ratic equation  have  applied  to  the  actual  problem,  or  to  an  allied 
problem  which  was  easily  formed.  Frequently,  however,  it  will 
be  found  that  only  one  root  applies  to  the  problem  proposed,  and 
that  no  obvious  interpretation  occurs  for  the  other. 

353.  Problems  may  be  proposed  which  involve  more  than 
one  unknown  quantity,  and  thus  lead  to  simultaneous  equations; 
we  will  give  an  example. 

Two  men  A  and  B  sell  a  quantity  of  wheat  for  £28.  8s. 
B  sells  four  quarters  more  than  A,  and  if  he  had  sold  the  quan- 
tity A  sold,  would  have  received  £10  for  it;  while  A  would  have 
received  16  guineas  for  what  B  sold.  Find  the  quantity  sold  by 
each,  and  the  rates  at  which  they  sold  it. 

Let  x  denote  the  number  of  quarters  which  A  sold,  and  there- 
fore x  +  4  the  number  which  B  sold ;  and  suppose  that  A  sold  his 
wheat  at  y  shillings  per  quarter,  and  that  B  sold  his  at  *  shillings. 
Then  since  the  value  of  the  wheat  sold  is  568  shillings,  we  have 


3y  +  (a?  + 4)»=568  (1). 

If  B  had  sold  the  quantity  A  sold,  he  would  have  received 
200  shillings;  thus, 

xz  =  20G  (2). 

Similarly,  (*  +  4)  y  =  336   (3> 


From  (3)  we  have  «y  =  336-4y;  by  substitution  in  (1)  we  « 
have 

336  -4y  +  200  +  4*  =  568; 
therefore,  4  (s  -  y)  =  32, 

and,  *-y  =  8  (4). 

13—2 
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From  (2)  we  have 


and  from  (3)  we  have 


200 
x  =  . 


336  . 
x  =  4: 

V 


200    336  . 
thus,  _-=—--4, 
z  y 

and,  .  —  =  —  -  1  -   (5). 

We  may  now  find  y  and  z  from  (4)  and  (5).  Substitute  in 
(5)  the  value  of  z  from  (4);  thus, 

50  84 

therefore,  50y  =  84  (y  +  8)  -  (y2  +  8y), 

hence,  y*-26y- 672  =  0. 

From  this  quadratic  we  shall  find  y  =  42  or  — 16.  The  former 
is  the  only  admissible  result ;  thus  z  =  50 ;  and  x  =  4. 


EXAMPLES  OF  PROBLEMS. 

1.  Find  two  numbers  such  that  their  sum  may  be  39,  and 
the  sum  of  their  cubes  17199. 

2.  A  certain  number  is  formed  by  the  product  of  three  con- 
secutive numbers,  and  if  it  be  divided  by  each  of  them  in  turn, 
the  sum  of  the  quotients  is  47.    Find  the  number. 

3.  The  length  of  a  rectangular  field  exceeds  the  breadth  by 
one  yard,  and  the  area  i3  three  acres:  find  the  length  of  the  sides. 

4.  A  boat's  crew  row  3^  miles  down  a  river  and  back  again 
in  1  hour,  40  min.  j  supposing  the  river  to  have  a  current  p£  % 
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miles  per  hour,  find  the  rate  at  which  the  crew  would  row  in  still 
water. 

5.  A  farmer  wishes  to  enclose  a  rectangular  piece  of  land  to 
contain  1  acre  32  perches  with  176  hurdles,  each  two  yards  long; 
how  many  hurdles  must  he  place  in  each  side  of  the  rectangle  1 

6.  A  person  rents  a  certain  number  of  acres  of  land  for  £84.; 
he  cultivates  4  acres  himself,  and  letting  the  rest  for  10*.  an 
acre  more  than  he  pays  for  it,  receives  for  this  portion  the  whole 
rent  £84.    Find  the  number  of  acres. 

7.  A  person  purchased  a  certain  number  of  sheep  for  £35 : 
after  losing  two  of  them  he  sold  the  rest  at  10  shillings  a  head 
more  than  he  gave  for  them,  and  by  so  doing  gained  £1  by  the 
transaction.    Find  the  number  of  sheep  he  purchased. 

8.  A  line  of  given  length  is  bisected  and  produced ;  find  the 
length  of  the  produced  part  so  that  the  rectangle  contained  by 
half  the  line  and  the  line  made  up  of  the  half  and  the  produced 
part  may  be  equal  to  the  square  on  the  produced  part. 

9.  The  product  of  two  numbers  is  750,  and  the  quotient 
when  one  is  divided  by  the  other  is  3£;  find  the  numbers. 

10.  A  gentleman  sends  a  lad  into  the  market  to  buy  a  shil- 
ling's worth  of  oranges.  The  lad  having  eaten  a  couple,  the 
gentleman  pays  at  the  rate  of  a  penny  for  fifteen  more  than  the 
market-price;  how  many  did  the  gentleman  get  for  his  shilling? 

11.  What  are  eggs  a  dozen  when  two  more  in  a  shilling's 
worth  lowers  the  price  one  penny  per  dozen? 

12.  A  shilling's  worth  of  Bavarian  kreuzers  is  more  nume- 
rous by  6  than  a  shilling's  worth  of  Austrian  kreuzers;  and  15 
Austrian  kreuzers  are  worth  Id.  more  than  15  Bavarian  kreuzers. 
How  many  Austrian  and  Bavarian  kreuzers  respectively  make  a 
shilling? 


Digitized  by  Google 


198       #  EXAMPLES  OP  PROBLEMS. 


13.  Find  two  numbers  whose  sum  is  9  times  their  difference, 
and  whose  product  is  equal  to  twelve  times  their  quotient  together 
with  the  greater  number. 

14.  Two  workmen  were  employed  at  different  wages,  and 
paid  at  the  end  of  a  certain  time.  The  first  received  £4.  16*., 
and  the  second  who  had  worked  for  6  days  less  received  £2.  14*.  If 
the  second  had  worked  all  the  time  and  the  first  had  omitted  6 
days  they  would  have  received  the  same  sum.  How  many  days 
did  each  work,  and  what  were  the  wages  of  each? 

15.  A  party  at  a  tavern  spent  a  certain  sum  of  money.  If 
there  had  been  five  more  in  the  party,  and  each  person  had  spent 
a  shilling  more,  the  bill  would  have  amounted  to  £6.  If  there 
had  been  three  less  in  the  party,  and  each  person  had  spent  eight- 
pence  less,  the  bill  would  have  been  £2.  12*.  Of  how  many  did 
the  party  consist,  and  what  did  each  spend? 

16.  A  person  bought  a  number  of  £20  railway  shares  when 
they  were  at  a  certain  rate  per  cent,  discount  for  £1500;  and 
afterwards  when  they  were  at  the  same  rate  per  cent,  premium 
sold  them  all  but  60  for  £1000.  How  many  did  he  buy,  and  what 
did  he  give  for  each  of  them? 

17.  Find  that  number  whose  square  added  to  its  cube  is  nine 
times  the  next  higher  number. 

18.  A  person  has  £1300  which  he  divides  into  two  portions 
and  lends  at  different  rates  of  interest  so  that  the  two  portions 
produce  equal  returns.  If  the  first  portion  had  been  lent  at  the 
second  rate  of  interest  it  would  have  produced  £36,  and  if  the 
second  portion  had  been  lent  at  the  first  rate  of  interest  it  would 
have  produced  £49.    Find  the  rates  of  interest. 

19.  A  person  having  travelled  56  miles  on  a  railroad  and  the 
rest  of  his  journey  by  a  coach,  observed  that  in  the  train  he  had 
performed  \  of  his  whole  journey  in  the  time  the  coach  took  to  go 
5  miles,  and  that  at  the  instant  he  arrives  at  home  the  train 
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must  have  reached  a  point  35  miles  further  than  he  was  from  the 
station  at  which  it  left  him.  Compare  the  rates  of  the  coach  and 
the  train. 

20.  A  sets  off  from  London  to  York,  and  B  at  the  same  time 
from  York  to  London,  and  they  travel  uniformly;  A  reaches 
York  16  hours,  and  B  reaches  London  36  hours,  after  they  have 
met  on  the  road.  Find  in  what  time  each  has  performed  the 
journey. 

21.  A  courier  proceeds  from  one  place  P  to  another  Q  in  14 
hours;  a  second  courier  starts  at  the  same  time  as  the  first  from  a 
place  10  miles  behind  P,  and  arrives  at  Q  at  the  same  time  as  the 
first  courier.  The  second  courier  finds  that  he  takes  half  an  hour 
less  than  the  first  to  accomplish  20  miles.  Find  the  distance  of  Q 
from  P. 

22.  Two  travellers  A  and  B  set  out  at  the  same  time  from 
two  places  P  and  Q  respectively,  and  travel  so  as  to  meet.  When 
they  meet  it  is  found  that  A  has  travelled  30  miles  more  than  B, 
that  A  will  reach  Q  in  4  days,  and  B  will  reach  P  in  9  days,  after 
they  meet.    Find  the  distance  between  P  and  Q. 

23.  A  vessel  can  be  filled  with  water  by  two  pipes ;  by  one 
of  these  pipes  alone  the  vessel  would  be  filled  2  hours  sooner 
than  by  the  other;  also  the  vessel  can  be  filled  by  both  together 
in  1 J  hours.  Find  the  time  which  each  pipe  alone  would  take  to 
fill  the  vessel 

24.  A  vessel  is  to  be  filled  with  water  by  two  pipes.  The 
first  pipe  is  kept  open  during  $  of  the  time  which  the  second 
would  take  to  fill  the  vessel ;  then  the  first  pipe  is  olosed  and  the 
second  is  kept  open.  If  the  two  pipes  had  both  been  kept  open 
together  the  vessel  would  have  been  filled  6  hours  sooner,  and  the 
first  pipe  would  have  brought  in  §  of  the  quantity  of  water  which 
the  second  pipe  really  brought  in.  How  long  would  each  pipe 
take  to  fill  the  vessel) 
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25.  A  certain  number  of  workmen  can  move  a  heap  of 
stones  in  8  boon  from  one  place  to  another.  If  there  had  been 
8  more  workmen,  and  each  workman  had  carried  5  lbs.  less  at  a 
time,  the  whole  work  would  have  been  completed  in  7  hours.  If 
however  there  had  been  8  fewer  workmen,  and  each  had  carried 
11  lbs.  more  at  a  time,  the  work  would  have  occupied  9  hours. 
Find  the  number  of  workmen  and  the  weight  which  each  carried 
at  a  time. 


XXV.   IMAGINARY  EXPRESSIONS. 

354.  Although  the  square  root  of  a  negative  quantity  is  the 
symbol  of  an  impossible  operation,  yet  the&e  roots  are  frequently 
of  use  in  Mathematical  investigations  in  consequence  of  a  few 
conventions  which  we  shall  now  explain. 

355.  Let  a  denote  any  real  quantity;  then  the  square  roots 
of  the  negative  quantity  —  a*  are  expressed  in  ordinary  notation 
by  ±J(—a*),  Now  —a'  may  be  considered  as  the  product  of 
a3  and  - 1 ;  so  if  we  suppose  that  the  square  roots  of  this  product 
can  be  formed,  in  the  same  manner  as  if  both  factors  were  posi- 
tive, by  multiplying  together  the  square  roots  of  the  factors,  the 
square  roots  of  —  a'  will  be  expressed  by  ±aj(—  1).  We  may 
therefore  agree  that  the  expressions  =*=  J{—  a9)  and  ±  a  ,J(—  1)  shall 
be  considered  equivalent.  Thus  we  shall  only  introduce  one 
imaginary  expression  into  our  investigations,  namely  *J(-  1). 

356.  Suppose  we  have  such  an  expression  as  a  +  ]3  <J(—  1), 
where  a  and  ft  are  real  quantities.  This  expression  may  be  said 
to  consist  of  a  real  part  a  and  an  imaginary  part  ft  J(—  1);  or  on 
account  of  the  presence  of  the  latter  term  we  may  speak  of  the 
whole  expression  as  imaginary.  When  ft  is  zero,  the  term 
/3J(—  1)  is  considered  to  vanish;  this  may  be  regarded  then  as 
another  convention.    If  a  and  fi  be  both  zero,  the  whole  expres- 

^  vanishes,  and  not  otherwise. 
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357.  By  means  of  the  conventions  already  made,  and  the 
additional  convention  that  such  terms  as  PJ(-  1)  shall  be  subject 
to  the  ordinary  rules  which  hold  in  Algebraical  transformations, 
we  may  establish  some  propositions,  as  will  now  be  seen. 

358.  In  order  that  two  imaginary  expressions  may  be  equal, 
it  is  necessary  and  sufficient  that  the  real  parts  should  be  equal, 
and  that  the  coefficients  of  J{—  1)  should  be  equal 

For  suppose,      a  +  PJ(-  1)  =  y  +  8  J{- 1); 
then,  by  transposition, 

a-y  +  03^S)  v/(-l)  =  0; 

thus,  by  Art.  356, 

a  -  y  =  0,       and  £-8  =  0; 

that  is,  a  =  y,       and       ft  =  8. 

Thus  the  equation 

«W(-l)  =  y  +  M-l) 

may  be  considered  as  a  symbolical  mode  of  asserting  the  two 
equalities  a  =  y  and  ft  =  8  in  one  statement. 

359.  Consider  now  two  imaginary  expressions  a  +  jS^— 1) 
and  y  +  S^-l),  and  form  their  sum,  difference,  product,  and 
quotient. 

Their  sum  is 

a  +  y  +  ^  +  S)J(-l). 
If  the  second  be  taken  from  the  first,  the  remainder  is 
«-y  +  (P-S)J(-l). 

Their  product  is 

{a  +  P  J(-  1)}  {y  +  8  J(-  1)}  =  ay  -  08  +  (aS  +  /Jy)  J(-  1) ; 
for  J(-  1)  x  N/(- 1)  is  by  supposition  —  1. 
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The  quotient  obtained  by  dividing  the  first  by  the  second  is 

This  may  be  put  in  another  form  by  multiplying  both  numerator 
and  denominator  by  y  —  8  ^/(-  1).    The  new  numerator  is  thus 

and  the  new  denominator  is  y*+  8';  therefore, 

«  +  £«/(-!)  _ay+ff8    ffy-a8  . 

y+  8      1  j  "  /  +  8*  +  "/TF"  ^ 

360.  We  will  now  give  an  example  of  the  way  in  which 
imaginary  expressions  occur  in  Algebra.  Suppose  we  have  to 
solve  the  equation  x*  =  1.    We  may  write  the  equation  thus, 

x*-l  =  0; 

or  in  factors  (x-  1)     +      1)  =  0. 

Thus  we  satisfy  the  proposed  equation  either  by  putting 
=0,  or  by  putting  x*  +  x+l  =0.     The  first  gives  x  =  l; 
the  second  may  be  written 

Xs  +  x  =  -  1, 
therefore,  x*  +  x  +        =  j  —  1  =  -  j ; 

therefore,         *  +  J  =  *  f)  =  *  1); 

and,  a!  =  _lJ,^N/(-l). 

Thus  we  conclude  that  if  either  of  the  imaginary  expressions 
last  written  be  cubed,  the  result  will  be  unity.  This  we  may 
verify;  take  the  upper  sign  for  example,  then 
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fi+#^i)}'.(-J)'+.(-^^i) 

Now,  (-l)'  =  -g. 

3(-S'^^-1)  =  i  -#^(-1)  =  ?T-V(-l), 

»(-s{^»r-(-j)(-3-j. 

{■fj(-V}'={^sf(-l)}'^sf(-l) 
Thus  the  result  is  unity. 

If  x*  - 1,  we  have  a?  =  (l)*;  it  appears  then  that  there  are 
three  cube  roots  of  unity,  namely,  1  and 

361.  We  have  seen  in  Art  337,  that  the  quadratic  expression 
ax*  +  bx  +  c  is  always  identical  with  a  (x  -p)(x  -  where  ^?  and  q 
are  the  roots  of  the  equation  ax*  +  bx  +  c  =  0.  If  the  roots  are 
imaginary,  p  and  q  will  be  of  the  forms  a±/3  1);  thus  we 
have  then 

aa*  +  6a>  +  <5  =  a{x-a~P  ,J(-1)\  {x-a  +  PJ(-  1)}. 

This  will  present  no  difficulty  when  we  remember  the  conven- 
tion that  the  usual  algebraical  operations  are  to  be  applicable  to 
the.  term  ft  1).  For  the  second  side  of  the  asserted  iden- 
tity is 

a{(z-ay  + p'},       that  is,   a  {x*  -  2ax  +  a*  + 
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and  from  the  values  of  a  and  /?  we  have 

2a  =  -  -  ,       and    aa+  B*=  -  : 
thus  the  second  side  coincides  with  the  first. 

362.  Two  imaginary  expressions  are  said  to  be  conjugate  when 
they  only  differ  in  the  sign  of  the  coefficient  of  J(-  1).  Thus 
a  +  p  J(—  1)  and  a- f$  J(—  1)  are  conjugate. 

Hence  the  sum  of  two  conjugate  imaginary  expressions  is  real, 
and  so  also  is  their  product.  In  the  above  example  the  sum  is 
2a,  and  the  product  is  a*  -h  ft*. 

363.  The  positive  value  of  the  square  root  of  a"  +  /?*  is  called 
the  modulus  of  each  of  the  expressions 

*  +  PJ(-l)    and  a-pJ(-l). 

From  this  definition  it  follows  that  the  modulus  of  a  real 
quantity  is  the  numerical  value  of  that  quantity  taken  positively. 

In  order  that  the  modulus  J(a*  +  p*)  may  be  zero,  it  is  neces- 
sary that  a  =  0  and  p  =  0 ;  in  this  case  the  expressions 

a  +  /V(-l)    and  a-pJ(-l) 
become  zero.    And  conversely,  if  these  expressions  vanish,  then 
a  =  0  and  f$  =  0,  and  thus  the  modulus  becomes  zero. 

364.  If  two  imaginary  expressions  are  equal,  their  moduli 
are  equal  It  is  not  however  necessarily  true,  that  the  expressions 
are  equal  if  the  moduli  are  equal 

365.  The  modulus  of  the  product  of  a  +  P  N/(-  1)  and 

Jftay  -  pSf  +  QSy  +  a$)*} ;  (see  Art.  359). 
But  (ay  -  PSf  +  {fiy  +  ahj  =  (a8  +  f)  (/  +  8') ; 

thus  the  modulus  is 
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Hence  the  modulus  of  the  product  of  two  imaginary  expres- 
sions is  equal  to  product  of  their  moduli* 

It  will  follow  from  this  that  the  modulus  of  the  quotient  of 
two  imaginary  expressions  is  the  quotient  of  their  moduli.  This 
can  also  be  shewn  by  forming  the  modulus  of  the  expression  for 
the  quotient  given  in  Art  359. 

366.  It  is  often  necessary  to  consider  the  powers  of  J(-  1). 
We  may  form  them  by  successive  multiplication ;  thus, 

k/(-l)}W(-l)>      {</(-!)}■ —  1, 

W(-  !)}'= Ut- W  *  J(- 1) = -  J(-  IX     { J(- 1)}4=  i. 

If  we  proceed  to  obtain  higher  powers  we  shall  have  a  recur- 
rence of  the  results  J(—  1),  - 1,  —  J(-  1),  1.  We  may  then 
express  all  the  powers  by  four  formulae.  For  every  whole  number 
must  be  of  one  of  the  four  forms  in,  in  +  1,  in  +  2,  in  +  3,  accord- 
ing as  it  is  exactly  divisible  by  i,  or  leaves  when  divided  by  i  a 
remainder  1,  2,  3,  respectively.  And 

v(-i>r=i,  v«-i)rw(-ix 
Ui-i)r'=-i,  u-i)r*=-N/(-i). 

367.  The  square  root  of  an  imaginary  expression  of  the  form 
a  +  P  J{-  1)  may  be  expressed  in  a  similar  form. 

For  let       V{a  +  /M-i)}  =  *  +  y*/(-i); 

then,     a  +  p  J{- 1)  =  {x  +  y  J(-  I)}9  =  x*~ +  2xy  j(-  1). 

Hence,  by  Art.  358, 

'  =  «   (1), 

2*y  =  P  (*); 

therefore,  (x9  +  if)*  =  a*  +  fP, 

thus,  «,  +  y*=V(a,  +  ^  (3).  . 
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From  (1)  and  (3)  we  obtain 

*?  =  VKa+J{e?  +  F)),         y,  =  i{,y(-,  +  ^-a}; 

hence,    mm^±J^Bf9  y^J^f^f 

Since  the  values  of  x  and  y  are  supposed  real,  x*  +  y*  is  posi- 
tive, and  thus  the  positive  sign  must  be  ascribed  to  the  quantity 
J  (a*  +  fT).  And  since  the  values  of  x  and  y  must  satisfy  the 
equation  2xy  =  they  must  have  the  same  sign  if  P  be  positive, 
and  different  signs  if  ft  be  negative.  On  account  of  the  double 
signs  in  the  values  of  x  and  y,  we  see  that  a  +  $  J{—  1)  has  two 
square  roots  which  differ  only  in  sign. 

368.  We. may  obtain  the  square  roots  of  ±  J{—  1)  by  sup- 
posing that  a  =  0  and  =  1  in  the  results  of  the  preceding 
article.    Thus  we  shall  obtain 

If  we  suppose  that  z*  =  —  1,  we  deduce  2*  =  ±  1) ;  thus 
z  =  ±  J{±  J{-  1)}.  And  since  *4  =  -  1,  we  have  z=(-l)*.  Thus 
there  are  four  fourth  roots  of  —  1,  namely,  the  four  expressions 

contained  in  *  — ^tk— — •    There  are  also  four  fourth  roots  of  1, 

since  if  we  put  z*  — 1,  we  find  =  *fc  1,  and  «  =  *  J\  or 
*  =  «fc  1).  Similarly  there  are  eight  eighth  roots  of  1  or  - 1, 
and  so  on. 


XXYL  RATIO. 

369.  Ratio  is  the  relation  which  one  quantity  bears  to 
another  with  respect  to  magnitude,  the  comparison  being  made 
by  considering  what  multiple,  part,  or  parts,  the  first  is  of  the 
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Thus  in  comparing  6  with  3,  we  observe  that  6  has  a  certain 
magnitude  with  respect  to  3,  which  it  contains  twice ;  again,  in 
comparing  6  with  2,  we  see  that  6  has  now  a  different  relative 
magnitude,  for  it  contains  2  three  times;  or  6  is  greater  when 
compared  with  2  than  it  is  when  compared  with  3. 

370.  The  ratio  of  a  to  b  is  usually  expressed  by  two  points 
placed  between  them,  thus,  a  :  b;  and  the  former  is  called  the 
antecedent  of  the  ratio,  and  the  latter  the  consequent  of  the 
ratio. 

371.  A  ratio  is  measured  by  the  fraction  which  has  for  its 
numerator  the  antecedent  of  the  ratio,  and  for  its  denominator 
the  consequent  of  the  ratio.    Thus  the  ratio  of  a  to  b  is  measured 

by  y  ;  then  for  shortness  we  may  say  that  the  ratio  of  a  to  b  is 

a  a 

equal  to  ^,  or  is  ^. 

372.  Hence  we  may  say  that  the  ratio  of  a  to  &  is  equal  to 
the  ratio  of  c  to  d,  when 

a  _  c 
b~d* 

373.  If  the  terms  of  a  ratio  be  multiplied  or  divided  by  the 
same  quantity  the  ratio  is  not  altered. 

374.  We  may  compare  two  or  more  ratios  by  reducing  the 
fractions  which  measure  these  ratios  to  a  common  denominator. 
Thus  suppose  one  ratio  to  be  that  of  a  to  6,  and  another  ratio  to 

be  that  of  c  to  d :  then  the  first  ratio     =       and  the  second 

o  oa 

c  be 

ratio  -g=         Hence  the  first  ratio  is  greater  than,  equal  to,  or 

less  than,  the  second  ratio,  according  as  ad  is  greater  than,  equal 
to,  or  less  than  6c 
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375.  A.  ratio  is  called  a  ratio  of  greater  inequality,  of  less 
inequality,  or  of  equality,  according  as  the  antecedent  is  greater 
than,  less  than,  or  equal  to,  the  consequent 

'376.  A  ratio  of  greater  inequality  is  diminished,  and  a  ratio 
of  less  inequality  is  increased,  by  adding  any  quantity  to  boil* 
terms  of  the  ratio, 

a  . 
Let  the  ratio  be  ^ ,  and  let  a  new  ratio  be  formed  by  adding 

x  to  both  terms  of  the  original  ratio ;  then  ^      is  greater  or  less 

than  ^,  according  as  b(a  +  x)  is  greater  or  less  than  a(b+x); 

that  is,  according  as  xb  is  greater  or  less  than  xa,  that  is,  accord- 
ing as  b  is  greater  or  less  than  a. 

377.  A  ratio  of  greater  inequality  is  increased,  and  a  ratio  of 
less  inequality  is  diminished,  by  taking  from  both  terms  of  the  ratio 
any  quantity  which  is  less  than  each  of  those  terms. 

Let  the  ratio  be  ^ ,  and  let  a  new  ratio  be  formed  by  taking 

*  a  —*  x 

x  from  both  terms  of  the  original  ratio;  then  ^ — -  is  greater  or 

less  than     ,  according  as  b  (a  -  x)  is  greater  or  less  than  a  (b  —  x)} 

that  is,  according  as  bx  is  less  or  greater  than  ax,  that  is,  accord- 
ing as  &  is  less  or  greater  than  a. 

378.  If  the  antecedents  of  any  ratios  be  multiplied  together 
and  also  the  consequents,  a  new  ratio  is  obtained,  which  is  said  to 
be  compounded  of  the  former  ratios.  Thus  the  ratio  ac  :bd  is 
said  to  be  compounded  of  the  two  ratios  a  :  b  and  c  :  d. 

379.  The  ratio  compounded  of  two  ratios  is  sometimes  called 
the  sum  of  those  two  ratios.  When  the  ratio  a  :  b  is  compounded 
with  itself,  the  resulting  ratio  a2  :  b*  is  sometimes  called  the 
double  of  the  ratio  a  :  b.    Also  the  ratio  a9  :  b*  is  called  the  triple 
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of  the  ratio  a  :  6.    Similarly,  the  ratio  a  :  b  is  sometimes  said 

to  be  half  of  the  ratio  a9  ;  b9,  and  the  ratio  a*  :  b"  is  sometimes 

said  to  be  i    of  the  ratio  a  :  6. 

This  language,  however,  is  now  not  much  used,  though  the 
following  terms  in  conformity  with  it  are  still  retained.  The 
ratio  a*  :  b*  is  said  to  be  the  duplicate  ratio  of  a  :  b,  and  the 
ratio  a8  :  b*  the  triplicate  ratio  of  a  :  b.  Similarly,  the  ratio 
Job  :  Jb  is  called  the  subduplicate  ratio  of  a  :  b,  and  the  ratio 

$a  :  Jb  the  subtriplicate  ratio  of  a  :  6.  And  the  ratio  a*  :  6* 
is  called  the  sesquiplicate  ratio  of  a  :  6. 

380.  If  the  consequent  of  the  preceding  ratio  be  the  antecedent 
of  the  succeeding  ratio,  and  any  number  of  such  ratios  be  taken,  the 
ratio  which  arises  from  their  composition  is  that  of  the  first  antece- 
dent to  the  last  consequent. 

Let  there  be  three  ratios,  namely  a  :  b,  b  :  c,  c  :  d;  then  the 
compound  ratio  is  axbxcibxcxd  (Art.  378),  that  is,  aid. 
Similarly,  the  proposition  may  be  established  whatever  be  the 
number  of  ratios. 

381.  A  ratio  of  greater  inequality  compounded  with  another 
increases  it,  and  a  ratio  of  less  inequality  compounded  with  another 
diminishes  it. 

Let  the  ratio  x  :  y  be  compounded  with  the  ratio  a  :  b ;  the 
compound  ratio  is  xa  :  yb,  and  this  is  greater  or  less  than  the 

ratio  a  ;  b,  according  as  ^  is  greater  or  less  than  ^ ,  that  is, 

according  as  x  is  greater  or  less  than  y. 

382.  If  the  difference  between  the  antecedent  and  the  consequent 
of  a  ratio  be  small  compared  with  either  of  them,  the  ratio  of  their 
squares  is  nearly  obtained  by  doubling  this  difference. 

Let  the  proposed  ratio  be  a  +  x  :  a,  where  x  is  small  compared 
with  a;  then  a9  +  2ax+  x8  :  a9  is  the  ratio  of  the  squares  of  the 
antecedent  and  consequent.  But  x  is  small  compared  with  a,  and 
therefore  x9  or  x  x  x  is  small  compared  with  2a  x  x,  and  much 

t.  a.  14 
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smaller  than  a  x  cu  Hence  a8  +  2ax :  a*,  that  is,  a  +  2x  :  a,  will 
nearly  express  the  ratio  (a  +  xf  :  a2. 

Thus  the  ratio  of  the  square  of  1001  to  the  square  of  1000  is 
nearly  1002  :  1000.  The  real  ratio  is  1002-001  :  1000,  in  which 
the  antecedent  differs  from  its  approximate  value  1002  only  by 
one-thousandth  part  of  unity. 

383.  Hence  we  may  infer  that  the  ratio  of  the  square  root  of 
a  +  2x  to  the  square  root  of  a  is  the  ratio  a  +  x  :  a  nearly,  when 
x  is  small  compared  with  a.  That  is ;  if  the  difference  of  two 
quantities  be  small  compared  with  either  of  them,  the  ratio  of  tlieir 
square  roots  is  nearly  obtained  by  halving  this  difference. 

384.  In  the  same  manner  it  may  be  shewn  when  x  is  small 
compared  with  a,  that  a  +  3x  :  a  is  nearly  equal  to  the  ratio 
(a  +  x)s  :  a8,  and  a  +  4x  :  a  is  nearly  equal  to  the  ratio  (a  +  x)4  :  a\ 

These  results  may  be  generalised  by  the  student  when  he  is 
acquainted  with  the  Binomial  Theorem. 

EXAMPLES  OP  RATIO. 

1.  Write  down  the  duplicate  ratio  of  2  :  3,  and  the  sub- 
duplicate  ratio  of  100  :  144. 

2.  "Write  down  the  ratio  which  is  compounded  of  the  ratios 
3  :  5  and  7  :  9. 

3.  Two  numbers  are  in  the  ratio  of  2  to  3,  and  if  9  be  added 
to  each  they  are  in  the  ratio  of  3  :  4.    Find  the  numbers. 

4.  Shew  that  the  ratio  a  :  b  is  the  double  of  the  ratio 
a  +  c  :  6  +  c  if  c  be  a  mean  proportional  between  a  and  b. 

6.  There  are  two  roads  from  A  to  B,  one  of  them  14  miles 
longer  than  the  other,  and  two  roads  from  B  to  C,  one  of  them 
8  miles  longer  than  the  other.  The  distances  from  A  to  B  and 
from  B  to  G  along  the  shorter  roads  are  in  the  ratio  of  1  to  2, 
and  the  distances  along  the  longer  roads  are  in  the  ratio  of  2  to  3. 
Determine  the  distances. 
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XXVII.  PROPORTION. 

385.  Four  quantities  are  said  to  be  proportionals  when  the 
first  is  the  same  multiple,  part,  or  parts,  of  the  second,  as  the 

a  c 

third  is  of  the  fourth;  that  is,  when  £  =      ^e  *°ur  <l,*antitie8 

a,  b,  e,  d,  are  called  proportionals.  This  is  usually  expressed  by 
saying,  a  is  to  b  as  c  to  d,  and  is  represented  thus,  a  :  b  ::  c :  d, 
or  thus,  a  :  b  =  c  :  d. 

The  terms  a  and  d  are  called  the  extremes,  and  b  and  c  the 
means. 

386.  When  four  quantities  are  proportionals,  the  product  of 
the  extremes  is  equal  to  the  product  of  the  means. 

Let  a,  b,  c,  d  be  the  four  quantities;  then  since  they  are  pro- 
a  c 

portionals  ^  —  (Art.  385);  and  by  multiplying  both  sides  of 
the  equation  by  bd,  we  have  ad=bc. 

387.  Hence  if  the  first  be  to  the  second  as  the  second  to  the 
third,  the  product  of  the  extremes  is  equal  to  the  square  of 
the  mean. 

388.  If  any  three  terms  in  a  proportion  are  given,  the  fourth 
may  be  determined  from  the  equation  ad  =  be. 

389.  If  the  product  of  two  quantities  be  equal  to  the  produA 
of  two  others,  the  four  are  proportionals;  the  terms  of  either 
product  being  taken  for  the  means,  and  the  terms  of  the  other 
product  for  the  extremes. 

x  b 

Let  xy  —  ab\  divide  by  ay,  thus,  —  =  — ; 
or,  x  :  a  ::  b  :  y,  (Art  385). 

14—2 
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390.  If  a  :  b  ::  c  :  d  and  c  :  d  ::  e  :/,  then 

a  :  b  ::  e  : / 

Because,    %  =  4  and  4  =  4,  therefore  ^  =  4  j 
o     a  «    /  &  / 

or,  a  :  b  ::  e 

391.  If four  quantities  be  proportionals  they  cure  proportionals 
when  taken  inversely. 

If      a  :  b  ::  c  :  d,       then    b  :  a  ::  d :  c. 

For     =  J- ;  divide  unity  by  each  of  these  equal  quantities; 

thus  —  =  —  :  or  b  :  a  ::  c?  :  c 
a  c 


392.  If  four  quantities  be  proportionals  they  are  proportionals 
when  taken  alternately. 

If      a  :  b  ::  c  :  d,       then    a  :  c  ::  6  :  d, 

For  i = r>  multiply  by  \> thus  ? = i 5 

or,  .  a  :  c  ::  b  :  c?. 

Unless  the  four  quantities  are  of  the  same  kind  the  alter- 
nation cannot  take  place;  because  this  operation  supposes  the 
first  to  be  some  multiple,  part,  or  parts,  of  the  third.  One  line 
may  have  to  another  line  the  same  ratio  as  one  weight  has  to 
another  weight,  but  there  is  no  relation,  with  respect  to  magni- 
tude, between  a  line  and  a  weight.  In  such  cases,  however,  if  the 
Hur  quantities  be  represented  by  numbers,  or  by  other  quantities 
which  are  all  of  the  same  kind,  the  alternation  may  take  place. 


393.  When  four  quantities  are  proportionals,  the  first  together 
with  the  second  is  to  tlve  second  as  the  third  together  with  the  fourth 
is  to  the  fourth. 

If      a  :  b  ::  c  :  d,       then    a  +  b  ;  b  ::  c  +  d  :  d. 
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For     =    j  a(*d  unity  to  both  sides;  thus, 

a     ,     c    ,     . ,  ,  .    a  +  b    c  +  d 

or,  a+b  :  b    c  +  d  :  d. 

This  operation  is  called  componendo. 

394.  -4foo  excess  of  the  first  above  the  second  is  to  tits 
second  as  the  excess  of  the  third  above  the  fourth  is  to  the  fourth. 

For  ^-       ;  subtract  unity  from  both  sides;  thus, 

a    ,     c    -    , ,  ,  .    a  —  6    c  —  d 
y-l-g-l;  thatis,  —  =  -r; 

or,  a  —  6  :  6  ::  c  —  d  : 

This  operation  is  called  dividendo. 

395.  Also  the  first  is  to  the  excess  of  the  first  above  the  second 
as  the  third  is  to  the  excess  of  the  third  above  the  fourth. 

By  the  last  article,  ~  °  J*  > 

b  d 

also,  —  =  —  ; 

'  a    c  3 

.      „  a—b     b     &—d    d         a—b  c—d 

therefore,  — 7—  x  —  =  — —  x  -,   or   =  : 

bade  a  c 

or,  a  —  b  :  a  ::  c  —  d  :  c, 

and  inversely,  a  :  a  -b  ::  c  :  c  -  d. 

This  operation  is  called  convertendo. 

396.  When  four  quantities  are  proportionals,  the  sum  of  the 
first  and  second  is  to  their  difference  as  the  sum  of  the  third  and 
fourth  is  to  their  difference. 
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If      a:b::c:d,      then  a  +  b  :  a-b  ::  c  +  d  :  c  -  d. 

_    %     ^  _  ^  a  +  6    c  +  e? 

By  Art  393,  -y-  =  —j-  , 

a  —  6    c  —  d 

and  by  Art.  394,  ^    =  — j 

therefore,  _^_  =  _rf-^_; 

_  . .                           a+b  c+d 
that  IB,   r  =  ; 

or,  a  +  6  :  a-  b  ::  c  +  d  :  c-c?. 

397.  TPfon  any  number  of  quantities  are  proportionals,  as  one 
antecedent  is  to  its  consequent,  so  is  the  sum  of  all  the  antecedents  to 
the  sum  of  all  the  consequents. 

Let  a  :  b  ::  c  :  d  ::  e  if; 

then,  a  :  b  ::  a  +  c  +  e  :  b +  d+f. 

For      ad=bc,       and  af=  be,  (Art.  386), 

also,      ab  =  ba;     hence,  ab  +  ad  +  of '=  ba  +  be  +  6e ; 

that  is,  a  (6  +  €?+/)  =  o(a  +  c  +  e). 

Hence,  by  Art.  389,    a  :  b  ::  a  +  c  +  e  :  b  +  d+f 

Similarly  the  proposition  may  be  established  when  more  quan- 
tities are  taken.  t 

398.  When  four  quantities  are  proportionals,  if  the  first  and 
second  be  multiplied,  or  divided,  by  any  quantity,  as  also  the  third 
and  fourth,  the  resulting  quantities  will  be  proportionals. 

Let       a  :  b  ::  c  :  d,     then,  ma  :  mb  ::  nc  ;  nd 

_  a     c  -      ma  nc 

For,  T=2,  therefore,  ^=^j 

or,  ma  :  mb  ::  nc  :  nd. 
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399.  If  the  first  and  third  be  multiplied,  or  divided,  by  any 
quantity,  and  also  the  second  and  fourth,  the  resulting  quantities 
will  be  proportionals. 

Let       a  :  b  ::  c  :  d,     then  ma  :  nb  ::  mc:  nd. 
For,  therefore,  _  =  T,  and  ^  =  ^ ; 

or,  ma  :  nb    mc  :  nd.  1 

400.  /ri  two  ranks  of  proportionals,  if  the  corresponding  terms 
be  multiplied  together,  the  products  will  be  proportionals. 

Let  a  :  b  ::  c  :  d, 

and  e  :f ::  g  :  h, 

then,  ae  :bf::cg:  dh. 

_  a    c      ,  e     (7  ae  eg 

For,       F=5  and  7=|;  therefore  ¥  =  ^; 

or,  ae  :  bf ::  eg  :  dh. 

This  is  called  compounding  the  proportions.  The  proposition 
is  true  if  applied  to  any  number  of  proportions. 

401.  If  four  quantities  be  proportionals,  the  like  powers,  or 
roots,  of  these  quantities  will  be  proportionals. 

Let  a  :  b  ::  c  :  d,       then   a"  :  bn  ::  c*  :  d*. 

For  j  =  |,  therefore  ^  =  ~,  where  w  may  be  whole  or  frac- 
tional; thus, 

an  :bn  r.c*  :  d\ 

402.  If  a  :  b  ::  b  :  c,    then  a  \  c  w  a*  \  b*. 

.     in     *    *        ix-  i    u    a    a     a    a    a  b 
b=c;  multiplyb^'  ^  6  X6=6X7' 

•  a"  a 

that  is,  Ta  =  ~  j 

or.  a  :  c  ::  a2  :  6*. 
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The  three  quantities  a,  b,  c  are  in  this  case  said  to  be  in 
continued  proportion* 

403.  Similarly  we  may  shew  that  if  a  :  b  ::  b  :  c  ::  c  :  d}  then 
a  :  d  ::  of  :  6s.  Here  the  four  quantities  a,  o,  c,  J  are  said  to  be 
in  continued  proportion. 

404.  It  is  obvious  from  the  preceding  articles,  that  if  four 
quantities  are  proportionals,  we  may  derive  from  them  many- 
other  proportions.    We  will  give  another  example. 

If  a  :  b  ::  c  :  d,  then 

ma  +  nb  :  pa  4-  qb  :  :  mc  +  nd  :  pc  +  qd. 

_  a     c  -      ma  mc 

For  l  =-d,  therefore  T  =  7; 

add     to  both  sides;  thus, 

wa  +  wo  _mc  +  nd 
b  d  ' 

Similarly,  J^^e+g. 

ma  +  7io    pa  +  qb    mc  +  nd    pc  +  qd 
Hence,  — ^—  +  — ft  —  =  — ^—  +  — ^— ; 


that  is, 


ma  +  nb    mc  +  nd 


pa  +  qb     pc  +  qd  3 
or,  ma  +  nb  :  pa  +  qb    mc  +  nd  :  pc  +  qd. 


405.  In  the  definition  of  Proportion  it  is  supposed  that  one 
quantity  is  some  determinate  multiple,  part,  or  parts,  of  another ; 
or  that  the  fraction  formed  by  taking  one  of  the  quantities  as  a 
numerator,  and  the  other  as  a  denominator,  is  a  determinate 
fraction.    This  will  be  the  case  whenever  the  two  quantities  have 
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any  common  measure  whatever.  For  let  x  b6  a  common  measure 
of  a  and  b,  and  let  a  =  mx  and  b  =  nx ;  then 

a    mx  m 
b     nx    n  ' 

where  m  and  n  are  whole  numbers. 


406.  But  it  sometimes  happens  that  quantities  are  incom- 
mensurable, that  is,  admit  of  no  common  measure  whatever.  If, 
for  example,  one  line  is  the  side  of  a  square,  and  another  line  is 
the  diagonal  of  the  same  square,  these  lines  are  incommensurable. 

In  such  cases  the  value  of  ^  cannot  be  expressed  by  any  fraction 

—  where  m  and  n  are  whole  numbers :  yet  a  fraction  of  this  kind 
n  '  J 

may  be  found  which  will  express  the  value  of  ^  to  any  required 
degree  of  accuracy. 

For  let  b  =  nx,  where  n  is  an  integer;  also  let  a  be 
greater  than  mx  but  less  than  (m  +  l)x;   then  ^  is  greater 

than  — ,  but  less  than  m  +  - .    Thus  the  difference  between  % 
n  n  b 

m  1 
and  —  is  less  than  - .    And  since  nx  =  b9  when  x  is  diminished 
n  n 

n  is  increased  and  i  is  diminished.     Hence  by  taking  x  small 

enough,  ~  can  be  made  less  than  any  assigned  magnitude,  and 

therefore  the  difference  between  —  and  r  can  be  made  less  than 

n  b 

any  assigned  magnitude. 

407.  If  c  and  d  as  well  as  a  and  b  are  incommensurable, 

and  if  when  %  lies  between  —  and  then  ^  also  lies 

o  n  n       •  a 
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between  —  and m^  -  however  the  numbers  m  and  n  are  increased. 
n         n  1 

a  .         .  c 
is  equal  to  ^. 

For  if  ^  and  ^  are  not  equal,  they  must  have  some  assignable 

difference,  and  because  each  of  them  lies  between  —  and  m+  ^ 

n  n  ' 

this  difference  must  be  less  than  - .  But  since  n  may,  by  sup- 
position, be  increased  without  limit,  i  may  be  diminished  without 
limit;  that  is,  it  may  be  made  less  than  any  assigned  magnitude; 
therefore  g  and  ^  have  no  assignable  difference,  so  that  we  may 

say  that  ^  =  ^ .  Hence  all  the  propositions  respecting  propor- 
tionals are  true  of  the  four  magnitudes  a,  bf  c,  d. 

408.  It  will  be  useful  to  compare  the  definition  of  proportion 
which  has  been  given  in  this  chapter  with  that  which  is  given  in 
the  fifth  book  of  Euclid.  The  latter  definition  may  be  stated 
thus ;  four  quantities  are  proportionals  when  if  any  equimultiples 
be  taken  of  the  first  and  third,  and  also  any  equimultiples  of  the 
second  and  fourth,  the  multiple  of  the  third  is  greater  than, 
equal  to,  or  less  than,  the  multiple  of  the  fourth,  according  as  the 
multiple  of  the  first  is  greater  than,  equal  to,  or  less  than,  the 
multiple  of  the  second.  We  will  first  shew  that  the  property 
involved  in  this  definition  follows  from  the  algebraical  defini- 
tion. 

For  suppose  a  :  b  ::  c  :  d:    then  ?  =*  4»  therefore      =  . 

o    a  qb  qd 

Hence  pc  is  greater  than,  equal  to,  or  less  than  qd,  according  as 

pa  is  greater  than,  equal  to,  or  less  than  qb. 

409.  Next  we  may  deduce  the  algebraical  definition  of  pro- 
portion from  Euclid's.    Let  a,  b,  c,  d  be  four  quantities,  such  that 
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pc  is  greater  than,  equal  to,  or  less  than  qd,  according  as  pa  is 

greater  than,  equal  to,  or  less  than  qb,  then  shall  j  =  ^  •  First 

suppose  c  and  d  are  commensurable;  then  we  can  take  p  and  q 
such  that  pc  =  qd;  hence,  by  hypothesis,  pa  =  qb.  Thus, 

pa  _  j  _  pc 

qb~    ~  qd' 

*  a  c 

and,  ^-j. 

Next  suppose  c  and  J  are  incommensurable;  then  we  can 
not  find  whole  numbers  p  and  £  such  that  pc  =  qd.  In  this  case 
take  any  multiple  of  c  as  pc;  then  since  this  quantity  must  lie 
between  some  two  consecutive  multiples  of  d,  suppose  it  to  lie 

between  qd  and  (q  +  1)  d.    Thus  ^  is  greater  than  unity,  and 

,  ^  x  j  is  less  than  unity :  therefore  4  is  greater  than  —  and  less 
(q+l)d  J'  d  & 

than  And,  by  hypothesis,  ^  is  also  greater  than  unity, 

and  ^       ^       less  than  unity,  so  that  y  is  greater  than  ^ 

and  less  than         .    Since  these  results  are  true  however  great 
p  * 

a  c 

p  and  q  may  be,  it  follows,  by  Art.  407,  that    =  j  • 

410.  It  is  usually  stated  that  the  common  algebraical  defini- 
tion of  proportion  cannot  be  used  in  Geometry,  because  there  is  no 
method  of  representing  geometrically  the  result  of  the  operation 
of  division.  Lines  can  be  represented  geometrically,  but  not  the 
abstract  number  which  expresses  how  often  one  line  is  contained 
in  another.  But  it  should  also  be  noticed  that  Euclid's  definition 
is  rigorous  and  can  be  applied  to  incommensurable  as  well  as 
to  commensurable  quantities,  while  the  algebraical  definition  is, 
strictly  speaking,  confined  to  the  latter  quantities.  Hence  this 
consideration  alone  would  furnish  a  sufficient  reason  for  the  de- 
finition adopted  by  Euclid. 
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EXAMPLES  OF  PROPORTION. 

1.  The  last  three  terms  of  a  proportion  being  4,  6,  8,  what  is 
the  first  term] 

2.  Find  a  third  proportional  to  25  and  400. 

3.  If  3,  x,  1083  are  in  continued  proportion,  find  x. 

4.  If  2  men  working  8  hours  a  day  can  copy  a  manuscript  in 
32  days,  in  how  many  days  can  x  men  working  y  hours  a  day 
copy  it? 

5.  If  x  have  to  y  the  duplicate  ratio  of  x  +  z  to  y  +  z,  prove 
that  z  is  a  mean  proportional  between  x  and  y. 

6.  If  a  :  b  ::  p  :  q,  then  a'  +  b*  :         \:p*  +  q*  :  . 

r  a  +  b    r     *  p+q 

7.  If  four  quantities  are  proportionals,  and  the  second  is  a 
mean  proportional  between  the  third  and  fourth,  the  third  will  be 
a  mean  proportional  between  the  first  and  second. 

8.  If 

(a  +  6  +  c  +  d)(a  -  6  -  c  +  rf)  =  (a  -  6  +  c  -     (a  +  6  -  c  —  d), 
prove  that  a,  b,  c,  d  are  proportionals. 

9.  Shew  that  when  four  quantities  of  the  same  kind  are  pro- 
portional, the  greatest  and  least  of  them  together  are  greater  than 
the  other  two  together. 

10.  Each  of  two  vessels  contains  a  mixture  of  wine  and 
water;  a  mixture  consisting  of  equal  measures  from  the  two 
vessels  contains  as  much  wine  as  water,  and  another  mixture 
consisting  of  four  measures  from  the  first  vessel  and  one  from 
the  second  is  composed  of  wine  and  water  in  the  ratio  of  2  :  3. 
Find  the  proportion  of  wine  and  water  in  each  of  the  vessels. 
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11.  A  and  B  have  made  a  bet,  each  staking  a  sum  of  money 
proportional  to  all  the  money  he  has.  If  A  wins  he  will  have 
double  what  B  will  have,  but  if  he  loses,  B  will  have  three  times 
what  A  will  have.  All  the  money  between  them  being  £168, 
determine  the  circumstances, 

12.  If  the  increase  in  the  number  of  male  and  female  crimi- 
nals be  1*8  per  cent.,  while  the  decrease  in  the  number  of  males 
alone  is  4*6  per  cent.,  and  the  increase  in  the  number  of  females 
is  9*8;  compare  the  number  of  male  and  female  criminals  re- 
spectively. ' 


XXVIII  VARIATION. 

411.  The  present  chapter  consists  of  a  series  of  propositions 
connected  with  the  definitions  of  ratio  and  proportion  stated 
in  a  new  phraseology,  which  is  convenient  for  some  purposes. 

412.  One  quantity  is  said  to  vary  directly  as  another  when 
the  two  quantities  depend  upon  each  other,  and  in  such  a  man- 
ner that  if  one  be  changed  the  other  is  changed  in  the  same 
proportion. 

Sometimes  for  shortness  we  omit  the  word  directly,  and  say 
simply  that  one  quantity  varies  as  another. 

413.  Thus,  for  example,  if  the  altitude  of  a  triangle  be  in- 
variable, the  area  varies  as  the  base ;  for  if  the  base  be  increased 
or  diminished,  we  know  from  Euclid  that  the  area  is  increased  or 
diminished  in  the  same  proportion.  We  may  express  this  result 
by  Algebraical  symbols  thus;  let  A  and  a  be  numbers  which 
represent  the  areas  of  two  triangles  having  a  common  altitude,  and 
let  B  and  b  be  numbers  which  represent  the  bases  of  these  tri- 

A  B 

angles  respectively;  then  —  =T»    And  ^rom  this  we  deduce 
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~  =  ^ ,  (Art.  392).    If  there  be  a  third  triangle  having  the  same 

'altitude  as  the  two  already  considered,  then  the  ratio  of  the  num- 
ber which  represents  its  area  to  the  number  which  represents  its 

base  will  also  be  equal  to  ^ .   Put  ^  =  ra,  then  ^  =  m  and  A  =  mB. 

Here  A  may  represent  the  area  of  any  one  of  a  series  of  triangles 
which  have  a  common  altitude,  and  B  the  corresponding  base, 
and  m  remains  constant.  Hence  the  statement  that  the  area 
varies  as  the  base  may  also  be  expressed  thus;  the  area  has  a 
constant  ratio  to  the  base;  by  which  we  mean,  in  accordance  with 
Article  392,  that  the  number  which  represents  the  area  bears  a 
constant  ratio  to  the  number  which  represents  the  base. 

We  have  made  these  remarks  for  the  purpose  of  explaining 
the  notation  and  language  which  will  be  used  in  the  present 
chapter.  When  we  say  that  A  varies  as  B,  we  mean  that  A 
represents  the  numerical  value  of  any  one  of  a  certain  series  of 
quantities,  and  B  the  numerical  value  of  the  corresponding  quan- 
tity in  a  certain  other  series,  and  that  A  =  mB,  where  m  is  some 
number  which  remains  constant  for  every  corresponding  pair  of 
quantities. 

We  will  give  a  formal  proof  of  the  equation  A  =  mB  deduced 
from  the  definition  of  Art.  412. 

414.  If  A  vary  as  B  tJien  A  is  equal  to  B  multiplied  by  some 
constant  quantity. 

Let  a  and  b  denote  one  pair,  of  corresponding  values  of  two 

A  B 

quantities,  and  let  A  and  B  denote  any  other  pair;  then  —  = 

by  definition.     Hence  A—^B  —  mB,  where  m  is  equal  to  the 

constant  %. 
o 

415.  The  symbol  ©c  is  used  to  express  variation;  thus  A  «  B 
stands  for  A  varies  as  B. 
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.  416.  If  x  denote  any  quantity  then  i  is  called  the  reciprocal 
of  x. 

One  quantity  is  said  to  vary  inversely  as  another  when  the 
first  varies  as  the  reciprocal  of  the  second. 

771 

Or  if  A  =  -g ,  where  m  is  constant,  A  is  said  to  vary  inversely 
as  B. 

417.  One  quantity  is  said  to  vary  as  two  others  jointly  when, 
if  the  former  is  changed  in  any  manner;  the  product  of  the  other 
two  is  changed  in  the  same  proportion. 

Or  if  A  =  mBC,  where  m  is  constant,  A  is  said  to  vary  jointly 
as  B  and  C. 

418.  One  quantity  is  said  to  vary  directly  as  a  second  and 
inversely  as  a  third,  when  it  varies  jointly  as  the  second  and  the 
reciprocal  of  the  third. 

fYtB 

Or  if  A  =  —q-  ,  where  m  is  constant,  A  is  said  to  vary  directly 
as  B  and  inversely  as  (7. 

419.  If  A  oc  B  and  B  «  C,  then  Aoc  C. 

For  let  A  =  mB  and  B  =  nC,  where  m  and  n  are  constants ; 
then  A  =  mnC,  and,  as  mn  is  constant,  A  oc  C. 

420.  If  AccC  cwwJBccC,  *Aerc  A  ±  B  cc  C,  am*  ^(A^ocC. 

Por  let  A  =  mC  and  B  =  nC,  where  m  and  w  are  constants; 
then  A  ±B  =  (m±n)  C ;  therefore  A  ±  B  «  (7.  Also 

J(AB)=s/(mnC')  =  C/J(rrm); 

therefore  fJ(AB)coG. 

A  A 

421.  If  Acc  BC,  <7«?w  B  oc—  awe?  0  oc  ^ . 
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1  A  A 
For  let  A  =  mBC,  then  2?  =  —  77 :  therefore  B  Simi- 
'  m  C  C 

larly  (7  cc  — . 

422.  T^AocB  and  CocD,  «Aera  ACocBD. 

For  let  A-mB  and  C  =  nD,  then  AC=mnBD;  therefore 
AC00BD. 

423.  7/  A  «  B,         A"  «=  B". 

For  let  A  =  mB,  then  A*  =  mnB* ;  therefore  An  <x  ZF. 

424.  7/*  A  oc  B,  then  AP  oc  BP,  wfore  P  is  any  quantity 
variable  or  invariable. 

For  let  A  =  mB,  then       =  mBP;  therefore  AP  oc  #P. 

425.  i/'AccB  when  C  w  invariable,  and  AocC  wAm  B  is 
invariable,  then  will  A  oc  BC  60^  B  and  0  are  variable. 

The  variation  of  .4  depends  upon  the  variations  of  the  two 
quantities  B  and  C;  let  the  variations  of  the  latter  quantities 
take  place  separately,  and  when  B  is  changed  to  b,  let  A  be 

A  B 

changed  to  a ;  then,  by  supposition,  -7  =  ^- .  Now  let  (7  be 
changed  to  c  and  in  consequence  let  a'  be  changed  to  a ;  then,  by 
supposition,  —  =  — .  Thus, 


a  c 


A    a  BC 
a'*  a~  be'' 

that  is,  -  -  , 

therefore,  -4  oc  BC.  , 

426.  In  the  same  manner  if  there  be  any  number  of  quan- 
tities By  G,  B,  &c.  each  of  which  varies  as  another  A  when  the 
rest  are  constant;  when  they  are  all  changed,  A  varies  as  their 
product. 
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EXAMPLES  ON  VARIATION. 

1.  Given  that  y  varies  as  x,  and  that  y  =  2  when  x=l,  what 
will  be  the  value  of  y  when  x  =  21 

2.  If  a  varies  as  b  and  a  =  15  when  6  =  3,  find  the  equation 
between  a  and  b. 

3.  Given  that  z  varies  jointly  as  x  and  y,  and  that  z=  1 
when  a;  =  1  and  y  =  1,  find  the  value  of  *  when  a?  =  2  and 
y  =  2. 

4.  If  z  varies  as  mx  +  y,  and  if  «  =  3  when  #  =  1  and  y  =  2, 
and  «  =  5  when  a;  =  2  and  y  =  3,  find  m. 

5.  If  x  varies  directly  as  y  when  2  is  constant,  and  inversely 
as  z  when  y  is  constant,  then  if  y  and  z  both  vary,  x  will  vary 

z 

6.  If  3,  2,  1,  be  simultaneous  values  of  x,  y,  z  in  the  pre- 
ceding example,  determine  the  value  of  x  when  y  =  2  and  2=4. 

7.  The  wages  of  5  men  for  6  weeks  being  £14.  5s. y  how 
many  weeks  will  4  men  work  for  £19.    (Apply  Example  5.) 

8.  If  the  square  of  x  vary  as  the  cube  of  y,  and  x  =  2  when 
y  =  3,  find  the  equation  between  x  and  y. 

D.    Given  that  y  varies  as  the  sum  of  two  quantities,  one  of  * 
which  varies  as  x  directly,  the  other  as  x  inversely,  and  that 
y  =  4  when  x=l  and  y  =  5  when  x=2,  find  the  equation  be- 
tween x  and  y. 

10.  If  one  quantity  vary  directly  as  another,  and  the  former 
be  *  when  the  latter  is  &,  what  will  the  latter  be  when  the  former 
is  99 

T.  A.  15 
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11.  If  one  quantity  vary  as  the  sum  of  two"  others  when 
their  difference  is  constant,  and  also  vary  as  their  difference  when 
their  sum  is  constant,  shew  that  when  these  two  quantities  vary 
independently,  the  first  quantity  will  vary  as  the  difference  of 
their  squares. 

12.  Given  that  the  volume  of  a  sphere  varies  as  the  cube  of 
its  radius,  prove  that  the  volume  of  a  sphere  whose  radius  is 
6  inches  is  equal  to  the  sum  of  the  volumes  of  three  spheres 
whose  radii  are  3,  4,  5  inches. 

13.  Two  circular  gold  plates,  each  an  inch  thick,  the  diame- 
ters of  which  are  6  inches  and  8  inches  respectively,  are  melted 
and  formed  into  a  single  circular  plate  one  inch  thick.  Find  its 
diameter,  having  given  that  the  area  of  a  circle  varies  as  the 
square  of  its  diameter. 

14.  There  are  two  globes  of  gold  whose  radii  are  r  and  r'; 
they  are  melted  and  formed  into  a  single  globe.    Find  its  radius. 

15.  If  x,  y,  z  be  variable  quantities  such  that  y  +  z  —  x  is 
constant,  and  that  (x  +  y-  z)  (x  +  z  —  y)  varies  as  yzy  prove  that 
x  +  y  +  z  varies  as  yz. 

16.  A  point  moves  with  a  speed  which  is  different  in  different 
miles,  but  invariable  in  the  same  mile,  and  its  speed  in  any  mile 
varies  inversely  as  the  number  of  miles  travelled  before  it  com- 
mences this  mile.  If  the  second  mile  be  described  in  2  hours, 
find  the  time  occupied  in  describing  the  wtt  mile. 

17.  Suppose  that  y  varies  as  a  quantity  which  is  the  sum  of 
three  quantities,  the  first  of  which  is  constant,  the  second  varies 
as  x,  and  the  third  as  x*.  And  suppose  that  when  x  =  a,  y  =  0, 
when  x  =  2a,  y  =  a,  and  when  x-3a,  y  =  4a.  Shew  that  when 
x  =  naf  y  =  (n-  1)*  a. 

18.  Assuming  that  the  quantity  of  work  done  varies  as  the 
cube  root  of  the  number  of  agents  when  the  .time  is  the  same,  and 
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varies  as  the  square  root  of  the  time  when  the  number  of  agents  is 
the  same;  find  how  long  3  men  would  take  to  do  one-fifth  of  the 
work  which  24  men  can  do  in  25  hours.    (See  Art.  426.) 


XXIX.   SCALES  OF  NOTATION*. 

427.  The  student  will  of  course  have  learned  from  Arith- 
metic that  in  the  ordinary  method  of  expressing  integer  numbers 
by  figures,  the  number  represented  by  each  particular  figure  is 
always  some  multiple  of  some  power  of  ten.  Thus  in  347  the  3 
represents  3  hundreds,  that  is,  3  times  10*;  the  4  represents  4 
tens,  that  is,  4  times  101 ;  and  the  7  which  represents  7  units, 
may  be  said  to  represent  7  times  10°. 

This  mode  of  representing  numbers  is  called  the  common  scale 
of  notation,  and  10  is  said  to  be  the  base  or  radix  of  the  common 
scale. 

428.  "We  shall  now  prove  that  any  positive  integer  greater 
than  unity  may  be  used  instead  of  10  for  the  radix,  and  shall  shew 
how  to  express  a  number  in  any  proposed  scale.  We  shall  then 
add  some  miscellaneous  propositions  connected  with  this  subject. 

The  figures  by  means  of  which  a  number  is  expressed  are 
called  digits. 

"When  we  speak  in  future  of  any  radix  we  shall  always  mean 
that  this  radix  is  some  positive  integer  greater  than  unity. 

429.  To  shew  that  any  positive  integer  may  be  expressed  in 
terms  of  any  radix. 

Let  N  denote  the  number,  r  the  radix.  Suppose  that  r*  is 
the  highest  power  of  *•  which  is  not  greater  than  If;  divide  N 
by  r",  and  let  pn  be  the  quotient  and  iV,  the  remainder;  thus 

N=pnr*  +  Fx. 

15—2 
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Here,  by  supposition,  pn  is  less  than  r;  also  2!^  is  less  than  r". 
Next  divide  2ft  by  V"1,  and  letp^  be  the  quotient  and  N%  the 
remainder;  thus 

Proceed  in  this  way  until  the  remainder  is  less  than  r;  thus 
we  find  N  expressed  in  the  manner  indicated  by  the  equation 

&=P»r*  +  pn-xru~x  +  +JV*+JV  +*V 

Each  of  the  digits  pnt  pm_l9  plf  p0  is  less  than  r,  and  any 

one  or  more  of  them  after  the  first  may  be  zero. 

430.  To  express  a  given  integer  number  in  any  proposed 
scale. 

By  a  given  integer  number  we  mean  a  number  expressed  in 
words  or  else  expressed  by  digits  in  some  assigned  scale.  If  no 
scale  is  mentioned,  we  understand  the  common  scale  to  be  in- 
tended. 

Let  N  be  the  given  number,  r  the  radix  of  the  scale  in  which 

it  is  to  be  expressed.    Suppose  p0,  pl9  pn  to  be  the  required 

digits  by  which  N  is  expressed  in  the  new  scale,  beginning  with 
that  on  the  right  hand;  then 

N  =pnrn  +jpMf*-1  +  +  pjf  +pxr  +  p0; 

we  have  now  to  find  the  value  of  each  digit. 

Divide  N  by  r,  and  let  Ql  denote  the  quotient;  then  it  is 
obvious  that 

<?i  =  JV*"1  +  Pn-f~*  +  +  Pf  +  P* 

and  that  the  remainder  is  p0.  Hence  p0  is  found  by  this  rule; 
divide  the  given  number  by  tJie  proposed  radix,  and  the  remainder 
is  the  first  of  the  required  digits. 

Again,  divide  Qx  by  r,  and  let  Qa  denote  the  quotient;  then 
it  is  obvious  that 

Q*  =P*rn-'  +/>._lrB-8  +  + ft, 
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and  that  the  remainder  is  pv  Hence  the  second  of  the  required 
digits  is  ascertained. 

By  proceeding  in  this  way  we  shall  determine  in  succession  all 
the  required  digits. 

431.  For  example,  transform  43751  into  the  scale  of  which 
G  is  the  radix.  The  division  may  be  performed  and  the  remain- 
ders  noted  thus : 

6^43751 

6  J  7  2  9  1  5 

6^121  5  1 

6  J  2  02  3 

6  )  3  3  4 

5  3 

Thus,         43751  =  5.6*  +  3.64  +  4.6s  +  3.6*  + 1.6  +  5, 

so  that  the  number  is  expressed  in  the  new  scale  thus,  534315. 

432.  Again,  transform  43751  into  the  scale  of  which  12  is 
the  radix. 

12;  4  3  7  5  1 

12J  3  6  45  11 

12  )  3  0  3   9 

12  )  2  5   3 

2   1 

Thus,  43751  =  2.124  +  1.12s  +  3.12*  +  9.12  +  11. 

In  expressing  the  number  in  the  new  scale  we  shall  require 
a  single  symbol  for  eleven;  let  it  be  e ;  then  the  number  is  ex- 
pressed in  the  new  scale  thus,  2139& 

We  cannot  of  course  use  11  to  express  eleven  in  the  new 
scale,  because  11  now  represents  1.12  +  1,  that  is,  thirteen. 
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433.  We  will  now  consider  an  example  in  which  a  number  is 
given,  not  in  the  common  scale. 

A  number  is  denoted  by  tSi7e  in  the  scale  of  which  twelve  is 
the  radix,  it  is  required  to  express  it  in  the  scale  of  which  eleven 
is  the  radix. 

Here  t  stands  for  ten,  and  e  for  eleven. 

e)  t  3  4  7  e 

e2  7  3  2 

The  process  of  division  by  eleven  is  performed  thus.  First 
e  is  not  contained  in  t>  for  eleven  is  not  contained  in  ten,  so  we 
ask  how  often  is  e  contained  in  t3  ;  here  t  stands  for  ten  times 
twelve,  that  is  one  hundred  and  twenty,  so  that  the  question  is, 
how  often  is  eleven  contained  in  one  hundred  and  twenty-three? 
the  answer  is  eleven  times,  with  two  over.  Next  we  ask  how 
often  is  e  contained  in  24 ;  that  is,  how  often  is  eleven  contained 
in  twenty-eight;  the  answer  is  twice,  with  six  over.  Then  how 
often  is  e  contained  in  67 ;  that  is,  how  often  is  eleven  contained 
in  seventy-nine;  the  answer  is  seven  times,  with  two  over. 
Lastly,  how  often  is  e  contained  in  2e;  that  is,  how  often  is 
eleven  contained  in  thirty-five?  the  answer  is  three  times,  with 
two  over. 

Hence  2  is  the  first  of  the  required  digits. 

The  remainder  of  the  process  we  will  indicate;  the  student 
should  carefully  work  it  for  himself  and  then  compare  his  result 
with  that  here  given. 

e) e2  7  3 

e  J  I  0  2  t  1 

e)ll  4  2 

e  )  1  2  6 

1  3 
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Hence  the  given  number  is  equal  to 

l.e*  +  3.e4  +  6.e8  +  2.ea  +  l.e  +  2  j 
that  is,  it  is  expressed  in  the  scale  with  radix  eleven  thus,  136212. 

434*  It  will  be  easy  to  form  an  unlimited  number  of  self- 
verifying  examples.  Thus,  take  two  numbers  expressed  in  the 
common  scale  and  obtain  their  product,  then  transform  this  pro- 
duct into  any  proposed  scale ;  next  transform  the  two  numbers 
into  the  proposed  scale,  and  obtain  their  product  in  this  scale; 
the  result  should  of  course  agree  with  that  already  obtained*  Or, 
take  any  number,  square  it,  transform  this  square  into  any  pro- 
posed  scale,  and  extract  the  square  root  in  this  scale;  then  trans- 
form the  last  result  back  to  the  original  scale. 

435.  Next  let  it  be  required  to  transform  a  given  fraction 
from  one  scale  to  another.  This  may  be  effected  by  transforming 
separately  the  numerator  and  denominator  of  the  given  fraction 
by  the  method  of  Art.  430,  Thus  we  obtain  a  fraction  identical 
with  the  proposed  fraction,  having  its  numerator  and  denominator 
expressed  in  the  new  scale. 

436.  We  stated  in  Art.  427,  that  in  the  common  scale  of 
notation,  each  digit  which  occurs  in  the  expression  of  any  integer 
by  figures  represents  some  multiple  of  some  power  of  ten.  This 
statement  may  be  extended,  and  we  may  assert  that  if  a  number 
be  expressed  in  the  common  scale,  and  the  number  be  an  integer, 
or  a  decimal  fraction,  or  partly  an  integer  and  partly  a  decimal 
fraction,  then  each  digit  represents  some  multiple  of  some  power 
of  ten.    Thus  in  347*958  the  3,  the  4,  and  the  7,  have  the  values 

9 

assigned  to  them  in  Art.  427;   the  9  represents  y^,  that  is, 

9  times  10"1;  the  5  represents  that  is,  5  times  10"*;  and 

g 

the  8  represents  Jqqq  >  *^at  ™>  ®  times  10~". 

It  may  therefore  naturally  occur  to  us  to  consider  the  follow- 
ing problem :  required  to  express  a  given  fraction  by  a  series  of 
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fractions  in  any  proposed  scale  analogous  to  decimal  fractions  in 
the  common  scale.  We  will  speak  of  such  fractions  as  radix- 
fractions. 

437.  Required  to  express  a  given  fraction  by  a  series  of  radix- 
fractions  in  any  proposed  scale. 

By  a  given  fraction  we  mean  a  fraction  expressed  in  words  or 
expressed  by  figures  in  any  given  scale.  Let  F  denote  the  pro- 
posed fraction,  r  the  radix  of  the  proposed  scale.  Suppose  tlf 
t^  ...  the  numerators  of  the  required  radix-fractions  beginning 
from  the  left;  thus 

 • 


where  tlf  t#  t#          are  to  be  found 


Multiply  both  members  of  the  equation  by  r;  thus, 

Fr  =  L  +  *f+^§  +  

r  r 


The  right-hand  member  consists  of  an  integer  tl  and  an 
additional  fractional  part.  Let  /,  denote  the  integral  part  of  Fr, 
and  Fl  the  fractional  remainder ;  then  we  must  have 

^.=£+£+  

Thus,  to  obtain  the  first  numerator,  tj9  of  the  series  of  radix- 
fractions,  we  have  this  rule;  multiply  the  given  fraction  by  the 
proposed  radix;  then  the  greatest  integer  in  the  product  is  the  first 
of  the  required  numerators. 

Again,  multiply  Fl  by  r ;  let  Ia  be  the  integral  part  of  the 
product,  and  Fa  the  fractional  remainder;  then, 

L=t„  F.=±+h+  


Hence  ta,  the  second  of  the  required  numerators,  is  ascertained. 
By  proceeding  in  this  way  we  shall  determine  the  required  nu- 
merators in  succession.    If  one  of  the  products  which  occur  on 
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the  left-band  side  of  the  equations  be  an  exact  integer,  the  process 
then  terminates,  and  the  proposed  fraction  is  expressed  by  a  finite 
series  of  radix-fractions.  If  no  integral  product  occur,  the  process 
never  terminates,  and  the  proposed  fraction  can  only  be  expressed 
by  an  infinite  series  of  the  required  radix-fractions. 

438.  We  may  remark  that  the  radix  ten  is  not  only  the  base 
of  the  common  mode  of  expressing  numbers  by  figures,  but  is  in 
fact  assumed  as  the  base  of  our  language  for  numbers.  This  will 
be  seen  by  observing  at  what  stage  in  counting  upwards  from 
unity  new  words  are  introduced.  For  example,  all  numbers 
between  twenty-one  and  twenty-nine,  both  inclusive,  are  expressed 
by  means  of  words  that  hare  already  occurred  in  counting  up 
to  twenty;  then  a  new  word  occurs,  namely  thirty,  and  we  can 
count  on  without  an  additional  new  word  as  far  as  thirty-nine; 
and  so  on. 

439.  The  number  ten  has  only  two  divisors  different  from 
itself  and  unity,  namely  2  and  5;  the  number  twelve  has  four 
divisors,  namely  2,  3,  4,  and  6.  On  this  account  twelve  would 
have  been  more  convenient  than  ten  as  a  radix.  This  may  be 
illustrated  by  reference  to  the  case  of  a  shilling ;  since  a  shilling 
is  equivalent  to  twelve  pence,  the  half,  the  third,  the  fourth,  and 
the  sixth  of  a  shilling,  each  contains  an  exact  number  of  pence; 
if  the  shilling  were  equivalent  to  ten  pence,  the  half  and  fifth  of  a 
shilling  would  be  the  only  submultiples  of  a  shilling  containing  an 
exact  number  of  pence.  Similarly,  the  mode  of  measuring  lengths 
by  feet  and  inches  may  be  noticed. 

440.  We  may  observe  that  if  two  be  adopted  as  the  radix  of  ' 
a  scale,  the  operations  of  arithmetic  are  in  some  respects  much 
simplified.  In  this  scale  the  only  figures  which  occur  are  0  and  1, 
so  that  each  separate  step  of  a  series  of  arithmetical  operations 
would  be  an  addition  of  1,  or  a  subtraction  of  1,  or  a  multiplica- 
tion by  1,  or  a  division  by  1.  The  simplicity  of  each  operation  is 
however  counterbalanced  by  the  disadvantage  arising  from  the 
increased  number  of  such  operations. 


Digitized  by  Google 


234  SCALES  OF  NOTATION* 

We  give  in  the  following  two  articles  two  problems  connected 
with  the  present  subject. 

441.  Determine  which  of  the  series  of  weights  lib.,  2 lbs., 

2*  lbs.,  2albs.,  24lbs.         must  be  used  to  balance  a  given  weight 

of  N  lbs.,  only  one  weight  of  each  kind  being  used. 

It  is  obvious  that  this  question  is  the  same  as  the  following; 
express  the  number  N  in  the  scale  of  which  the  radix  is  2. 
Hence  it  follows  from  Art.  429  that  the  problem  can  always 
be  solved. 

442.  Which  of  the  weights  1  lb.,  3  lbs.,  3*  lbs.,  38  lbs.  . . .  must 
be  selected  to  weigh  N  lbs.,  only  one  of  each  kind  being  used,  but 
in  either  scale  that  may  be  necessary. 

Divide  N  by  3,  then  the  remainder  must  be  zero,  or  one,  or 
two.  Let  Nx  denote  the  quotient;  then  in  the  first  case  we  have 
N  =  33^,  in  the  second  case  ^=3^4-1,  and  in  the  third  case 
N  -  ZNX  +  2.  In  the  first  or  second  case  divide  Nx  by  3 ;  in  the 
third  case  we  may  write  ^=3(^+1)  —  !,  then  we  should 
divide  Nx  +  1  by  3.  Proceed  thus  and  we  shall  finally  have  a 
result  of  the  following  form, 

^r=?.3*  +  ^13-1  +  + 

where  each  of  the  quantities  qo9  qx,  qn  is  either  zero,  or  + 1, 

or  —  1.    Thus  the  problem  is  solved. 

443.  In  a  scale  of  notation  of  which  the  radix  is  r,  the  sum  of 
the  digits  of  any  whole  number  divided  by  r  -  1  will  leave  tJw  same 
remainder  as  the  whole  number  divided  byt-1. 

Let  denote  the  whole  number,  p#  pl9  .p*  the  digits  be- 
ginning from  the  right  hand ;  then, 

N=p0+pxr±  +pmrH 

=  P9+Pr+Pg  +  +jft 

+px  (r  -  1)  +  p%  (r-  -  1)  +  +*.(*"-!); 
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therefore,        *=P*+P*+P.+  - +P- 
r-l  r-l 

rn-t 

+ft(r+l)+  +^-7ZT4 

But  ^— y  is  an  integer  whatever  positive  integer  n  may  be; 
thus  — =  some  integer  +-Po+^1  * 
This  establishes  the  proposition. 

444.  In  a  scale  of  notation  of  which  the  radix  is  r,  any  whole 
number  when  divided  by  r  4-  1  will  leave  the  same  remainder  as  the 
difference  between  the  mm  of  the  digits  in  the  odd  places  and  the 
sum  of  the  digits  in  the  even  places  leaves  when  divided  by  r  +  1. 

With  the  same  notation  as  in  the  preceding  proposition  we 
have 

&=p0  +  pxr+pjr*  +  +PS* 

=Po~Pi+P9-Ps+  +  (- 

+ ft  (r  +  1)  +p,  (t*  - 1)  +  A  (r8  +  1)  +  . . .  +pn  {r*  -  (- 1)-}. 

Thus,    *  =  some  integer  +  ±&±        +  <~ 

'  r+1  e  r+1 

445.  To  find  what  numbers  are  divisible  by  3  without  re- 
mainder. 

Let  iV  denote  any  number ;  let  p0,  pv  pm  be  the  digits  of 

it  beginning  with  that  in  the  unit's  place;  then, 

&=Po  +ftio+/>,io'+  +Aio*; 

therefore,  ^  =^  +  3^       +  33pB       +  333p, +  <fcc. 

.ft+ft  +  ft  +  fa  +      +  33^  +  333^  +  &a 
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This  is  a  whole  number  when 


3 


is  a  whole 


number.  Thus  any  number  is  divisible  by  3  when  the  sum  of  its 
digits  is  divisible  by  3.  For  example,  111,  252,  and  7851  are 
divisible  by  3. 

446.  It  appears  from  Art.  443  that  a  number  is  divisible 
by  9  when  the  sum  of  its  digits  is  divisible  by  9 ;  and  that  when 
any  number  is  divided  by  9,  the  remainder  is  the  same  as  if  the 
sum  of  the  digits  of  that  number  were  divided  by  9. 

447.  From  this  property  of  the  number  9  a  rule  may  be 
deduced  which  will  sometimes  detect  an  error  in  the  multiplica- 
tion of  two  numbers. 

Let  9a  +  x  denote  the  multiplicand,  and  96  +  y  the  multiplier; 
then  the  product  is  81a6  +  96a;  +  9ay  +  xy.  If  then  the  sum  of 
the  digits  in  the  multiplicand  be  divided  by  9,  the  remainder  is  x\ 
if  the  sum  of  the  digits  in  the  multiplier  be  divided  by  9,  the 
remainder  is  y;  and  if  the  sum  of  the  digits  in  the  product  be 
divided  by  9,  the  remainder  ought  to  be  the  same  as  when  xy  is 
divided  by  9,  and  will  be  if  there  be  no  mistake  in  the  opera- 
tion. 


1.  Express  in  the  scale'  of  seven  the  numbers  which  are 
expressed  in  the  scale  of  ten  by  231  and  452 ;  multiply  the  num- 
bers together  in  the  scale  of  seven,  and  reduce  to  the  scale  of  ten. 

2.  Transform  1357531  from  the  denary  scale  to  the  quinary. 

3.  Transform  40234  from  the  quinary  to  the  duodenary 
scale. 

4.  Transform  545  from  the  senary  scale  to  the  denary. 

5.  Transform  64520,  which  is  in  the  septenary  scale,  to  tlie 
undenary  scale. 


EXAMPLES  ON  SCALES  OF  NOTATION. 


Digitized  by 


Google 


EXAMPLE8  ON  SCALES  OF  NOTATION.  237 

6.  Transform  4444  from  the  scale  with  radix  five  to  the 
common  scale. 

7.  Transfer  3413  from  a  scale  whose  radix  is  six  to  that 
whose  radix  is  seven. 

8.  Transform  123456  from  the  denary  scale  to  the  septenary. 

9.  Transform  15*75  from  scale  ten  to  scale  eight. 

10.  Transform  221*248  from  scale  ten  to  scale  five. 

11.  Convert  357234  into  the  scale  whose  radix  is  seven. 

12.  Transform  1845*3125  from  the  common  scale  to  one 
whose  radix  is  twelve. 

13.  Transform  444*44  from  the  scale  with  radix  five  to  the 
common  scale. 

14.  Express  31462*125  in  the  scale  whose  radix  is  eight. 

15.  Transform  3065*263  from  the  scale  eight  to  scale  ten. 

16.  Express  in  the  common  scale  and  in  the  scale  of  eight 
the  number  denoted  in  the  scale  of  nine  by  723. 

17.  Transform  15951  from  scale  eleven  to  scale  ten,  and 
333310  from  scale  ten  to  scale  eleven. 

18.  Extract  the  square  root  of  33224  in  the  scale  of  six. 

19.  The  number  123454321  is  referred  to  the  radix  six; 
extract  its  square  root  in  that  scale. 

20.  Extract  the  square  root  of  3445.44  in  the  scale  six,  and 
reduce  the  result  to  scale  three. 

21.  Subtract  20404020  from  103050301  in  the  scale  eight, 
and  extract  the  square  root  of  the  result. 

22.  Extract  the  square  root  of  1 1000000100001  in  the  binary 
scale  of  notation. 
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23.  Find  a  fraction  in  the  ternary  scale  equivalent  to 
•120120  ,  which  is  in  the  same  scale. 

24.  Find  the  simplest  fraction  which  is  represented  by 
-1515         in  the  scale  whose  radix  is  seven. 

25.  Reduce^  to  a  duodecimal., 

26.  In  what  scale  will  the  number  95  be  denoted  by  137 1 

27.  In  what  scale  is  2704  written  20304  ? 

28.  In  what  scale  is  J331  written  1000  1 

29.  In  what  scale  does  1 6000  of  the  denary  become  1003000 1 

30.  A  number  is  represented  in  the  denary  scale  by  35*8333 . . 
and  in  another  scale  by  55-5,  find  the  radix  of  the  latter  scale. 

3J.  In  what  scale  of  notation  is  sixteen-hundred  and  sixty- 
four  ten-thousandths  of  unity  represented  by  -0404  ? 

32.  Shew  that  12345654321  is  divisible  by  12321  in  any 
scale  greater  than  six. 

33.  Shew  that  144  is  a  square  number  whatever  be  the  radix 
of  the  scale. 

34.  Shew  that  1331  is  a  perfect  cube  in  any  scale  of  notation. 

35.  Of  the  weights  1,  2,  4,  8,  2"  pounds,  find  whieh 

must  be  selected  to  weigh  1719  pounds. 

36.  Which  of  the  weights  1  lb.,  3  lbs.,  3*  lbs.,          must  be 

selected  to  weigh  1027  lbs.,  only  one  of  each  kind  being  used,  but 
in  either  scale  that  is  necessary. 

37.  Which  of  the  same  weights  must  be  used  to  weigh 
716  lbs.? 

38.  Which  of  the  same  weights  must  be  used  to  weigh 
475  lbs.  ? 
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39. ,  Find  by  operation  in  the  scale  with  radix  twelve  what  is 
the  height  of  a  parallelopiped  which  contains  94  cubic  feet  235 
cubic  inches,  and  whose  base  is  24  square  feet  5  square  inches. 

40.  Express  2  feet  10J  inches  linear  measure,  and  5  feet 
79£  inches  square  measure,  in  the  duodenary  scale  as  feet  and 
duodecimals  of  a  foot;  and  the  latter  quantity  being  the  area 
of  a  rectangle,  one  of  whose  sides  is  the  former,  find  its  other 
side  by  dividing  in  the  duodenary  scale. 

41.  If     pl9  pa,          be  the  digits  of  a  number  beginning 

with  the  units,  prove  that  the  number  itself  is  divisible  by  eight 
if  p0  +  2pl  +  4pa  is  divisible  by  eight. 

42.  Prove  that  the  difference  of  two  numbers  consisting  of 
the  same  figures  is  divisible  by  nine. 

43.  Find  the  greatest  and  least  numbers  with  a  given  number 
of  digits  in  any  proposed  scale. 

44.  Prove  that  if  in  any  scale  of  notation  the  sum  of  two 
numbers  is  a  multiple  of  the  radix,  then  (1)  the  digits  in  which 
the  squares  of  the  numbers  terminate  are  the  same,  and  (2)  the 
sum  of  this  digit  and  of  the  digit  in  which  the  product  of  the 
numbers  terminates  is  equal  to  the  radix, 

45.  A  certain  number  when  represented  in  the  scale  two  has 
each  of  its  last  three  digits  (counting  from  left  to  right)  zero,  and 
the  next  digit  different  from  zero;  when  represented  in  either  of 
the  scales  three,  five,  the  last  digit  is  zero,  and  the  last  but  one 
different  from  zero ;  and  in  every  other  scale  (twelve  scales  ex- 
cepted) the  last  digit  is  different  from  zero.  What  are  these 
twelve  scales,  and  what  is  the  number? 
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XXX.    ARITHMETICAL  PROGRESSION. 

448.  Quantities  are  said  to  be  in  Arithmetical  Progression 
when  they  increase  or  decrease  by  a  common  difference. 

Thus  the  following  series  are  in  Arithmetical  Progression  : 

1,  3,  5,  7,  9,  

40,  36,  32,  28,  24,  

a,  a  +  6,  a  +  2b,  a  +  36,  

a,  a  — b9  a -2b,  a  —  36,  

In  the  first  example  the  common  difference  is  2,  in  the 
second  —4,  in  the  third  6,  in  the  fourth  -6. 

449.  Let  a  denote  the  first  term  of  an  Arithmetical  Progres- 
sion, b  the  common  difference ;  then  the  second  term  is  a  +  b, 
the  third  term  is  a  +  26,  the  fourth  term  is  a  +  36,  and  so  on. 
Thus  the       term  is  a  +  (n-  1)6. 

450.  To  find  the  sunt  of  a  given  number  of  quantities  in  Artih- 
metic&l^rogression,  the  first  term  and  the  common  difference  being 
supposed  known. 

Let  a  denote  the  first  term,  6  the  common  difference,  n  the 
number  of  terms,  I  the  last  term,  s  the  sum  of  the  terms. 
Then, 

s  =  a  +  (a +  6)  + (a +  26)  +  +  £ 

And,  by  writing  the  series  in  the  reverse  order,  we  have  also 
s  =  Z  +  (Z-6)  +  (Z-26)  +  +* 

Therefore,  by  addition, 

2s  =  (I  +  a)  +  (I  +  a)  +          ion  terms 

=  n  (I  +  a) ; 
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therefore,        8  =  2  @  +  a) W' 

Also,  l  =  a  +  (n-l)b    (2), 

thus,  s  =  ^{2a  +  (n-l)b}    (3). 

The  equation  (3)  gives  the  value  of  s  in  terms  of  the  quan- 
tities which  were  supposed  known.  Equation  (1)  is  also  a  con- 
venient expression  for  *,  and  gives  the  following  rule :  the  sum 
of  any  number  of  terms  in  Arithmetical  Progression  is  equal  to 
the  product  of  the  number  of  the  terms  into  half  ifte  sum  of  the 
first  and  last  terms, 

451.  In  an-  Arithmetical  Progression  the  sum  of  any  two 
terms  equidistant  from  the  beginning  and  end  is  equal  to  the  sum 
of  the  first  and  last  terms. 

The  truth  of  this  has  already  been  seen  in  the  course  of 
the  preceding  demonstration;  it  may  be  shewn  formally  thus: 
Let  a  be  the  first  term,  b  the  common  difference,  I  the  last  term; 
then  the  r*  term  from  the  beginning  is  a  +  (r  -  1)  b  and  the  r* 
term  from  the  end  is  I  —  (r  - 1)  b,  and  the  sum  of  these  terms 
is  therefore  l  +  a. 


452,  To  insert  a  given  number  of  arithmetical  mt^5  be- 
tween two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is,  that  we  are  to 
find  »  +  2  terms  in  Arithmetical  Progression,  a  being  the  first 
term,  and  c  the  last.    Let  b  denote  the  common  difference;  then 

c  =  a,  +  (n  +  1)  by  therefore,  b  =  .  This  finds  6,  and  the  n 
required  terms  are 

a  +  by       a  +  2b,       a  +  35,  a -hub, 

453.  In  Art.  450  we  have  five  quantities  occurring,  namely, 
a,  by  ly  n,  8,  and  these  are  connected  by  the  equations  (1)  and 

T.  A.  16 
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(2),  or  (2)  and  (3)  there  established.  The  student  will  find  that 
if  any  three  of  these  five  quantities  are  given,  the  other  two  can 
be  found;  this  will  furnish  some  useful  exercises.  We  give  one 
as  an  example. 

454.  Given  the  sum  of  an  Arithmetical  Progression,  the  first 
term,  and  the  common  difference ;  required  the  number  of  terms. 

Here,  *  =  ^  {2a  +  (n  - 1)  b} ; 

therefore,  2s  =  ri'b  +  (2a  -  b)  n. 

By  solving  this  quadratic  in  n  we  obtain 

_b~2a±:J{(2a-by  +  88b} 
n~  2b 

455.  It  will  be  seen  that  two  values  are  found  for  n  in  the 
preceding  article;  in  some  cases  both  values  are  applicable,  as  will 
appear  from  the  following  example.  Suppose  a  =11,  b  =  —  2, 
s  =  27;  we  obtain  n  =  3  or  9.    The  arithmetical  progression  is 

11,  9,  7,  5,  3,  1,  -1,-3,-5,  &c, 

and  it  is  obvious  that  the  sum  of  the  first  three  terms  is  the  same 
as  the  sum  of  the  first  nine  terms. 

456.  Again,  suppose  a  =  4,  b  =  2,  s=  18;  we  obtain  w  =  3  or 
—  6.  The  sum  of  three  terms  beginning  with  4  is  4  +  6  +  8  or 
18.    If  we  put  on  terms  before  4  we  obtain  the  series 

-2  +  0  +  2  +  4+6  +  8, 

and  the  sum  of  these  six  terms  is  also  18.  From  this  example  we 
may  conjecture  that  when  there  is  a  negative  integral  value  for 
the  number  of  terms  as  well  as  a  positive  integral  value  the 
following  statement  will  be  true;  begin  from  the  last  term  of 
the  series  which  is  furnished  by  the  positive  value,  and  count 
backwards  for  as  many  terms  as  the  negative  value  indicates, 
then  the  result  will  be  the  given  sum.  The  truth  of  this  conjec- 
ture is  shewn  in  the  next  article. 
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457.  The  quadratic  equation  in  n  obtained  in  Art  454  is 

2s  =  n*b  +  (2a-b)n  (1). 

Suppose  a  series  in  which  the  first  term  is  6  —  a,  the  common 
difference  b,  the  number  of  terms  m,  and  the  sum  s;  then 

2s  =  m'b  +  (2b-2a-b)m  (2). 

The  roots  of  (1)  and  (2)  are  of  equal  values  but  of  opposite 
signs,  (Art.  340) ;  so  that  if  the  roots  of  (1)  are  denoted  by  nx  and 
-  n#  those  of  (2)  will  be  na  and  -  nx.  Hence  n%  terms  of  a  series 
which  begins  with  b  —  a  and  has  the  common  difference  6,  will 
amount  to  the  given  sum  &  The  last  term  of  the  series  which 
begins  with  a  and  extends  to  nx  terms  is  a  +  (n,  - 1)  b;  we  have 
therefore  to  shew  that  if  we  begin  with  this  term  and  count 
backwards  for  na  terms,  we  arrive  at  b -a.  This  amounts  to 
proving  that 

a  +  (nl-l)b-(na-l)b  =  b-a; 
that  is,  that  a  +  (nl  —n^)b  =  b  —  a. 

'Now,  nx-n9  =  -  ^  - ,  (Art  335); 

therefore,         a  +  (nl—na)b  =  a-  (2a  —  b)  =  b  —  a. 

458.  In  some  cases,  however,  only  one  of  the  values  of  n 
found  in  Art  454  is  applicable,  and  no  interpretation  occurs  for 
the  other.    Suppose  a  =  11,  &  =  -3,  8  =  24;    we  obtain  ra=3 

16 

or  -~-  of  which  only  the  former  is  applicable. 

459.  To  find  the  *vm  of  n'terms  of  the  series  1,  2,  3,  4,... 
Here  the  »th  term  is  »;  thus  by  Art  450, 

We  add  two  similar  questions  which  lead  to  important  results, 
although  not  very  closely  connected  with  the  present  subject 

16—2 
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460.  To  find  the  sum  of  the  squares  of  the  first  ix  natural 
numbers. 

Let  8  denote  the  required  sum;  then 

*=la  +  28+  38  +  +  n8, 

and  we  shall  prove  that 

_n(n  +  l)(2n+l) 
s  g  , 

We  have 

n*-(n-l)3  =  3n'-3n  +  l, 
(n  -  1  )8  -  (n  -  2)8  =  3  (»  -  1 )8  -  3  (n  - 1 )  +  1 , 
(n-2)8-(rc-3)8  =  3(rc-2)8-3(w-2)+l, 


38-28  =  3.  3a-3.3+l, 

28-l8=3.2a-3.2  +  l, 

18-08  =  3.18-3.1  +  1. 

Hence,  by  addition, 

n8  =  3  { 1 8  +  28  +  +  w8}  -  3  { 1  +  2  +  +n}+w, 

a    o     3w  (w  +  1) 
that  is,  n*  =  3s  ^  £  + 

mi                     3    3w(»  +  l)  w(»+})(2»+l) 
Therefore,    3*  =  n3  +  — ^  >  _n  =  -_>i  tIA  ly 

and  »(»+l)(S»»+l) 
ana,  «-  2  3 


461.    2*0  www  o/  tAe  cuoe*  o/  n  natural 

numbers. 

Let  *  denote  the  required  sum;  then, 

*=l8+  28  +  33  +  +  n8, 

and  we  shall  prove  that 


s 


-{  2  [ • 
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We  have, 

n4-(n-  l)4  =  W- 6ns  +  4n- 1, 
(n-l)4-(»-2)4  =  4(w-l)a-6(w-l),  +  4(»-l)-l, 
(n-2)4-(w-3)4  =  4(»-2)8-6(w-2),  +  4(»-2)-l, 

34  -  24  =  4  .  38  -  6  :  3"  +  4.3-l, 
24-l4  =  4.28-6.2'  +  4.2-l, 
14-04  =  4.18-6.18  +  4.1-1. 

Hence,  by  addition, 

w4  =  4{l8  +  28  +  +  n*}  -  6  {18  +  2"  +...'...+  ras} 

+  4{1  +2  +  

that  is,  ra4  =  4*-ra(w+l)(2rc  +  l)  +  2w(n+ l)-w. 

Therefore,         4*  =  »4  +  2w8  +  n?, 

EXAMPLES  OF  ARITHMETICAL  PROGRESSION*. 

Sum  the  following  series  : 

1.    2,  6,  10,  14,          to  20  terms. 

2'  4'  T'  V  T' to  32  termfl' 

1  3 

3.  ^,  -j,  -2,          to  24  terms. 

4.  5,    to  20  terms. 

4 

5.  If,  1J,  g,   to  10  terms. 
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6.    1,  If,  2£,    to  12  terms. 

»    5   2  13 

7'  3'  2l' to  term 

1  2 

8.  ^,  ^,  1,    to  50  terms. 

9.  116,  108,  100,    to  30  terms. 

10.  9,  11,  13,  15,   to  n  terms. 

5  2 

11.    to  n  terms. 

12.  Find  an  A.  p.  such  that  the  sum  of  the  first  five  terms 
is  one-fourth  the  sum  of  the  following  five  terms,  the  first  term 
being  unity. 

13.  The  first  term  of  a  series  being  2,  and  the  fifth  term 
being  7,  find  how  many  terms  most  be  taken  that  the  sum 
may  be  63. 

14.  Given  a  =  16,  6  =  4,  *  =  88,  find  ». 

15.  If  the  sum  of  m  terms  of  an  a.  p.  be  always  to  the  sum 
of  n  terms  in  the  ratio  of  m*  to  »*,  and  the  first  term  be  unity, 
find  the  »**  term. 

16.  The  sum  of  a  certain  number  of  terms  of  the  series 

21  +  19  4-  17  +  is  120 ;  find  the  last  term  and  the  number  of 

terms. 

17.  What  is  the  common  difference  when  the  first  term  is  1, 
the  last  50,  and  the  sum  204  f 

18.  If  the  term  of  an  a.  p.  be  n  and  the  term  m, 
of  how  many  terms  will  the  sum  be  £ (m  +  n)  (m  +  n-  1),  and 
what  will  be  the  last  of  them? 

19.  If  2»+  1  terms  of  the  series  1,  3,  5,  7,  9,  be  taken, 

then  the  sum  of  the  alternate  terms  1,  5,  9,          will  be  to  the 

sum  of  the  remaining  terms  3,  7, 11,  as  n  4- 1  to  n. 
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20.  Find  the  sum  of  the  first  n  odd  numbers,  and  of  the  first 
n  numbers  of  the  form  4r  +  1. 

21.  How  many  terms  of  1  +  3  +  5  +  7  +          amount  to 

1234321? 

22.  How  many  terms  of  16  +  24  +  32  +  40  +   amount 

to  1840? 

23.  On  the  ground  are  placed  n  stones;  the  distance  be- 
tween the  first  and  second  is  one  yard,  between  the  second  and 
third  three  yards,  between  the  third  and  fourth  five  yards,  and 
so  on.  How  far  will  a  person  have  to  travel  who  shall  bring 
them,  one  by  one,  to  a  basket  placed  at  the  first  stone? 

24.  The  14th,  134th,  and  last  terms  of  an  A.  p.  are  66, 
666,  and  6666  respectively;  find  the  first  term  and  the  number 
of  terms. 

25.  Find  a  series  of  arithmetic  means  between  1  and  21, 
such  that  their  sum  has  to  the  sum  of  the  two  greatest  of  them 
the  ratio  of  11  to  4. 

26.  The  sum  of  the  terms  of  an  A  p.  is  28£,  the  first  term 
is  —  12,  the  common  difference  is  f .  Find  the  last  term  and  the 
number  of  terms. 

27.  Find  how  many  terms  of  the  series  3,  4,  5,   must 

be  taken  to  make  25. 

28.  Find  how  many  terms  of  the  series  5,  4,  3,   must 

be  taken  to  make  14. 

29.  Shew  that  a  certain  number  of  terms  of  an  A.  p.  may 
be  found  of  which  the  algebraical  sum  is  equal  to  zero,  provided 
twice  the  first  term  be  divisible  by  the  common  difference,  and 
the  series  ascending  or  descending  according  as  the  first  term 
is  negative  or  positive. 

30.  The  sum  of  m  terms  of  an  A  p.  is  n,  and  the  sum  of 
n  terms  is  m.    Shew  that  the  sum  of  w+w  terms  is  —  {m  +  n) 

and  the  sum  of  m  —  n  terms  is  (m  -  n)  (l  +      )  • 


Digitized  by  Google 


248         EXAMPLES  OP  ARITHMETICAL  PROGRESSION. 

31.  If  5  =  72,  a  =  24,  6  = -4,  find  n. 

32.  If  8=pn  +  qna  whatever  be  the  value  of  n,  find  the 
to*  term. 

33.  If  Sa  represent  the  sum  of  n  of  the  natural  numbers 
beginning  with  a,  prove  that  SZt^_l  =  38* 

34.  Prove  that  the  squares  of  x*  —  2x  -  1,  sc*  +  1,  and 
x*+2x  —  1  are  in  A.  P. 

35.  The  common  difference  of  an  A.  P.  is  equal  to  the  differ- 
ence of  the  squares  of  the  first  and  last  terms  divided  by  twice 
the  sum  of  all  the  terms  diminished  by  the  first  and  last  term. 

36.  Insert  6  arithmetical  means  between  1  and  29. 

37.  Find  the  number  of  arithmetical  means  between  1  and 
19  when  the  second  mean  is  to  the  last  as  1  to  6. 

38.  How  many  terms  of  the  natural  numbers  commencing 
with  4  give  a  sum  of  5350  1 

39.  In  a  series  consisting  of  an  odd  number  of  terms,  the  sum 
of  the  odd  terms  (the  first,  third,  <fcc.)  is  44,  and  the  sum  of  the 
even  terms  (the  second,  fourth,  &c)  is  33.  Find  the  middle  term 
and  the  number  of  terms. 

40.  If  a\  b',  c*,  be  in  A.P.,  then  -r— >       ~>  — i  *** 

9    }    9  9  6  +  c'  c  +  a'  a  +  b 

in  A.  P. 

41.  Sum  to  n  terms  the  series  whose  r*  term  is  2r  -  1. 

42.  Sum  1-3  +  5-  7  +  to  n  terms. 

43.  Sum  1-2  +  3-4+  to  n  terms. 

44.  Given  the  pth  term  P9  and  the  q*  term  Q  of  a  series  in 
a.  p.,  express  the  sum  of  n  terms  in  terms  of  P,  Q,  p,  q,  n. 
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45.  The  p*,  0th,  and  r*  terms  of  an  a.p.  are  a;,  y,  2,  re- 
spectively; prove  that  if  x,  y,  z  be  positive  integers,  there  is  an 
a  p.  whose  Xth,  terms  are  p,  q,  r  respectively;  and  that  the 
product  of  the  common  differences  of  the  progressions  is  unity. 

46.  The  interior  angles  of  a  rectilinear  figure  are  in  A.  p. ; 
the  least  angle  is  1 20°  and  the  common  difference  5°.  Required 
the  number  of  sides. 

47.  Find  the  sum  'to  n  terms  of  1.2  +  2.3  +  3.4  +  4.5+.... 

48.  If  the  second  term  of  an  A  p.  be  a  mean  proportional 
between  the  first  and  the  fourth,  shew  that  the  sixth  will  be  a 
mean  proportional  between  the  fourth  and  the  ninth. 

49.  If  <t>(n)  be  the  sum  of  n  terms  of  an  a.  p.,  find  <f>(n)  in 
terms  of  n  and  the  first  two  terms. 

Also  shew  that    (w  +  3)  -  3<£(n  +  2)  +  3<£(»+  l)-<£(»)  =  0. 

50.  Sum  to  n  terms  the  series  whose  to*  term  =  5  -  m . 

51.  Divide  unity  into  four  parts  in  A.  P.  of  which  the  sum  of 
the  cubes  shall  be  ~  . 

52.  A  servant  agrees  for  certain  wages  the  first  month,  on 
the  understanding  that  they  are  to  be  raised  a  shilling  every 
subsequent  month  until  they  reach  £3  a  month.  At  the  end  of 
the  first  of  the  months  for  which  he  receives  £3,  he  finds  that  his 
wagea  during  his  time  of  service  have  averaged  12  shillings  a 
week.    How  long  has  he  served? 

53.  A  quantity  of  corn  is  to  be  divided  among  n  persons, 
and  is  calculated  to  last  a  certain  time  if  each  of  them  receive 
a  peck  every  week;  during  the  distribution  it  is  found  that  one 
person  dies  every  week,  and  then  the  corn  lasts  twice  as  long  as 
was  expected;  find  the  quantity  of  corn  and  the  time  it  lasts. 


Digitized  by  Google 


250 


GEOMETRICAL  PROGRESSION. 


54.  A  number  of  persons  were  engaged  to  do  a  piece  of 
work,  which,  would  have  occupied  them  m  hours  if  they  had 
commenced  at  the  same  time;  but  instead  of  doing  so  they  com- 
menced at  equal  intervals,  and  then  continued  to  work  till  the 
whole  was  finished,  the  payment  being  proportional  to  the  work 
done  by  each;  the  first  comer  received  r  times  as  much  as  the  last 
Find  the  time  occupied. 

55.  Two  persons  A  and  B  play  at  hazard ;  A  wins  from  B  a 
certain  number  of  guineas,  consisting  of  3  places  whose  digits  are 
in  arithmetical  progression,  in  such  a  manner,  that  if  the  number 
of  guineas  be  divided  by  the  sum  of  the  digits  the  quotient  will 
be  48,  and  if  from  the  said  number  of  guineas  198  be  taken,  the 
digits  will  be  inverted.    Find  the  number  of  guineas. 

56.  Pro  re  that  the  sum  of  any  2n  +  1  consecutive  integers 
is  divisible  by  2n+l. 


XXXL    GEOMETRICAL  PROGRESSION. 

462.  Quantities  are  said  to  be  in  Geometrical  Progression 
when  each  is  equal  to  the  product  of  the  preceding  and  some 
constant  factor.  The  constant  factor  is  called  the  common  ratio 
of  the  series,  or  more  shortly,  the  ratio.  Thus  the  following  series 
are  in  Geometrical  Progression : 

1,  2,  4,  8,  16,  

i    1    L  2. 
'  3'  9'  27'  81' 

a,  ar,  or9,  ar*>  or*,  

In  the  first  example  the  common  ratio  is  2,  in  the  second  J,  in 
the  third  r. 
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463.  Let  a  denote  the  first  term  of  a  Geometrical  Progression, 
r  the  common  ratio,  then  the  second  term  is  ar,  the  third  term 
is  ar9,  the  fourth  term  is  ar8,  and  so  on.  Thus  the  wth  term 
is  or""1. 

464.  To  find  the  sum  of  a  given  number  of  quantities  in 
Geometrical  Progression,  the  first  term  and  the  common  ratio  being 
supposed  knoum. 

Let  a  denote  the  first  term,  r  the  common  ratio,  n  the  number 
of  terms,  s  the  sum  of  the  terms.  Then 

s  =  a  +  ar  +  ars  +  ar*  +  +  ar""1 ; 

therefore,      sr  =      ar  +  ar*  +  or8  +  +  or"'1  +  ar". 

Hence,  by  subtraction, 

sr  —  s  =  ar"  —  a; 

therefore,  8=   (1). 

If  I  denote  the  last  term,  we  have 

^ar"-1   (2), 

hence,  s  =  ~ — y  (3). 

Equation  (1)  gives  the  value  of  s  in  terms  of  the  quantities 
which  are  supposed  known.  Equation  (3)  is  sometimes  a  con- 
venient form. 

465.  "We  may  write  the  value  of  s  thus, 

1  -  r 

Now  suppose  r  less  than  unity;  then  the  larger  n  is  the 

smaller  will  r"  be,  and  by  taking  n  large  enough  r"  can  be  made 

as  small  as  we  please.    If  then  n  be  taken  so  large  that  r"  may 

be  neglected  in  comparison  with  unity,  the  value  of  *  reduces  to 

a  . 
=  .    We  may  enunciate  the  result  thus;  by  taking  n  large 
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enough,  the  sum  of  n  terms  of  the  Geometrical  Progression  can  be 

sometimes  abbreviated  into  the  following ;  the  sum  of  an  infinite 

a 

number  of  terms  of  the  Geometrical  Progression  is  j — - ;  but  it 

must  be  remembered  that  it  is  to  be  considered  as  nothing  more 
than  an  abbreviation  of  the  preceding  statement. 

The  preceding  remarks  Buppose  that  r  is  less  than  unity.  In 
future,  both  in  the  text  and  in  the  examples,  when  we  speak  of 
an  infinite  Geometrical  Progression  we  shall  always  suppose  that  r 
is  less  than  unity. 

466.  We  may  apply  the  preceding  remarks  to  an  example. 
Consider  the  series  1,   ;  here  a  =  1,  r  =      thus  the 

of  n  terms  is  ~~  ^  >  *kat  *s>  2  —  <p^r«    Now  by 

taking  n  large  enough,  2""1  can  be  made  as  large  as  we  please,  and 

therefore  — |=i  as  small  as  we  please.    Hence  we  may  say  that 

by  taking  n  large  enough,  the  sum  of  n  terms  of  the  series  can  be 
made  to  differ  from  2  by  as  small  a  quantity  as  we  please.  This  is 
abbreviated  into  the  following;  the  sum  of  an  infinite  number  of 
terms  of  this  series  is  2. 

467.  Recurring  decimals  are  cases  of  what  are  called  infinite 

Geometrical  Progressions.    Thus,  for  example,  '2343434  

j     ^     2     34     34     34  tx      a    *         a  2 

denotes      +  Jo 8  +  W  +  lO*  + e  ^       *  10 

constitute  a  Geometrical  Progression,  of  which  the  first  term  is 

34  1 

,  and  the  common  ratio  is      .    Hence  we  may  say  that  the 

sum 


sum 


of  an  infinite  number  of  terms  of  this  series  is  ^  -f-|l  —  -j^j , 

34  2  34 

that  is,  Therefore  the  value  of  the  decimal  is      +  g^. 

We  will  now  investigate  a  general  rule  for  such  examples. 
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468.  To  find  the  value  of  a  recurring  decimal. 

Let  P  denote  the  figures  which  do  not  recur,  and  suppose 
them  p  in  number;  let  Q  denote  the  figures  which  do  recur, 
and  suppose  them  q  in  number.  Let  8  denote  the  value  of  the 
recurring  decimal;  then, 

s^PQQQ  , 

We  =  PQQQ  , 

Ws  =  PQQQQ  ; 

by  subtraction,        (l0>+< -  lQT)e  =  PQ- P. 

Now  10*+'  -10'  =  (10*  - 1)  lC ;  and  10'  -  1  when  expressed 
by  figures  in  the  usual  way  will  consist  of  q  nines.  Hence  we 
deduce  the  usual  rule  for  finding  the  value  of  a  recurring  decimal ; 
subtract  the  integral  number  consisting  of  the  non-recurring  figures 
from  the  integral  number  consisting  of  the  non-recurring  and 
recurring  figures,  and  divide  by  a  number  consisting  of  as  many 
nines  as  there  are  recurring  figures  followed  by  as  many  cyphers 
as  there  are  non-recurring  figures. 

469.  To  insert  a  given  number  of  Geometrical  means  between 
two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  n  +  2  terms  in  Geometrical  Progression,  a  being  the  first  term 
and  c  the  last.    Let  r  denote  the  common  ratio;  then  c  =  or**1; 

thus  r  =  ^~)"7T'    This  finds  r,  and  the  required  terms  are  or,  ar*, 

or*,  or". 

470.  In  Art.  464  we  have  five  quantities  occurring,  namely, 
a,  r,  l,n,  s;  and  these  are  connected  by  the  equations  (1)  and  (2), 
or  (2)  and  (3),  there  given.  We  might  therefore  propose  to  find 
any  two  of  these  five  quantities  when  the  other  three  are  given; 
it  will  however  be  found  that  some  of  the  cases  of  this  problem 
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are  too  difficult  to  be  solved.    The  following  four  cases  present  no 
-  difficulty;    (1)  given  a,  r,  n\  (2)  given  a,n,  I;  (3)  given  r,n,l; 
(4)  given  r,  w,  *. 

471.  Suppose,  however,  that  a,  s,  n  are  given,  and  therefore 
r  and  I  are  to  be  found.  Then  r  would  have  to  be  found  from 
the  equation 

«(r-l)  =  a(r"-l); 

but  this  is  an  equation  of  the  wth  degree  in  the  unknown  quan- 
tity r,  and  therefore  cannot  be  solved  by  any  method  yet  given, 
unless  n  be  less  than  3.  Similar  remarks  will  hold  in  the  case 
where  I,  s,  n  are  given,  and  therefore  a  and  r  are  to  be  found. 

472.  Four  cases  of  the  problem  remain,  namely,  those  four  in 
which  n  is  one  of  the  quantities  to  be  found.  Suppose  a,  r,  I 
given,  and  therefore  8  and  n  are  to  be  found.  Here  n  would  have 
to  be  found  from  the  equation  I  -  ar*~l,  where  the  unknown  quan- 
tity n  occurs  as  an  exponent ;  nothing  has  been  said  hitherto  as  to 
the  solution  of  such  an  equation. 

473.  To  find  the  sum  of  n  terms  of  the  following  series; 

a,  {a  +  b}r,  {a  +  26}r*,  {<^  +  3&}r^,  

Let  8  denote  the  sum;  then, 

8  =  a  +  {a  +  b}  r  +  {a  +  26}  r*  +  +  {a  +  (n  -  1)  6}  r*'1, 

rs  =  ar  +  {a  +  b}  r*  +  +  {a  +  (»  -  2)  b}  t*~l 

+  {a  +  (»-l)6}r". 

By  subtraction 

8(1  -r)  =  a  4-  br  +  br*+  +  brn~l  -  {a  +  (n  -  1)  b}  r« 

therefore,.  ^iH^^-^^lrjl-O, 

1  -  r  (1  -  r)* 
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EXAMPLES  OF  GEOMETRICAL  PROGRESSION. 

1.  Sum  lf+2|  +  4£  +          to  six  terms. 

2   2  -  2*  +  2s  -  24  +          to  ten  terms. 

3.  Sum  to  n  terms  3  +  2  +  ^  +  


2    1  3 
3+2+8+ 


4  3 

5.    Sum  to  infinity  »  +  1  +  -r  +  

J  3  4 

1    J_  L 

°   5    2+20  200+' 

,111 
7'  1-2  +  4~8+ 

2    4  8 
8 3+9+27+ 

y 2    3  27 
10.    3  +  2+|+  


.    12  36 
11 4  +  T+25  + 


1111 

12.    rr+  v  +75  +T7T  + 


4    8  16 


13. 


n/(2)+1,  1  ,  1, 
,y(2)-l  +  2-^2+2  + 


1J  !       1  1 

14 1+4+16  + 
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15.    Sum  to  infinity  «  ~~ 7+  o  "~^~7r  + 

A      *  O 


l   i   i  J_ 

16 


Ifi  + 
  5    25  125 

,,  2     3     2  3 
17 5+55+5s+5i  + 


18.    Sum  to  n  terms  r  +  2r*  +  3r*  +  4r4  +  . 


3  4 
2* 


OA  ,357 
20-  1+2+4+8+ 

oi  .357 


22.  Find  the  sum  of  any  number  of  terms  in  g.p.  whose  first 
and  third  terms  are  given. 

23.  If  the  common  ratio  of  a  g.p.  is  —  3,  what  is  the  common 
ratio  of  the  series  obtained  by  taking  every  fourth  term  of  the 
original  series? 

24.  The  sum  of  ,£700  was  divided  among  4  persons,  whose 
shares  were  in  g.  P. ;  and  the  difference  between  the  greatest  and 
least  was  to  the  difference  between  the  means  as  37  to  12.  What 
were  their  respective  shares? 

25.  Sum  to  n  terms  the  series  whose       term  is  (-  l)m  a*". 

26.  If  P  be  the  sum  of  the  series 

l+rp  +  r*,,  +  r8p+          ad  inf., 

and  Q  be  the  sum  of  the  series 

l+r'  +  r^  +  r**          ad  inf., 

prove  that  i*  (Q  - 1)'  =  Q*  (P  -  1)'. 

27.  Shew  that  ^(-444)  =  -666  
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28.  A  person  who  saved  every  year  half  as  much  again  as  he 
saved  the  previous  year  had  in  seven  years  saved  £102  19$.  How 
much  did  he  save  the  first  year  ? 

29.  In  a  a  P.  shew  that  the  product  of  any  two  terms  equi- 
distant from  a  given  term  is  always  the  same. 

30.  In  a  6.  p.  shew  that  if  each  term  be  subtracted  from  the 
succeeding,  the  successive  differences  are  also  in  G.  p. 

31.  The  square  of  the  arithmetic  mean  of  two  quantities  is 
equal  to  the  arithmetic  mean  of  the  arithmetic  and  geometric 
means  of  the  squares  of  the  same  two  quantities. 

32.  In  a  g.p.  continued  to  infinity,  shew  that  each  term 
bears  a  constant  ratio  to  the  sum  of  all  that  follow  it.  And  find 
a  series  in  which  each  term  is  p  times  the  sum  of  all  the  terms 
that  follow  it. 

33.  If  Sn  represent  the  sum  of  n  terms  of  a  given  G.  p.,  find 
the  sum  of  Sl  +  Sa  +  S9  +  +  Sn. 

34.  If  n  geometrical  means  be  found  between  two  quantities 

n 

a  and  c,  their  product  will  be  (ac)  *\ 

35.  Let  8  denote  the  sum  of  n  terms  of  the  series  a,  ar, 
ar*9 ... ;  let  8  denote  the  sum  of  n  terms  of  the  series  a,  ar~\ 
ar~*, ... ;  and  let  I  denote  the  last  term  of  the  first  series;  then 
will  as  =  W. 

36.  If  a,  b,  c,  d  be  in  g.p. 

(a'-hb* >  c8)(68+  c2  +  <F)  =  (ab  +  bc+  cd)\ 

37.  If  a,  b,  c,  d  be  in  a  P. 

(a  -  aj  =  {b-  cf  +  (c  -  a)2  +  (d  -  b)\ 

38.  The  sum  of  the  first  three  terms  of  a  g.p.  =  21,  and  the 
sum  of  the  first  four  terms  =  45 ;  find  the  series. 

39.  Sum  to  n  terms  la  +  38+  5s  +  7'  +  


40. 

T.  A. 


5  +  55  +  555  + 


17 
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41.  Prove  that  the  two  quantities  between  which  A  is  the 
arithmetic  and  0  the  geometric  mean,  are  given  by  the  formula 

A±J{(A+ff)(A-G)}. 

42.  The  sum  of  £700  was  divided  among  4  persons,  whose 
shares  were  in  G.P.;  and  the  difference  between  the  greatest  and 
least  was  to  the  difference  between  the  means  as  37  to  12.  What 
were  their  respective  shares  1 

43.  There  are  four  numbers,  the  first  three  of  which  are  in 
6.  P.,  and  the  last  three  in  A.  P. ;  the  sum  of  the  first  and  last  is  14, 
and  that  of  the  second  and  third  12 ;  find  the  numbers. 

44.  Three  numbers  whose  sum  is  15  are  in  a. p.;  if  1,  4, 
and  19  be  added  to  them  respectively  they  are  in  g.p.  Determine 
the  numbers. 

45.  If  a,  b9  c  be  in  a.  p.  shew  that 

2 

£  (a  +  b  +  c)8  =  aa  (b  +  c)  +  b*  (c  +  a)  +  c*  (a  +  b); 
if  they  be  in  g.p.  shew  that 


XXXII.    HARMONICAL  PROGRESSION. 

474.  Three  quantities  A,  B,  C,  are  said  to  be  in  Harmonical 
Progression  when  A  :  C  ::  A  —  B  :  B  —  C. 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progression  when  every  three  consecutive  quantities  are  in  Har- 
monical Progression. 

475.  The  reciprocals  of  quantities  in  Harmonical  Progression 
are  in  Arithmetical  Progression. 
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Let  A,  B,  C,  be  in  Harmonical  Progression;  then, 
A  :C  :;A-B  :B-C, 
therefore,  A  (B-C)  =  C{A- B). 

Divide  by  ABC,  thus, 

C    B"  B  A' 
This  proves  the  proposition. 

476.  There  is  no  formula  for  the  sum  of  any  number  of 
quantities  in  Harmonical  Progression ;  the  property  established  in 
the  preceding  article  will  however  enable  us  to  solve  some  ques- 
tions relating  to  Harmonical  Progression. 

477.  To  insert  a  given  nwmber  of  harmonical  means  betioeen 
two  given  terms. 

Let  a  and  c  be  the  two  given  terms,  n  the  number  of  terms  to 
be  inserted.  Then  the  meaning  of  the  problem  is  that  we  are  to 
find  n  +  2  terms  in  Harmonical  Progression,  a  being  the  first  term 
and  c  the  last.    Hence  the  problem  is  reducible  to  the  following; 

to  insert  n  arithmetical  means  between  -  and  -.    Let  b  denote 

a  c 

the  common  difference;  then 

-  =  -  +  (»+ 1)  a, 
c    a    x  7 

a  —  c 

therefore,  o  -  7 — -^r — . 

'  (n  + 1)  ac 

The  Arithmetical  Progression  is 

1    1    *     1    oi  1,1 

- ,  -  +  6,    -  -f  26,  -  +  nb,    - , 

a7  a         a  a  c 

that  is 

1     c(n+I)  +  a-c     c  (n  +  1)  +  2  (a  -  c) 
a'        ac(n  4-1)     9         ac(n+l)  9 

c  (n  +  1)  +  n  (a  -  c)  1 
ac  (n  +  1)       '    c  ' 

17—2 
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Therefore  the  Harmonica!  Progression  is 

ac(n+\)  ac(n+l) 
*'    c{n+l)  +  a-c'    c{n+l)  +  2{a-c)' 

oc(r&+l) 
c  (n  +  1)  +  n  (a  —  c)  9  C* 

478.  Let  a  and  c  be  any  two  quantities;  let  A  be  their 
arithmetical  mean,  G  their  geometrical  mean,  H  their  harmonical 
mean.  Then, 

A  -  a  =  c  —  A  ;    therefore  A  =  \{a+  c), 

a  ;  G  ;:  G  :  c;   therefore  G=  J{ae). 

a  :  c  ::  a  —  H  :  H  —  c :   therefore  H  =  . 

a  +  c 

It  follows  that  GP  =  AH;  therefore  A  :  G  ::  G  :  H.  Thus  G 
lies  in  magnitude  between  A  and  2Z";  and  A  is  greater  than  H,  for 

A-H=  i(a  +  c)  =  ^7 — ^, 

that  is,  A-R  is  a  positive  quantity. 

479.  We  may  observe  that  the  three  quantities  a,  6,  c,  are  in 
Arithmetical,  Geometrical,  or  Harmonical  Progression,  according 

as  * — -  =  -,  or  =  7,  or  f-,  respectively.    For  in  the  first  case 
b-c    a  b c r  * 

^ — -  =  1,  therefore  b  =  £  (a  +  c) ;  in  the  second  case 

6  (a -  6)  =  a  (b  -  c); 

therefore  &*  =  ac;  the  third  case  is  obvious  by  definition. 


Digitized 


by  Google 


EXAMPLES  OF  HARMONICAL  PROGRESSION.  261 


EXAMPLES  OF  HARMONICAL  PROGRESSION. 

6  3 

1.  Continue  the  series  3  +  ■=  +  T  for  two  terms. 

2.  Insert  18  harmonic  means  between  1  and  . 

3.  Find  the  nih  term  of  an  H.  P.,  of  which  a,  b,  are  respectively 
the  first  and  second  terms. 

4.  Find  the  (j>  +  q)th  and  the  (p-qf1  terms  of  an  H.P.,  of 
which  P  is  the  pth  term,  and  Q  the  ^  term. 

5.  From  each  of  three  given  quantities,  what  quantity  must 
be  subtracted  that  the  three  results  may  be  in  H.  p.  ? 

6.  The  first  of  a  series  of  n  quantities  in  H.  P.  is  unity,  and 
the  sum  of  the  products  of  every  (n  -  1)  terms  is  to  the  product  of 
all  the  terms  as  2n  is  1 ;  find  the  progression. 

7.  Shew  that  ba  is  greater  than,  equal  to,  or  less  than  ac, 
according  as  af  b,  c,  are  in  A.  p.,  G.P.,  or  H.P. 

8.  The  arithmetic  mean  of  two  numbers  is  3,  and  the  harmo- 
nical  mean  §;  find  the  numbers. 

9.  The  geometric  mean  of  two  numbers  is  also  the  geometric 
mean  between  the  arithmetical  mean  of  the  two  numbers  and 
their  harmonica!  mean.  The  arithmetical  mean  minus  the  har- 
monica! mean  is  equal  to  the  square  of  the  difference  of  two  num- 
bers divided  by  twice  their  sum. 

10.  If  z  is  the  harmonica!  mean  between  a  and  b, 

1  111 

 +  "-r  =  — **  T  • 

z  —  a    z-b    a  o 

11.  There  are  three  numbers  in  H.P.,  such  that  the  greatest 
is  the  product  of  the  other  two,  and  if  one  be  added  to  each  the 
greatest  becomes  the  sum  of  the  other  two.    Find  the  numbers. 
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29 

12.  The  sum  of  two  contiguous  terms  in  h.p.  is  JqJ>  and 
their  product  is  ~.    Find  the  series. 

13.  If  between  two  numbers  there  be  inserted  two  arith- 
metic means  Ax  and  Aa,  and  two  harmonic  means  Rl9  Ha)  and 
between  Ax  and  Aa  there  be  inserted  an  harmonic  mean,  and 
between  Hx  and  2fa  an  arithmetic  mean;  then  the  geometric 
mean  between  these  is  equal  to  the  geometric  mean  between  the 
original  quantities. 

14.  The  arithmetical  mean  of  two  quantities  x  and  y  is  A  ; 
the  geometrical  mean  is  G;  the  barmonical  mean  is  H.  If 
A  —  G  =  a  and  A  —  H  =b,  find  x  and  y. 

15.  Tf  a,  6,  c  be  in  ap. ;  a,  /?,  y  in  h. p. ;  aa,  b/3,  cy  in  g.p.  ; 
then  will 

a    y    a  c 
-+-'-=-+-. 
y    a    c  a 

16.  If  a,  b,  c,  are  in  h.  p.,  shew  that 

1         1         4      1  1 

a  — 6    6— c    c  —  a    c  <*'" 

17.  If  a,  5,  c,  are  in  h.  p.,  shew  that 

a         b  c 
b  +  c'  «  +      a  +  6 

are  also  in  h.p. 

18.  If  n  arithmetical  and  the  same  number  of  harmonical 
means  be  inserted  between  two  quantities  a  and  b,  and  a  series  of 
n  terms  be  found  by  dividing  each  arithmetical  by  the  correspond- 
ing harmonical  mean,  the  sum  of  the  series 

n  +  2(a-b)a) 
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19.  Any  whole  number  of  the  form  3a*  —  &*,  where  a  is 
greater  than  5,  may  be  divided  into  three  others  in  H.P.,  of  which 
the  sum  of  the  squares  shall  be  3a4  +  b\ 

XXXIII   MATHEMATICAL  INDUCTION. 

480.  We  shall  in  the  subsequent  parts  of  this  book  have 
occasion  to  use  a  method  of  proof  which  is  called  mathematical 
induction  or  demonstrative  induction,  and  we  shall  now  exemplify 
the  method. 

481.  Suppose  the  following  assertion  made:  the  sum  of  n 

terms  of  the  series  1,  3,  5,  7,          is  n*.    This  assertion  we  can 

see  to  be  true  in  some  cases ;  for  example,  the  sum  of  two  terms  is 
1  +  3  or  4,  that  is,  2a;  the  sum  of  three  terms  is  1  +  3  +  5  or  9, 
that  is,  3s;  we  wish  however  to  prove  the  theorem  universally. 

Suppose  the  theorem  were  known  to  be  true  for  a  certain 
value  of  n;  that  is,  suppose  for  this  value  of  n  that 

1+3  +  5+  +(2w-1)=ti8; 

add  2/1  +  1  to  both  sides;  then 

1+3+5+  +(2n-l)  +  (27i+l)  =  n,  +  2n+l=(«+l)a. 

Thus,  if  the  sum  of  n  terms  of  the  series  =  n*,  the  sum  of 
n  +  1  terms  will  =  (n  +  l)8.  In  other  words,  if  the  theorem  is 
true  when  we  take  a  certain  number  of  terms,  whatever  that 
number  may  be,  it  is  true  when  we  increase  that  number  by  one. 
But  we  see  by  trial  that  the  theorem  is  true  when  3  terms  are 
taken,  it  is  therefore  true  when  4  terms  are  taken,  it  is  therefore 
true  when  5  terms  are  taken,  and  so  on.  Hence  the  theorem 
must  be  universally  true. 
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482.  We  will  now  take  another  example;  we  propose  to 
establish  the  truth  of  the  following  formula : 

it    of    o>  f  n(»+l)(2n+l) 

l*+2*  +  3*  +  +  n*=-^  ^  -. 

o 

We  can  easily  ascertain  by  trial  that  this  formula  holds  in 
simple  cases,  for  example,  when  n  =  1,  or  2,  or  3 ;  we  wish,  how- 
ever, to  establish  it  universally. 

Suppose  the  theorem  were  known  to  be  true  for  a  certain 
value  of  n\  add  (n  +  1)'  to  both  sides ;  then 

1-  +  1-  +  8-+  +  n'+(n+iy=n(n+lf"+l)  +  {n+iy. 

,  Bat  ^-h        iy  ^(^i- 1)^^"*- 1?  --  »  H-  l} 

=  -y  (n  +  2)  (2n  +  3)  =  —  ^  S  where  m  =  n  +  1. 

Thus  we  obtain  the  same  formula  for  the  sum  of  n  +  1  terms 

of  the  series  1*  2  s,  3',  as  was  supposed  to  hold  for  n  terms. 

In  other  words,  if  the  formula  holds  when  we  take  a  certain 
number  of  terms,  whatever  that  number  may  be,  it  holds  when  we 
increase  that  number  by  one.  But  the  formula  does  hold  when 
3  terms  are  taken,  therefore  it  holds  when  4  terms  are  taken, 
therefore  it  holds  when  5  terms  are  taken,  and  so  on.  Hence  the 
formula  must  hold  universally* 

483.  The  two  theorems  which  we  have  proved  by  the  method 
of  induction  may  be  established  otherwise.  The  first  theorem  is 
an  example  of  an  Arithmetical  Progression,  and  the  second  has 
been  investigated  in  Art  460.  There  are  many  other  theorems 
which  are  capable  of  easy  proof  by  the  method  of  induction;  for 
example,  that  in  Art.  461. 
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The  theorems  asserted  in  Art.  69,  respecting  the  divisibility 
of  xn  =fc  a"  by  x  ±  a  may  thus  be  proved.  For 

x*  -  an      .  .    a  fx"'1  -  a""1) 
x  —  a  x  —  a 

hence  a;"  —  a"  is  divisible  by  x  —  a  when  a"""1  —  a"-1  is  so ;  now  by 
trial  we  see  that  x  -  a  is  divisible  by  x  —  a,  therefore  x*  —  a8  is 
divisible  bj  x  —  a,  therefore  again  x*  —  a8  is  divisible  by  x  —  a,  and 
so  on;  hence  xn  —  an  is  always  divisible  by  a; -a  when  n  is  a 
positive  integer.  Similarly  the  other  cases  may  be  established. 
As  another  example  the  student  may  consider  the  theorems  in 
Art.  225. 

484.  The  method  of  mathematical  induction  may  be  thus 
described.  We  prove  that  if  a  theorem  is  true  in  one  case,  what- 
ever that  case  may  be,  it  is  true  in  another  case  which  we  may 
call  the  next  case;  we  prove  by  trial  that  the  theorem  is  true  in  a 
certain  case ;  hence  it  is  true  in  the  next  case,  and  hence  in  the 
next  to  that,  and  so  on ;  hence  it  must  be  true  in  every  case  after 
that  with  which  we  began. 

485.  It  is  possible  that  this  method  of  proof  may  be  less 
satisfactory  to  the  student  than  a  more  direct  proceeding;  it  may 
appear  to  him  that  he  is  rather  compelled  to  believe  propositions 
so  proved  than  shewn  why  they  hold.  But  as  in  some  cases  this 
is  the  only  method  of  proof  which  can  be  used,  the  student  must 
accustom  himself  to  it,  and  should  not  pass  over  it  when  it  occurs 
until  he  is  satisfied  of  its  validity. 

486.  We  may  remark  that  the  student  of  natural  philosophy 
will  find  the  word  induction  used  in  a  different  sense  in  that  sub- 
ject ;  the  word  is  there  applied  to  the  assumption  or  conjecture 
that  some  law  holds  generally  which  is  found  to  be  true  in  certain 
cases  that  have  been  examined.  Here,  however,  we  cannot  be 
sure  that  the  law  holds  for  any  cases  except  those  which  we  have 
examined,  and  can  never  arrive  at  the  conclusion  that  it  is  a 
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necessary  truth.  In  fact,  induction,  as  used  in  natural  science,  is 
never  absolutely  demonstrative,  often  far  from  it;  whereas  the 
method  of  mathematical  induction  is  as  rigid  as  any  other  process 
in  mathematics. 


XXXIV.   PERMUTATIONS  AND  COMBINATIONS. 

487.  The  different  orders  in  which  any  things  can  be  ar- 
ranged are  called  their  permutations. 

Thus  the  permutations  of  the  letters  a,  b,  c,  taken  two  at  a 
time  are  ab,  ba,  ac,  ca,  be,  cb. 

488.  The  combinations  of  things  are  the  different  collections 
that  can  be  formed  out  of  them,  without  regarding  the  order  in 
which  the  things  are  placed. 

Thus  the  combinations  of  the  letters  a,  b,  c,  taken  two  at  a 
time  are  ab,  ac,  be,  ab  and  ba  though  different  permutations 
forming  the  same  combination. 

489.  We  may  observe  that  a  difference  of  language  occurs  in 
books  on  this  subject ;  what  we  have  called  permutations  are  called 
variations  or  arrangements  by  some  writers,  and  they  restrict  the 
word  permutations  to  the  case  in  which  all  the  things  are  used 
at  once ;  thus  they  speak  of  the  variations  or  arrangements  of  four 
letters  taken  two  at  a  time,  or  three  at  a  time,  but  of  the  permuta- 
tions of  them  taken  all  together. 

490.  To  find  the  number  of  permutations  of  n  things  taken  r 
at  a  time. 

Suppose  there  to  be  n  letters  a,  b,  c,  d,  ;  we  shall  first 

find  the  number  of  permutations  of  them  taken  two  at  a  time. 
Put  a  before  each  of  the  other  letters;  we  thus  obtain  »— 1 
permutations  in  which  a  stands  first.  Next  put  b  before  each  of 
the  other  letters;  we  thus  obtain  n  -  1  permutations  in  which 
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b  stands  first.  Similarly  there  are  n  -  1  permutations  in  which 
c  stands  first ;  and  so  on.  Thus,  on  the  whole,  there  are  n  (n  -  1) 
permutations  of  n  things  taken  two  at  a  time. 

We  shall  now  find  the  number  of  permutations  of  the  n  letters 
taken  three  at  a  time. 

It  has  just  been  shewn  that  out  of  n  letters  we  can  form 
n(n  —  l)  permutations  each  of  two  letters;  hence  out  of  the  n—  1 

letters  b,  c,  d,    we  can  form  (n  - 1)  in  -  2)  permutations 

each  of  two  letters;  put  a  before  each  of  these  and  we  have 
(n  —  1)  (n  —  2)  permutations  each  of  three  letters  in  which 
a  stands  first.  Similarly  there  are  (n—l)(n  —  2)  permutations 
each  of  three  letters  in  which  b  stands  first.  Similarly  there  are 
as  many  in  which  c  stands  first ;  and  so  on.  On  the  whole  there 
are  n  (n  —  1)  (n  —  2)  permutations  of  n  letters  each  of  three 
letters. 

From  these  cases  ife  might  be  conjectured  that  the  number  of 
permutations  of  n  letters  taken  r  at  a  time  is 

n  (n  -  1)  (n  -  2)  (n  -  r  +  1), 

and  we  shall  prove  that  this  is  the  case.  For  suppose  it  true  that 
the  number  of  permutations  of  n  letters  taken  r  -  1  at  a  time  is 

n(n-l)  {w_(r-l)+l}, 

we  shall  shew  that  a  similar  formula  will  give  the  number  of  per- 
mutations of  the  letters  taken  rata  time.  For  out  of  the  n  —  1 
letters  b,  c,  d,  we  can  form 

(n  _  1 )  (n  _  2)  \n  -  1  -  (r  -  1 )  +  1 } 

permutations  each  of  r  —  1  letters;  prefix  a  to  each  of  these  and  we 
obtain  as  many  permutations  each  of  r  letters  in  which^a  stands 
first.  Similarly  we  have  as  many  in  which  b  stands  first,  as  many 
in  which  c  stands  first,  and  so  on.    On  the  whole  there  are 

n  (n  -  1)  (n  -  2)  (n  -  r  +  1) 

permutations  of  n  letters  each  of  r  letters. 
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If  then  the  formula  holds  when  the  letters  axe  taken  r  —  1  at 
a  time,  it  will  hold  when  they  are  taken  r  at  a  time  ;  but  it  has 
been  proved  to  hold  when  they  are  taken  three  at  a  time,  therefore 
it  holds  when  they  are  taken  four  at  a  time,  therefore  it  holds 
when  they  are  taken  five  at  a  time,  and  so  on;  thus  it  holds 
universally. 

491.  Hence  the  number  of  permutations  of  n  things  taken 
all  together  is  n  (n  —  1)  (n  —  2)  1. 

492.  For  the  sake  of  brevity  n(n  —  1)  (n-  2)   1  is  often 

denoted  by  |n;  thus  \n  denotes  the  product  of  the  natural  num- 
bers from  1  to  n  inclusive. 

493.  Any  combination  of  r  things  will  produce  [r  permuta- 
tions. For,  by  article  491,  the  r  things  which  form  the  given 
combination  can  be  arranged  in  [r  different  ways. 

494.  To  find  the  number  of  combinations  of  n  things  taken 
r  at  a  time. 

The  number  of  combinations  of  n  things  taken  rata  time  is 
n(n-  l)(n-2)  (n-r  +  1) 

E  • 

For  the  number  of  permutations  of  n  things  taken  r  at  a 

time  is  n  (n  —  1)  (n  —  2)  (n  —  r  +  1)  by  Art.  490 ;  and  each 

combination  produces  [r  permutations,  by  Art.  493;  hence  the 
number  of  combinations  must  be 

n(n-l)(n~-2)  (n-r+1) 

lr 

If  we  multiply  both  numerator  and  denominator  of  this  ex- 

\n 

pression  by  I  n  —  r  it  becomes  - — !=  . 

495.  The  number  of  combinations  of  n  things  taken  r  at  a 
time  is  the  same  as  the  number  of  them  taken  n  —  r  at  a  time. 
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The  number  of  combinations  of  n  things  taken  n  —  r  at  a 
time  is 

n(n-  1)  (n- 2)  ......  {n-(n-r)  +  1} 

[n  —  r  7 

that  is,  n(n-l){n-2)  +  . 

In  —  r 

^Multiply  both  numerator  and  denominator  by  [r  and  we  ob- 
\n 

tain  — 1= — ,  which,  by  Art.  494,  is  the  number  of  combinations  . 
[r  \n - r 

of  n  things  taken  rat  a  time. 

496.  The  proposition  which  we  have  proved  in  the  .preceding 
article  will  be  evident  too  if  we  observe  that  for  every  combina- 
tion of  r  things  which  we  take  out  of  n  things,  we  leave  one  com- 
bination oi  n  —  r  things.  Hence  every  combination  of  r  things 
corresponds  to  a  combination  of  n  —  r  things  which  contains  the 
remaining  things.    Such  combinations  are  called  complementary. 

497.  To  find  for  what  value  of  r  the  number  of  the  combina- 
tions of  n  things  taken  r  at  a  time  is  greatest. 

Let  (n)r  denote  the  number  of  combinations  of  n  things  taken 
r  at  a  time, 

(n)r-i  the  .number  of  combinations  of  n  things  taken  r  —  1 
at  a  time, 

then,  (n)r  =  (n)f^. 

The  factor  - — T  +  -  may  be  written  ^-ii  _  iy  which  shews 
r  v  r 

that  it  decreases  as  r  increases.    By  giving  to  r  in  succession  the 

values  1,  2,  3,          the  number  of  combinations  is  continually 

n  +  1 

increased  so  long  as  —  1  is  greater  than  unity.  First  sup- 
pose n  even  and  =  2m,  then         \  -  1  is  >  1  until  r  =  m  inclu- 
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give,  and  when  r  =  m+ 1  it  is  <  1.    Hence  the  greatest  number  of 
combinations  is  obtained  when  the  things  are  taken  mat  a  time, 
n 

that  is,  g  at  a  tuna 

Next  suppose  n  odd  and  =  2m  +  1,  then  ^m  +^  -  -  -  1  is 

equal  to  unity  when  r  =  m  +  1.  Hence  the  greatest  number  of 
combinations  is  obtained  when  they  are  taken  m  at  a  time  or 
m  +  1  at  a  time,  the  result  being  the  same  in  these  two  cases, 

that  is,  when  they  are  taken  n    *  at  a  time,  or  at  a 

A  A 

time. 


498.  To  find  the  number  of  permutations  of  n  things  taken  all 
together  which  are  not  all  different. 

Let  there  be  n  letters;  and  suppose p  of  them  to  be  a,  q  of 
them  to  be  6,  r  of  them  to  be  c,  and  the  rest  to  be  unlike;  the 
number  of  permutations  of  them  taken  all  together  will  be 

la 
\p  lili 

For  suppose  N"  to  represent  the  required  number  of  permu- 
tations. If  in  any  one  of  the  permutations  the  ,4?  letters  a  were 
changed  into  p  new  letters  different  from  any  of  the  rest,  then 
without  altering  the  situation  of  any  of  the  remaining  letters, 
we  could  from  the  single  permutation  produce  \p  different  peiv- 
mutations ;  and  so  if  the  p  letters  a  were  changed  into  p  different 
letters,  the  whole  number  of  permutations  would  be  N  x  \p.  Simi- 
larly, if  the  q  letters  b  were  also  changed  into  q  new  letters 
different  from  any  of  the  rest,  the  whole  number  of  permutations 
we  could  now  obtain  would  ,be  N  x  \jp  x  [j;  and  if  the  r  letters  c 
were  also  changed,  the  whole  number  would  be  iV  x  [jp  x  |y  x  ^ 
But  this  number  must  be  equal  to  the  number  of  permutations  of 
n  dissimilar  things  taken  all  together,  that  is  to  [n. 
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Thus,  N  x  [p  x     x  |r  =  |»; 

therefore,  JV  =  — ^-  . 

|g  l2lr 

And  similarly  any  other  case  may  be  treated. 

499.  If  there  be  n  things  not  all  different,  and  we  require 
the  number  of  permutations  or  of  combinations  of  them  taken  r  at 
a  time,  the  operation  will  be  more  complex:  we  will  exemplify 
the  method  in  the  following  case. 

There  cure  n  things  of  which  p  are  alike  and  the  rest  unlike; 
required  the  number  of  combinations  of  them  taken  r  at  a  time. 

We  shall  suppose  r  less  than  n—p,  and  put  n-p  =  q.  Con- 
sider first  the  number  of  combinations  that  can  be  formed  without 
using  any  of  the  p  like  things ;  this  is  the  number  of  combinations 

of  q  things  taken  r  at  a  time,  that  is,      1=     .    Next  take  one  of 

\r\q-r 

the  p  things  and  r  -  1  of  the  q  things ;  the  number  of  ways  in 
which  combinations  can  thus  be  formed  is  the  same  as  the  num- 
ber of  combinations  of  q  things  taken  r  - 1  at  a  time,  that  is, 

 ^  Next  take  two  of  the  p  things  and  combine 


r-  1  \  q-r + 1 


them  with  r-2  of  the  q  things;  this  can  be  done  in. 


|r-2  |  g- r  +  2 

ways.  Proceed  thus,  and  add  the  number  of  combinations  so 
obtained  together,  which  will  give  the  whole  number  of  com- 
binations. 

If  the  number  of  permutations  be  required,  we  have  only  to 
observe  that  each  combination  of  r  things  in  which  s  are  alike  and 

\r 

the  rest  unlike,  will  produce  |=-  permutations  (Art.  498),  and 

li 

thus  the  whole  number  of  permutations  may  be  found. 

500.  To  find  the  whole  number  of  permutations  of  n  things 
when  each  may  occur  once,  twice,  thrice,   up  to  r  times. 
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Let  there  be  n  letters  a,b,  c,   First  take  them  one  at  a 

time;  this  gives  the  number  n.  Next  take  them  tfwo  at  a  time ; 
here  a  may  stand  before  a,  or  before  any  one  of  the  remaining 
letters;  similarly  b  may  stand  before  6,  or  before  any  one  of 
the  remaining  letters;  and  so  on;  thus  there  are  n*  different  per- 
mutations of  the  letters  taken  two  at  a  time.  Similarly  by  pre- 
fixing successively  a,b,c,  to  each  of  the  permutations  of  the 

letters  taken  two  at  a  time,  we  obtain  n*  permutations  of  the 
letters  taken  three  at  a  time.  Thus  the  whole  number  of  permu- 
tations when  the  letters  are  taken  r  at  a  time  will  be  nr. 

501.  By  the  following  method  the  formula  for  the  number  of 
combinations  of  n  things  taken  rata  time  may  be  found  without 
assuming  the  formula  for  the  number  of  permutations. 

Let  (n)r  denote  the  number  of  combinations  of  n  things  taken 
rata  time.  Suppose  n  letters  a,  b,  c,  d,  ;  among  the  com- 
binations of  these  rata  time,  the  number  of  those  which  contain 
the  letter  a  is  obviously  equal  to  the  number  of  combinations  of 
the  remaining  n  —  1  letters  r  —  1  at  a  time,  that  is  to  (n  —  l)r-l. 
The  number  of  combinations  which  contain  the  letter  b  is  also 
(n—  l)r_1,  and  so  for  each  of  the  letters.  But  if  we  form  first  all 
the  combinations  which  contain  a,  then  all  the  combinations 
which  contain  6,  and  so  on,  each  particular  combination  will  ap- 
pear r  times;  for  if  r  =  3,  for  example,  the  combination  abc  would 
occur  among  those  containing  a,  among  those  containing  b,  and 
among  those  containing  c.  Hence, 

(n)r=2(»-lX_l. 

In  this  formula  change  n  and  r  first  into  n  - 1  and  r  —  1  - 
respectively,  then  into  n-2  and  r -2  respectively,  and  so  on; 
thus, 

(»  ->  l)r_,  =  (W  ~  2)'-f 
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(»-2>~=7E|(»-3),-„ 


/          a\     n  —  r  +  2,  ,x 
(n-r  +  2),  =  — g  

Multiply,  and  cancel  like  terms,  and  we  obtain 

(n)r- *(»-*)  (n-r  +  2)(n-r+l)^ 

far  (n  —  r  +  1),  =  n  —  r  +  1. 

502.  Since  the  number  of  combinations  of  n  tilings  taken  r  at 
a  time  must  be  some  integer,  the  expression 

n(n-\)  (w-r+  1) 

E 

must  be  an  integer.  Hence  we  see  that  the  product  of  any 
r  successive  integers  must  be  divisible  by  [r.  We  shall  give  a 
more  direct  proof  of  this  proposition  in  the  chapter  on  the  theory 
of  numbers. 


EXAMPLES  OF  PERMUTATIOHB  AND  COXBDTATIOtfS. 

1.  How  many  different  permutations  may  be  made  of  the 
letters  in  the  word  Caraeeas  taken  all  together? 

2.  How  many  of  the  letters  in  the  word  ReUopoUs  ? 

3.  How  many  of  the  letters  in  the  word  Ecclesiastical  ? 

4.  How  many  of  the  letters  in  the  word  Mississippi? 

5.  If  the  number  of  permutations  of  n  things  taken  4  toge- 
ther is  equal  to  twelve  times  the  number  of  combinations  of 
n  things  taken  2  together;  find  ft. 

6.  In  how  many  ways  can  2  sixes,  3  fires,  and  5  twos  be 
thrown  with  10  dice! 

T.A.  18 
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7.  If  there  are  twenty  pears  at  three  a  penny,  how  many 
different  selections  can  be  made  in  baying  six-pennyworth?  In 
how  many  of  these  will  a  particular  pear  occur? 

8.  From  a  company  of  soldiers  mustering  96  a  picket  of  10  is 
to  be  selected;  determine  in  how  many  ways  it  can  be  done, 
(1)  so  as  always  to  include  a  particular  man,  (2)  so  as  always 
to  exclude  the  same  man. 

9.  How  many  parties  of  12  men  each  can  be  formed  from 
a  company  of  60  men? 

10.  If  the  number  of  combinations  of  n  things  r  —  r  toge- 
ther be  equal  to  the  number  of  combinations  of  n  things  r  +  r 
together,  find  n. 

11.  In  how  many  ways  can  a  party  of  six  take  their  places 
at  a  round  table? 

12.  In  how  many  different  ways  may  n  persons  form  a  ring? 

13.  How  many  different  numbers  can  be  formed  with  the 
digits  1,  2,  3,  4,  5,  6,  7,  8,  9 ;  each  of  these  digits  occurring  once 
and  only  once  in  each  number?  How  many  with  the  digits  1,  2,  3, 
4,  5,  6,7 , 8,9,0,  on  the  same  supposition? 

14.  Out  of  12  conservatives  and  -16  reformers  how  many 
different  committees  could  be  formed  each  consisting  of  4  re- 
formers and  3  conservatives? 

15.  If  there  be  x  things  to  be  given  to  n  persons,  shew  that 
to*  will  represent  the  whole  number  of  different  ways  in  which 
they  may  be  given. 

16.  Suppose  the  number  of  combinations  of  n  things  taken  r 
together  to  be  equal  to  the  number  taken  r  + 1  together,  and 
that  each  of  these  equal  numbers  is  to  the  number  of  com- 
binations of  n  things  taken  r  - 1  together  as  5  to  4,  find  the 
value  of  n. 
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17.  Given  m  things  of  one  kind,  and  n  things  of  a  second 
kind,  find  the  number  of  permutationV  that  can  be  formed  con- 
taining r  of  the  first  and  *  of  the  second. 

18.  How  many  different  rectangular  parallelepipeds  are 
there  satisfying  the  condition  that  each  edge  of  each  paraUelo- 
piped  shall  be  equal  to  some  one  of  n  given  lines  all  of  different 
lengths? 

19.  The  ratio  of  the  number  of  combinations  of  4n  thingB 
taken  2n  together,  to  that  of  2n  things  taken  n  together  is 

1.3.5  (in -I) 

{1.3.5  (2w-l)}"' 

20.  Out  of  17  consonants  and  5  vowels,  how  many  words 
can  be  formed,  each  containing  two  consonants  and  one  to  welt 

21.  Out  of  10  consonants  and  4  vowels,  how  many  words  can 
be  formed  each  containing  3  consonants  and  2  vowels? 

22.  Find  the  number  of  words  which  can  be  formed  out  of 
7  letters  taken  all  together,  each  word  being  such  that  3  given 
letters  are  never  separated. 

23.  With  10  flags  representing  the  10  numerals  how  many 
signals  can  be  made,  each  representing  a  number  and  consisting  of 
not  more  than  4  flags? 

24.  How  many  words  of  two  consonants  and  one  vowel  can 
be  formed  from  6  consonants  and  3  vowels,  the  vowel  being  the 
middle  letter  of  each  word? 

25.  How  many  words  of  6  letters  may  be  formed  with  3  vowels 
and  3  consonants,  the  vowels  always  having  the  even  places? 

26.  A  boat's  crew  consists  of  8  men,  3  of  whom  can  only  row 
on  one  side  and  2  only  on  the  other.  Find  the  number  of  ways 
in  which  the  crew  can  be  arranged. 

18—2 
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27.  A  telegraph  has  m  arms,  and  each  arm  is  capable  of  n 
distinct  positions;  find  the  total  number  of  signals  which  can  be 
made  with  the  telegraph. 

28.  A  pack  of  cards  consists  of  52  cards  marked  differently ; 
how  many  different  hands  of  13  cards  in  each  can  be  formed 
from  it? 

29.  How  many  triangles  can  be  formed  by  joining  the  angular 
points  of  a  decagon,  that  is,  each  triangle  haying  three  of  the 
angular  points'  of  the  decagon  for  its  angular  points? 

30.  There  are  n  points  in  a  plane,  no  three  of  which  are  in 
the  same  straight  line  with  the  exception  of  p,  which  are  all  in 
the  same  straight  line;  find  the  number  of  lines  which  result 
from  joining  them. 

31.  Find  the  number  of  triangles  which  can  be  formed  by 
joining  the  points  in  the  preceding  question. 

32.  There  are  n  points  in  space,  of  which  p  are  in  one  plane, 
and  there  is  no  other  plane  which  contains  more  than  three  of 
them ;  how  many  planes  are  there,  each  of  which  contains  three 
of  the  points? 

33.  If  n  points  in  a  plane  be  joined  in  all  possible  ways  by 
indefinite  straight  lines,  and  if  no  two  of  the  straight  lines  be 
parallel,  and  no  three  pass  through  the  same  point  (with  the 
exception  of  the  n  original  points),  then  the  number  of  points  of 
intersection  exclusive  of  the  n  points  will  be 

w(n-l)(M-2)(tt-3) 
8 

34.  There  are  fifteen  boat-clubs;  two  of  the  clubs  have  each 
three  boats  on  the  river,  five  others  have  two,  and  the  remaining 
eight  have  one;  find  an  expression  for  the  number  of  ways  in 
which  a  list  can  be  formed  of.  the  order  of  the  24  boats,  observing 
that  the  second  boat  of  a  club  cannot  be  above  the  first. 
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35.  A  shelf  contains  20  books,  of  which  4  are  single  volumes, 
and  the  others  form  sets  of  8,  5,  and  3  volumes  respectively;  find 
in  how  many  ways  the  books  may  be  arranged  on  the  shel£  the 
volumes  of  each  set  being  in  their  due  order. 

36.  Find  the  number  of  the  permutations  which  can  be 
formed  with  the  letters  composing  the  word  examination  taken 
4  at  a  time. 

37.  There  are  n  —  1  sets  containing  2a,  3a,  na  things 

respectively;  shew  that  the  number  of  combinations  which  can 
be  formed  by  taking  a  out  of  the  first,  2a  out  of  the  second,  and 
so  on  for  each  combination,  is 

[na 

(Hr* 

38.  Find  the  sum  of  all  the  numbers  which  can  be  formed 
with  the  digits  1,  2,  3,  4,  5,  in  the  scale  of  10. 

39.  The  sum  of  all  numbers  that  are  expressed  by  the  same 
digits  is  divisible  by  the  sum  of  the  digits. 

XXXV.  BINOMIAL  THEOREM.  POSITIVE  INTEGRAL 
EXPONENT. 

503.  We  have  already  seen  that  (x  +  a)*  =  x*  +  2xa  +  a*,  and 
that  (x  +  a)*  =  x*  +  3z*a  +  3a»*  +  a*;  the  object  of  the  present 
chapter  is  to  find  an  expression  equal  to  (x  +  a)9  where  n  is  any 
positive  integer. 

504.  By  ordinary  multiplication  we  obtain 

(x  +      (x  +  oj  =  x9  +  {ax  +  aa)  x  +  ap^ 

(«+  aj)  (x  +  aj(x  +  a^  =  x*  +  (aj  +  a,  +  a,)  x* 

+  (ataa  +  ay*,  +  a,^)  x  +  *pp# 
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(a?  +  a,)  (x  +     («  +  <»,) (*+  a4)  =  *4+  K  +  *,+    +  a4)af 

Now  in  these  results  we  see  that  the  following  laws  hold. 

I.  The  number  of  terms  on  the  right  is  one  more  than  the 
number  of  binomial  factors  which  are  multiplied  together. 

IL  The  exponent  of  £  in  the  first  term  is  the  same  as  the 
number  of  binomial  factors,  and  in  the  succeeding  terms  each 
exponent  is  less  than  that  of  the  preceding  term  bj  unity. 

IIL  The  coefficient  of  the  first  term  is  unity;  the  coefficient 
of  the  second  term  is  the  sum  of  the  second  terms  of  the  binomial 
factors ;  the  coefficient  of  the  third  term  is  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  factors  taken  two  at 
a  time;  the  coefficient  of  the  fourth  term  is  the  sum  of  the  pro- 
ducts of  the  second  terms  of  the  binomial  factors  taken  three  at  a 
time;  and  so  on;  the  last  term  is  the  product  of  all  the  second 
terms  of  the  binomial  factors. 

We  shall  now  prove  that  these  laws  always  hold  whatever 
be  the  number  of  binomial  factors.  Suppose  the  laws  to  hold 
when  n—1  factors  are  multiplied  together;  that  is,  suppose 

(x  +  ax)(x  +  oa)...(x  +  a..,)  =  aT'+^aTV  jyr3  *  p/^+.-.+A-i* 

where  p1  =  the  sum  of  the  terms  alfap  aB-l> 

p%  =  the  sum  of  the  products  of  these  terms  taken  two  at 
a  time, 

pz  =  the  sum  of  the  products  of  these  terms  taken  three 
at  a  time, 

pu_x  =  the  product  of  all  these  terms. 

Multiply  both  sides  of  this  identity  by  another  factor  x  +  a9; 
thus, 

(*  +  <0(*  +  <0  (*  +  «»)  =  *"  +  0>i  +  flO 

+  CP.  +  Pi**)  +  +/V, 
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Now  px  +  an  =  ax  +  a%  +  4-  au_x  +  an 

=  the  turn  of  all  the  terms  ax9  a¥  am; 

P.  +Pia*=P,  +  *.  («i  +  ».  +  +  O 

=  the  sum  of  the  products  taken  two  at  a  time  of 
^    all  the  terms  a„  ap  am; 


pn_l    =  the  product  of  all  the  terms. 


Hence  if  the  laws  hold  when  n  - 1  factors  are  multiplied 
together,  they  hold  when  n  factors  are  multiplied  together;  but 
they  have  been  proved  to  hold  when  4  factors  occur,  therefore 
they  hold  when  5  factors  occur,  and  so  on ;  thus  they  hold  uni- 
versally. 

We  shall  write  the  result  for  the  multiplication  of  n  factors 
thus  for  abbreviations 

(x  +  ax)  (x  +   (x  +  a.)  =  x*  +  qxx*~l  +  qjx?~*  +  + 

The  number  of  terms  in  qx  is  obviously  n;  the  number  of 
terms  in  q%  is  the  same  as  the  number  of  combinations  of  the 

n  (n  1^ 

n  things  ax,   aM  taken  two  at  a  time,  that  is,  — ^  ^  ' ; 

and  so  on.  Now  suppose  ax,  aa$  ,an  each  =«;  thus  qx  be- 
comes na,  q8  becomes  U  y  ^  —  a9,  and  so  on ;  and  we  obtain 

 +  *(f       a—  <b*  +  na""  *  +  a". 

1  •  A 


This  formula  is  called  the  Binomial  Theorem;  the  series  on 
the  right  hand  side  is  called  the  expansion  of  (x  +  a)",  and  when 
we  put  this  series  in  the  place  of  (x  +  a)*  we  are  said  to  expand 
(x  +  a)\    The  theorem  was  discovered  by  Newton. 
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505.  For  example,  take  («  +  «)*;  here  n  =  5, 
n{n-l)    5.4  n(n-l)(tt-2)    5.4.3  1A 

1.2  ""La"11*       1.2.3     "TTaTs"  ' 

n(w-l)(n-2)(n- 3)  5.4.3.2 

1.2.3.4  1.2.3.4  ' 

thus,      (x  +  af  -x&  ■¥  5x4a  +  10a*V  +  lOxV  +  jfa»4  +  a\ 

Again,  suppose  we  require  the  expansion  of  (c*  +  y*)5;  we 
have  only  to  write  c*  for  x  and  ys  for  a  in  the  preceding  identity; 
thus, 

(c*  +  ys)»  =       +  5  (O4    +  1 0  (>)*  (y*)f  +  1 0  (c*)'  (y*)8 

+  5cf(y*)4  +  (y*)s 
=  c10  +  5<?yz  +  10cayV  +  io<?4yV  +  5c»yV  +  y  V. 
Similarly, 

(ca  +  2^  =  (c")5  +  5  (c8)4  2y*  +  10  (c8)8  (220'  +  10  (ff  (iff 

+  6*(tyf  +  Wf 
=  c10  +  lOc8/  +  40cy  +  80cY  +  80cY  +  32yl°. 

506.  In  the  expansion  of  (x  +  of  suppose  x  =  1 ;  thus, 

/i      x-    i  n(n-l)  .   w(n-l)(n-2)  , 

(l+tt)w  =  l+na  +    ^  2  V  +    v  j— ^ — U8  +  +  a"; 

since  this  is  true  whatever  a  may  be,  we  may  write  x  for  o;  thus, 

/i  \-  -i  ^  (n  -  1)  .  n  (n  -  1)  (n  -  2)  ,  . 
(1  +  a;)"  =  1  +     +    x    ^  133  * x*  +  +  x*. 

507.  The  coefficient  of  the  second  term  in  the  expansion  of 

(1  +  x)n  is  «,  the  coefficient  of  the  third  term  n  ^    ^ ;  and 

generally  the  coefficient  of  the  (r  +  1)*  term,  being  the  number  of 
combinations  of  n  things  taken  r  at  a  time  is,  by  Art.  494, 

equal  to       — — ^n — r  +  — ;  by  multiplying  both 

numerator  and  denominator  by  \n-r  this  becomes 


Digitized  by  Google 


BINOMIAL  THEOREM.    POSITIVE  INTEGRAL  EXPONENT.  28! 

508.  The  coefficient  of  the  r*  term  from  the  beginning  is  equal 
to  the  coefficient  of  the  r*  term  from  the  end. 

The  coefficient  of  the     term  from  the  beginning  is 

n(n-l)(n-2)  (n-r  +  2) 

which  becomes  by  multiplying  both  numerator  and  denomi- 
nator by  \n  —  r  +  1  - 

=  Is  . 

|r-l  \n-r+  1 

The  Vth  term  from  the  end  is  the  (n  -  r  +  2)to  from  the  begin- 
ning, and  its  coefficient  is 

n(n-l)  {w- (n-r  +  2) +  2}        n(n-  1)  r 

|n  -  r  +  1  '  [n  -  r  +  1  ' 

and  this  also 

|r-  1  |n-r -f  1 

509.  To  /ndJ  the  greatest  coefficient  in  the  expansion  of 

(i+«y. 

This  has  been  investigated  in  the  chapter  on  Permutations  and 

Combinations;  it  is  there  shewn  that  when  n  is  even,  the  great - 

n  . 
est  coefficient  is  found  by  putting  ^  for  r  in  the  expression 

In 

— i= — ;  when  n  is  odd  the  greatest  coefficient  is  found  by  put- 
\r\nzl 

ting  ^— ^  or  for  r  in  the  expression,  the  result  being  the 

same  in  the  two  cases. 

510.  To  find  the  greatest  term  in  the  expansion  of  (x  +  a)\ 
The  r**  term  of  the  expansion  is 

n(n-  1)  (n-r  +  2) 
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the  (r  + 1)*  term  may  be  obtained  by  multiplying  the  r*  by 

— — ~~'^>  *na*  ***  ^  ~~  0  a?*  mu^*P^er  dimin- 

ishes as  r  increases,  and 

(*±!_l}£k>i 

\  r        /  x 

only  so  long  as 

n+  1    ,  .  x 

 1  is  >-, 

r  a 

that  is,  only  so  long  as 

n-f  1  .     x  , 

  is  >  -  + 1, 

r  a 

that  is,  only  so  long  as 

n  +  1 
r  is  <  — . 

a 

w  +  1 

If  —  be  an  integer,  then,  denoting  this  integer  by  p,  the 

£  +  1 

a 

p*  term  of  the  expansion  is  equal  to  the  (p  + 1)*  term,  and 

w  +  1 

these  terms  are  greater  than  any  other  term;   but  if  — 

-+  1 
a 

be  not  an  integer,  then  the  greatest  term  is  the     where  q  is  the 
w  +  1 


integral  part  of 
a 


5+i 


511.  In  the  theorem  for  expanding  («  +  a)"  as  a  may  have 
any  value,  we  may  suppose  it  negative  if  we  please;  thus  put  —  c 
for  a  and  we  have 

{x-c)*  =  x*-furf-l  +  n(*~})c*x*-*^  

1  •  £ 


+  n{-c)-lx  +  {-c)\ 
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512.  The  expansion  of  a  binomial  can  always  be  reduced  to 
the  case  in  which  one  of  the  two  quantities  is  unity.  For 

(*  +  a)-  =  rf(l+^  =^(l+y)-,  if  y  = 

We  may  then  expand  (1 4-  y)*  and  multiply  each  term  by  x9,  and 
thus  obtain  the  expansion  of  (x  +  a)\ 

513.  To  find  the  sum  of  the  coefficients  of  the  terms  m  the 
expansion  of  (1  +  x)n. 

The  theorem 

(1  +a?)"  =  l+7KC-f  a?*+  +  nxn'l  +  xa, 

is  true  for  all  values  of  a;  put  x  =  1 ;  thus, 

2"  =  l+n  +    \      '  +  +  »  +  l. 

That  is,  the  sum  of  the  coefficients  =  2". 

514.  The  sum  of  the  coefficients  of  the  odd  terms  in  the  expan- 
sion of  (1  +  x)*  is  equat  to  the  sum  of  the  coefficients  of  the  even 
terms. 

Put  x  =  -  1  in  the  expansion  of  (1  +  x)H;  thus, 
0-1    n  t  tt(tt-l)fo-2) 

=  sum  of  the  odd  coefficients  -  sum  of  the  even  coefficients. 

Since  then  the  sums  are  equal,  by  the  preceding  article  each 
2* 

must  =    ;  that  is,  2*~\ 

515.  It  appears  from  Art-  508,  that  the  coefficient  of  the 

\n 

r*  term  may  be  written  thus  ,  -4=   .    If  we  apply  this 

[r-l  1 

to  the  last  term  for  which  r  =  n  + 1,  this  expression  takes  the  form 


Digitized  by  Google 


284  EXAMPLES  OP  THE  BINOMIAL  THEOREM. 

In 

^~~^q  '    T^ie  svmD°l  l£  h*8  had  no  meaning  hitherto  assigned  to 

it,  if  we  agree  to  consider  it  equivalent  to  1,  then  the  general 
expression  will  hold  true  for  the  last  term. 

EXAMPLES  OF  THE  BINOMIAL  THEOREM. 

1.  Write  down  the  3rt  term  of  (a  +  b)ls. 

2.  Write  down  the  49th  term  of  (a  -  x)80. 

3.  Write  down  the  5th  term  of  (a9  -  h9)1'. 

4.  Write  down  the  2001"  term  of  (a»  +  x*)*»*. 

5.  Write  down  all  the  terms  of  (5  -  ix)*. 

6.  Write  down  the  5th  term  of  (3®*  -  4y*)9. 

7.  Write  down  the  6th  term  of  (2a*  -  6*)10. 

8.  Write  down  all  the  terms  of  ^5  -  ^  . 

9.  Write  down  the  middle  term  of  (a+ x)10. 

10.  Write  down  the  two  middle  terms  of  (a  +  xf, 

11.  Expand  {a  +  J{a*  -  l)}8  +  {a  -  J(a'  -  l)}8  in  powers  of  a. 

12.  Write  down  the  coefficient  of  y  in  the  expansion  of 


13.  If  A  he  the  sum  of  the  odd  terms  and  B  the  sum  of 
the  even  terms  in  the  expansion  of     +       prove  that 

A*-&  =  (x*-a*)\ 

14.  Prove  that  the  difference  between  the  coefficients  of 
xr*1  and  af  in  the  expansion  of  (1  +  x)n+l  is  equal  to  the  differ- 
ence between  the  coefficients  of  af +l  and  xr~l  in  the  expansion  of 
(!+«)•. 


Digitized  by  Google 


BINOMIAL  THEOREM.    ANT  EXPONENT.  285 
15. .  Shew  that  the  middle  term  of  ' 
xa-    1.3.5...  (2n-l)0._ 

(l  +  xy =  ^  '  2  v. 

16.  Find  the  binomial  of  which  four  consecutive  terms  are 
2916,  4860,  4320,  2160. 

17.  Prove  that  the  coefficient  of  af  in  the  expansion  of 

(x  +  — ^  may  be  represented  by  — ;  i=v-  . 

\  \i(n~r)  \j(n  +  r) 

18.  Write  down  the  coefficient  of  «*r+1  in  the  expansion  of 

19.  Find  the      term  from  the  beginning,  the     term  from 

/  1\*"+1 
the  end,  and  the  middle  term  of  ( x  -  — ) 

20.  If     txf  t#  t#          represent  the  terms  of  the  expansion 

of  (a  +  x)*,  shew  that 


XXXVL    BINOMIAL  THEOREM.    ANY  EXPONENT. 

516.    We  have  seen  that  when  n  is  a  positive  integer 
(1  +#)"=  1  +  nx  +  n(™   

We  now  proceed  to  shew  that  this  equation  holds  when  n  has 
any  value  positive  or  negative,  integral  or  fractional,  that  is,  we 
shall  prove  the  Binomial  Theorem  for  <my  exponent.  We  shall 
make  some  observations  on  the  proof  after  giving  it  in  the  usual 
form. 
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517.    Suppose  m  and  n  are  positive  integer $;  then  we  have 

(l  +  g)m=l+wxg+    ^  2   V-f--^  '-o?+  (1), 

/i  i  n(n— 1)  ,  «(w-l)(w-2)  -  ,rtV 
(l  +  s)*  =  l  +  na:  +    \  2   [JT  

But  (1  4-  *)m  x  (1  4-  *)"  =  (1  +  *)m+" ; 

hence  the  product  of  the  series  which  form  the  right-hand  mem- 
bers of  (1)  and  (2)  must  =  (1  +  a)m+";  that  is, 


1  +  (m  +  w)  a;  +  ^—^   ar 

(m  +  w)  (m  +  n  -  1)  (ro  +  n  -  2)  ^ 

^^■^^^fr-j^*-1^*  } 

*{i+m.+f^*+*t-in»-*>lf+  j  (3). 

Equation  (3)  has  been  proved  on  the  supposition  that  m  and  n 
are  positive  integers ;  but  the  product  of  the  two  series  which  occur 
on  the  right  hand  side  of  (3)  must  be  of  the  same  form  whatever 
m  and  n  may  be;  we  therefore  infer  that  (3)  must  be  true  what- 
ever m  and  n  may  be.  We  shall  now  use  a  notation  that  will 
enable  us  to  express  (3)  briefly.   Let  f(m)  denote  the  series 

-  m  (m  -  1)  .    m  (m  -  1)  (m  -  2)  . 

1  +  mx  +  — ^  ^   '  of  +  — *  <c*  +  

whatever  m  may  be;  then  f(n)  will  denote  what  the  series 
becomes  when  »  is  put  for  m;  and  f(m  +  n)  will  denote  what  the 
series  becomes  when  m  +  n  is  put  for  m.  And  when  tn  is  any 
positive  integer  f(m)  =  (1  +  *)m;  also  /(0)  «  1.  Thus  (3)  may  be 
written 

f(m  +  n)=/(m)xf(n)  (4> 
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Similarly,    f(m  +  n  +  p)  =/(m  +  n)  x/(p) 

-/(*)*/«*/«. 
Proceeding  in  this  way  we  may  shew  that 

/(w  +  n  -hp  +  g  +.  )  =/(m)  x/(n)  x/(j>)  x/(q)  x  (5). 

Now  let  m  =  n  =p  =  q  =  =  ~  ,  where  e  and  r  are  positive 

integers,  and  suppose  the  number  of  terms  to  be  r;  then  (5) 
becomes 

therefore, 

But  since  *  is  a  positive  integer  /(*)  =  (1  +  x)%  and  therefore 

{/(•»'-(!+«)'; 

therefore,  (1  +  x)r  =J  I -  J  =  1  +  -  x  +  — -  ^      «P  +  

This  proves  the  Binomial  Theorem  when  the  exponent  is  any 
positive  quantity. 

Again,  in  (4)  put  -  n  for  m;  thus, 

/<-»)x/(»)=/(0)«l; 

therefore,  — ~  =/(-  n). 

But  if  »  be  any  positive  quantity /(to)  =  (1  +  x)m;  hence, 

that  is,     (l+g)-gl  +  (-n)g+("f>)j"^1)g,+  


This  proves  the  Binomial  Theorem  when  the  exponent  is  any 
negative  quantity. 
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518.  The  proof  of  the  Binomial  Theorem  for  any  exponent 
contained  in  the  preceding  article  was  first  given  by  Enler;  al- 
though difficult  and  not  altogether  satisfactory,  it  is  a  valuable 
exercise  for  the  student.  We  shall  now  offer  some  remarks 
upon  it 

The  first  point  we  have  to  notice  is  the  mode  of  proving  that 
f{m  +  n)=f  (m)  x  /  (n).  The  student  should  for  an  exercise  write 
down  three  or  four  terms  of  the  series  for  f(m),  and  also  of  the 
series  for  f(n),  and  multiply  them  together;  if  the  product  be 
arranged  according  to  powers  of  x,  it  will  be  found  that  so  far  as  it 
has  been  completely  formed,  it  will  agree  with  the  series  for 
f(m  +  n).  But  from  knowing  what  f(m)  and/(w)  represent  when 
m  and  n  are  positive  integers,  we  infer  without  the  trouble  of 
actual  multiplication,  that  the  law  expressed  by 

/(m  +  n)=/(m)x/(w) 

must  hold.  The  mode  of  establishing  this  law  in  the  simple  case 
in  which  m  and  n  are  positive  integers  is  a  valuable  algebraical 
artifice. 

But  the  way  in  which  we  infer  that  f(m  +  n)=f(m)  x  f(n), 
whatever  m  and  n  may  be,  is  still  more  important.  The  principle 
is  merely  this;  the  form  of  any  algebraical  product  is  the  same 
whether  the  factors  represent  whole  numbers  or  fractions,  positive 
or  negative  numbers;  thus,  for  example, 

(a  +  b)  (a  +  c)  =  a*  +  (6  +  c)  a  +  be 

is  true  whatever  a,  b}  and  c  may  be.  Hence  we  infer  that 
f(m)  x  /  (n)  will  have  the  same  form  in  all  cases,  whether  m 
and  n  be  positive  integers  or  not. 

519.  The  most  difficult  point  however  to  be  considered  is  the 
meaning  of  the  sign  =  in  the  assertion 

(l+xy=l+nx  +  n("'~1)  J+  (1). 

Suppose,  for  example,  that  n  =  -  1,  then  the  above  becomes 

(l+s)-1  =  l-a  +  *,-tf,+  ,   (2).  . 
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Now  we  know  that  the  mm  of  r  terms  of  the  series 

I  -(-  x)r 

1  -x  +  x* -x*  +          is  —  j^"x    >  hence  when  *  is  numerically 

less  than  unity,  by  taking  enough  terms  of  the  series,  we  can 

obtain  a  result  differing  as  little  as  toe  please  from        '  ^nxs 

we  can  in  this  case  understand  the  assertion  in  (2).  But  when 
x  is  numerically  greater  than  unity,  there  is  no  such,  numerical 

approximation  to  the  value  of  j~~  obtained  by  taking  a  large 

number  of  terms  of  the  series  1  -x  +  x*—a?+  

We  shall  see  in  the  chapter  on  the  Convergency  of  Series,  that 
when  x  is  numerically  less  than  unity,  we  can  form  a  definite 
conception  of  the  series  on  the  right  of  (1)  whatever  n  may  be. 
In  this  case  there  is  no  difficulty  in  the  statement 

/(ro  +  n)  =/(#»)  x/(w); 

each  of  the  three  series  which  it  involves  is  arithmetically  intelli- 
gible. But  when  x  is  numerically  greater  than  unity,  we  cannot 
give  an  arithmetical  meaning  to  the  series  or  to  the  statement;  all 
we  ought  to  say  is,  that  if  we  form  the  product  of  the  first  r 
terms  of  /(*»)  by  the  first  r  terms  of  /(n),  the  first  r  terms  of  the 
result  will  agree  with  the  first  r  terms  of  f(m+n);  but  this  will 
not  justify  us  in  writing  f(m  +  n)  =/(tn)  x / (n). 

On  the  whole  then  we  may  conclude  that  the  Binomial  Theo- 
rem for  the  expansion  of  (1  +  x)u  gives  a  result  which  is  arithme- 
tically intelligible  and  true  when  x  is  numerically  less  than  unity; 
in  what  sense  the  result  is  true  when  x  is  numerically  greater 
than  unity  has  not  yet  been  explained  in  an  elementary  manner. 
The  subject  of  the  expansion  of  expressions  is  however  properly 
a  portion  of  the  Differential  Calculus,  to  which  the  student  must 
be  referred  for  a  fuller  consideration  of  the  difficulties. 

520.  To  find  the  numerically  greatest  term  in  the  expansion 
of(\+x)\ 

We  consider  *  as  positive. 
t.  a.  19 
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I.  Suppose  n  a  positive  integer.  The  (r  +  1)*  term  may  he 
formed  by  multiplying  the  r*  term  by  — — x,  that  is,  by 

^— ^—  ~  1^  x >  ^d  this  multiplier  diminishes  as  r  increases.  Put 

(  1  ]  »=  1,    therefore  p  =  -  f-. 

\  p        J  r      x+ 1 

If  jt?  be  an  integer  two  terms  of  the  expansion  are  equal, 
namely,  the  /?*  and  the  (jt?  + 1)*,  and  these  are  greater  than  any 
other  term.  If  p  be  not  an  integer,  suppose  q  the  integral  part  of 
p,  then  the  (q  +  1)*  term  is  the  greatest. 

II.  Suppose  n  positive  but  not  integral.  As  before,  the 
(r+1)*  term  may  be  formed  by  multiplying  the  r*  by 

If  then  x  be  greater  than  unity,  there  is  no  greatest  term;  for 
the  above  multiplier  can,  by  increasing  r,  be  made  numerically  as 
near  to  a;  as  we  please;  that  is,  each  term  from  and  after  some 
fixed  term  can  be  made  as  nearly  as  we  please  numerically  x  times 
the  preceding  term,  and  thus  the  terms  increase  without  limit. 
But  if  x  be  less  than  unity  there  will  be  a  greatest  term;  for  if 

p  —  (n  1l       f  then  as  long  as  r  is  less  than  p  the  multiplier  is 

greater  than  unity,  and  the  terms  go  on  increasing ;  but  when  r 
is  greater  t^tan  p  the  multiplier  is  less  than  unity,  and  so  long  as 
it  continues  positive  it  diminishes  as  r  increases;  and  when  the 
multiplier  becomes  negative  it  is  still  numerically  less  than  unity; 
so  that  each  term  after  r  has  passed  the  value  p  is  numerically  less 
than  the  preceding  term.  Hence,  as  in  the  first  case,  if  p  be  an 
integer,  the  p*  term  is  equal  to  the  (p  +  1)*  term,  and  these  are 
greater  than  any  other  term;  if  p  be  not  an  integer,  suppose 
q  the  integral  part  of  p,  then  the  (q  + 1)*  term  is  the  greatest. 
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III.   Suppose  n  negative. 

Let  m  =  —  fiy  so  that  m  is  positive.  The  numerieal  value  of  the 
(r  +  1)*  term  may  be  obtained  by  multiplying  that  of  the  r*  term 

by  (VLtLliy  thatk.by^  +  l)*. 

If  *  be  greater  than  unity  we  may  shew,  as  in  the  seoond  case, 
that  there  is  no  greatest  term.    If  &  be  less  than  unity,  put 


x  =  1,   therefore  p  =  ^~ — . 

X  —  X 


If  p  be  a  positive  integer  the  pP  term  is  equal  to  the  (p  +  1/* 
term,  and  these  are  greater  than  any  other  term.  If  p  be  positive 
but  not  an  integer,  suppose  q  the  integral  part  of  p,  then  the 
(9+ 1)"  term  is  the  greatest.  If  p  be  negative  then  m  is  less  than 
unity;  in  this  ease  each  term  is  less  than  the  preceding,  and  the 
first  term,  that  is  unity,  is  the  greatest 

We  have  supposed  throughout  that  *  is  positive ;  if  x  be  nega- 
tive put  y  =  —  x>  so  that  y  is  positive;  then  find  the  numerically 
greatest  term  of  (1  +  y)%  and  this  will  also  be  the  numerically 
greatest  term  of  (1  +  x)\ 

521.  The  first  term  of  the  expansion  of  (1  +  x)n  is  unity;  any 
other  term  is  known  sinoe  the  (r  +  iy*  term  is 

w(n-l)  (n-r+1)^ 

[r 

This  expression  is  called  the  general  term,  because  by  putting 

1,  2,  3,         successively  for  r,  it  gives  us  in  succession  the  2nd, 

3**,  4*,  terms ;  that  is,  we  can  obtain  from  it  any  term  after 

the  first  The  expression  for  the  general  term  may  be  modified  in 
particular  cases,  and  sometimes  simplified,  as  will  be  seen  in  the 
following  examples: 

(l  +  x)~m.    Here  n  =  -m;  the  general  term  becomes 
(-m)(-m-l)  (-M-r+l)  ^ 

Lr 

19—2 
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which  may  be  written 

*»  (*»+!)  (m+r-1) 

It 

(1  +        Here  n  =  £ ;  the  numerator  of  the  coefficient  of  af  is 

if  r  is  not  less  than  2,  this  may  be  written, 
1-3.5.7  (2r-3) 

hence  in  the  expansion  of  (1  +  a;)*,  the  first  term  is  1,  the  second 
is  and  <my  subsequent  term  may  be  found  by  putting  for  the 
(r  + 1)*  term 

(1  +  a;)"8.  This  is  a  particular  case  of  (1  +  x)~m.  The  co- 
efficient of  af  is 

2.3.4  (2  +  r-l),  1Xr  AV  _  .   ,     -w  1Vr 

 ^  thatis,(r  +  l)(-l)*. 

(1  -x)~*.    By  the  preceding  example  the  (r+  1)*  term  is 

(r  +  1)  (-  l)r  (-a;)r,  that  is,  (r  +  1)  af. 

522.  A  Multinomial  expression  may  be  raised  to  any  power 
by  repeated  use  of  the  Binomial  Theorem;  thus,  for  example, 

{a  +  6+c}8  =  .{a  +  (6  +  c)^ 

if  we  now  expand  (b  +  c)*  and  (6  +  cf  and  put  the  resulting  ex- 
pansions in  the  place  of  these  quantities  respectively,  we  shall 
obtain  the  expansion  of  {a  +  b  +  c}\  Similarly, 

{a  +  b  +  c  +  df  =  {a  +  (b  +  c  +  d)}8  =  a*  +  3as  (b  +  c  +  d) 

+  3a  (b  +  c  +  d)*  +  (b  +  c  +  a*)3 ; 
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the  expansion  may  then  be  completed  by  finding  the  expansion 
of  (b  +  e  +  d)*  and  of  (b  +  e  +  d)*  in  the  manner  just  ftrampKfi^d 
Or  we  may  proceed,  thus 

{a  +  b  +  c  +  d}*  =  {(a  +  b)  +  (c  +  d)Y  =  (a  +  by 

+  $(a+hy(e+d)  +  Z(a+b)(c  +  d)9  +  (e  +  dy; 

the  expansion  may  then  be  completed  by  expanding  (a  +  b)*y 
(a  +  5)*,  &c. 

523.  2b  number  of  homogeneous  prochtcte  of  r  dimen- 
sions that  can  be  formed  out  of  n  letters  a,  b,  c,          and  their 

powers. 

By  common  division,  or  by  Hie  binomial  theorem, 
1 


1 

-ax 

1 

1 

-bx 

1 

1  —  CSC 


=  1  +  cx  +  cW  +  cV  +  . 


Thus, 

— \        —  ={1  4-«05+aV+aV+  } 

x{l+&e  +  oV  +  &V  +  }x{l+ca:  +  cV  +  cV  +  }  

=  l  +  #1«  +  /S^,  +  fi^+   suppose. 

Here,  Sl  =  a+b  +  c+  , 

SM  =  a,  +  ao  +  o,  +  ac  +  , 

A .  =  flf+a'©*^*^  , 


that  is,  St  is  equal  to  the  sum  of  the  quantities  a,  b,c,  ;  S9  is 

equal  to  the  sum  of  all  the  products,  each  of  two  dimensions,  that 
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can  be  formed  of  a,  b,  c,          and  their  powers;  S8  is  equal  to 

the  sum  of  all  the  products,  each  of  three  dimensions,  that  can  be 
formed;  and  so  on.  To  find  the  number  of  products  in  any  one 
of  these  sets  of  products,  we  put  a,  6,  c,  each  =  1 ;  thus 

T  .  5 — j-  •  i    becomes  Tl  ^  or  (1  -  x) 

1  -  ax  1  -  bx  1  -  cx  \l-x) 

Hence  in  this  case  Sr  is  the  coefficient  of  af  in  the  expansion 
of  (1  -  a)"";  that  is, 

_  n(n +  1)  (»  +  r-l) 

This  is  therefore  the  number  of  homogeneous  products  of  r  dimen- 
sions that  can  be  formed  out  of  a,  6,  c,  and  their  powers. 

524.  To  find  the  number  of  terms  in  the  expansion  of  any 
mtUtinomicU,  the  exponent  being  a  positive  integer. 

The  number  of  terms  in  the  expansion  of  (aI+aJ+a8+ ...  +ar)9 
is  the  same  as  the  number  of  homogeneous  products  of  n  dimen- 
sions that  can  be  formed  out  of  a„  a9,   a„  and  their 

powers.    Hence,  by  the  preceding  article,  it  is 

r(r+l)(r+2)  (r  +  n-1) 

 5  ' 

525.  The  Binomial  Theorem  may  be  applied  to  extract  the 
roots  of  numbers  approximately.  Let  N  be  a  number  whose 
n*  root  is  required,  and  suppose  2!T=  a*  +  6;  then 

jH"  =  (a-  +  bf=  a(l  +  A)^=  a  (1  +  «)* 

where  x  =  —m.    If  now  x  be  a  small  fraction,  the  terms  in  the 
a" 

expansion  of  (1  +  a;)"  diminish  rapidly,  and  we  may  obtain  an  ap- 

JL  i 
proximate  value  of  (1  +»)",  and  therefore  of  iV",  by  retaining 

only  a  few  of  these  terms.    It  will  therefore  be  convenient  to 
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take  a  so  that  a"  may  differ  as  little  as  possible  from  N9  and  thus 
b  may  be  as  small  as  possible.    Sometimes  it  will  be  better  to  sup-  ' 
pose  N  =  au-b. 

526.  The  ratio  (a  +  x)9  :  a"  is  nearly  equal  to  the  ratio 
a  +  nx  :  a  when  nx  is  small  compared  with  a.  This  holds 
whether  x  be  positive  or  negative,  and  for  values  of  n  whole 
or  fractional,  positive  or  negative.    See  Art  384. 

527.  We  will  give  an  example  of  the  way  in  which  the  Bino- 
mial Theorem  assists  us  in  finding  the  sums  of  certain  series. 
Required  the  sum  of  the  coefficients  of  the  first  r  + 1  terms  of 
the  expansion  of  (1  -  a;)"".    We  have 

v       7                    1.2  [r 
(1  -x)"l=  1  +  x  +  x*  +  x*  +  

Therefore  (1  -  x)~{n*l)  is  equal  to  the  product  of  the  two 
series.  Now  if  we  multiply  the  series  together,  we  see  that  the 
coefficient  of  of  in  the  product  is 

-         n  (n  +  1)  n  (n  +  1)  (n  +  r  -  1) 

1+M  +  _L_J+  +  _i  L, 

this  must  therefore  be  equal  to  the  coefficient  of  of  in  the  ex- 
pansion of  (1  -x)~{n+l);  that  is,  to 

(n  +  1)  (n  +  2)  (n  +  r) 

E  ; 

thus  the  required  summation  is  effected. 
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EXAMPLES  OF  THE  BINOMIAL  THEOREM. 

Expand  each  of  the  following  expressions  to  four  terms : 
1.   (1+*)4.  2.      +  3.   (l  +  a:)*. 

4.    (1  +x)~K-  5.    (1  +»)"*.  6.  (l+a:)-S. 

7.    (a-x)K  8.   (1-2*)*.  9.  J(a'-x*). 

10.    (3o-2*)f-  11.    (a* -fee)"*        12.    (l  +  5xf. 

Find  the  (r  +  l)n  term  in  the  expansions  of  the  following 
expressions : 

13.    (I-*)"*.  14.    (1-*)^.  15-  (\--pxf. 

19.  1 


4/(1-*)' 

Calculate  the  following  approximately: 

20.   #(24).  21.   4/(999).  22.  #(31). 

23.  #(99000). 

24.  If  a;  be  small  compared  with  unity,  shew  that 

1  +  a;  +  #(1  +  a;)  6  7 

25.  Shew  that  the  number  of  combinations  of  n  things  taken 

in  ones,  threes,  fives,          exceeds  the  number  when  taken  by 

twos,  fours,          by  unity. 
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26.  Shew  that  the  number  of  homogeneous  products  of  n 
things  of  n  dimensions  is 

\2n~l 
[w  [»  —  1 " 

Find  the  greatest  term  in  the  following  expansions : 
2 

27.  (l+x)n  when  x  =  ^  and  n  =  4. 

28.  (1  +  x)~*  when  x  =  i  and  w  =  12. 

29.  (1  +  x)~a  when  x=  -  and  ti  =  3. 

7  8 

30.  (1  -  x)~"  when  x  =  ^        n  =  3  * 

/  IN*"*1 

31.  Find  the  greatest  term  in  ( n  -  —  J  ,  where  «  is  a 
positive  integer. 

32.  Find  the  number  of  terms  in  the  expansion  of 

(a  +  b  +  c  +  (£)10. 

33.  Find  the  first  term  with  a  negative  coefficient  in  the 

11 

expansion  of  (1  +  ^x)z. 

34.  If  p  be  greater  than  n,  the  coefficient  of  af  in  the  expan- 
.       .      a"      .  j?(p'-la)(p'-2a)  {p'-(n-l)'} 

81011  of  (TTxT *    —  ' 

35.  The  coefficient  of  a*"  in  U — is 

(1  -  3x*) 

^  (n+l)(n  +  5Q  (gw-f  3) 

2  . 

36.  What  is  the  coefficient  of  «"  in   f4? 

(I-*)4 


Digitized  by  Google 


298  THE  MULTINOMIAL  THEOREM. 

37.  Expand  ^^j^in  ascending  powers  of  x.  Write  down 
the  coefficient  of  *tr  and  of  x"+\ 

38.  Prove  that  the  n*  coefficient  of  the  expansion  of  (1  —  x)~m 
is  always  the  donble  of  the  (n  -  1)*. 

39.  Shew  that  if  tr  denote  the  middle  term  of  (1  +  &)*,  then 

*o  +  *i+*.+  =(l-4as)~*. 

40.  Write  down  the  sum  of 

.     1    1.3    1.3.5  ,  .  . 

41.  Find  the  sum  of  the  squares  of  the  coefficients  of  the 
expansion  of  (1  +  x)*9  where  n  is  a  positive  integer. 

io    t*       1.3.5  (2r-l)  . 

42.  If  pr=     2  4  g — v  2r  9 ,  prove  that 

43.  Prove  that  the  coefficient  of  xm  in  the  expansion  of 
*     T  is  equal  to  the  coefficient  of  xu  in  the  expansion  of 


(I-*)' 
1 

44.    Find  the  coefficient  of  af  in  (1  +  2x  +  3x*  +  4a;3  +  )\ 

XXXVII.    THE  MULTINOMIAL  THEOREM 

528.  We  have  in  the  preceding  chapter  given  some  examples 
of  the  expansion  of  a  multinomial;  we  now  proceed  to  consider 
this  point  more  fully.    We  propose  to  find  an  expression  for  the 

general  term  in  the  expansion  of  (a0  +  axx  +  dye*  +  azx9  +  )". 

The*  number  of  terms  in  the  series  a0,  al9  ap          may  be  any 

whatever,  and  n  may  be  positive  or  negative,  integral  or  frac- 
tional. 
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Put  bx  for  axx  +  ajxf  +  aj?  +  ,  then  we  have  to  expand 

(a0  +  &,)• ;  the  general  term  of  the  expansion  is 
n(n-l)(n-2)  (n-/*+l)  . 

p.  being  a  positive  integer.    Put  b9  for  ajxf  +  aa£c"  +   then 

b»  =  {axx  +  bp ;  since  /a  is  a  positive  integer  the  general  term  of 
the  expansion  of  (atx  +  bp  may  be  denoted  by 

 J=  ^aa;),6'1"^ 

Combining  this  with  the  former  result!  we  see  that  the  general 
term  of  the  proposed  expansion  may  be  written 

lg|/*-g  0  N 1 '  9 

Again  put  ba  for       +  ap4  +          then  o/-'  =  (a^c*  + 

and  the  general  term  of  the  expansion  of  this  will  be 

Hence  the  general  term  of  the  proposed  expansion  may  be 
written 

fr-**1)  a;-  («,*)<  (svsr  V- . 

\9  \r\n-q-r  a     v  1  r 

Proceeding  in  this  way  we  shall  obtain  for  the  required 
general  term 


where  g+r+*+J+  =  ft 

If  we  suppose  n  -  fi  =p,  we  may  write  the  general  term  in 
the  form 

»(»-!)(»- 8)  (p+l)     ,    ,a;    .    >  ^.r— «,♦.... 

Illl HI*   .  .  .  •  « 

where  jt>  +  g  +  r  +  *  +  J  +  =«• 
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Thus  the  expansion  of  the  proposed  multinomial  consists  of  a 
series  of  terms  of  which  that  just  given  may  be  taken  as  the 
general  type. 

It  should  be  observed  that  q,r,sft,         are  always  positive 

integers,  but  p  is  not  a  positive  integer  unless  n  be  a  positive 
integer.  When  p  is  a  positive  integer,,  we  may,  by  multiplying 
both  numerator  and  denominator  by  |£,  write  the  coefficient 

n(n-l)(n~2)  (p+l) 

u  lr  if  li  

in  the  more  symmetrical  form 

[n 

If  ti  tl  Li  l£  ' 

529.    Suppose  we  require  the  coefficient  of  an.  assigned  power 

of  as  in  the  expansion  of  (a0  +  axx  +  a9a?+  )",  for  example, 

that  of  aT.    We  have  then 

g  +  2r  +  3*  +  4*+  =w, 

p  +  q  +  r  +  8  +  t  +  =  w# 

We  must  find  by  trial  all  the  positive  integral  values  of 

qy  r,  8,  ty          which  satisfy  the  first  of  these  equations ;  then 

from  the  second  equation  p  can  be  found.  The  required  coeffi- 
cient is  then  the  sum  of  the  corresponding  values  of  the  ex- 
pression 

»(»-!)(»-»)  (P±£a,aq  ra.a<  

\q\r\s  [£   •o«i*t^«4 

When  n  is  a  positive  integer  then  p  must  be  so  too,  and 
we  may  use  the  more  symmetrical  form 

Is 


[P[i\l\l\i- 


o*a*afaB§af. 


530.  For  example,  find  the  coefficient  of  x7  in  the  expansion 
of  (l  +  28  +  3a8  +  4»8)4. 
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Here,  ?+2r  +  3s=7, 

j9  +  2  +  r  +  s  =  4. 
Begin  with  the  greatest  admissible  value  of 
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p 

9 

r 

s 

1 

1 

0 

2 

1 

0 

2 

1 

0 

2 

1 

1 

0 

1 

3 

0 

8 ;  this  is  *=  2,  with  which  we  have  r  =  0,  q=  1, 
2?  =  1.  Next  try  s  =  1 ;  with  this  we  may  have 
r  =  2,  g  =  0,  ^  =  1 ;  also  we .  may  have  r  =  1, 
2=2,  =  0.  Next  try  *  =  0 ;  with  this  we  may 
have  r  =  3,  g  =  1,  ^  =  0?  These  are  all  the  so- 
lutions; they  are  collected  in  the  annexed  table. 
Also  aQ  =  1,  ax  =  2,  a9  =3,  a8  =  4.  Thus  the  required  coeffi- 
cient is 

£  21. 48  +  Ji  3s.  41  +  H  2'.  31. 4l  +  it  21. 38 ; 
IS  II  II  II 

that  is,          384  +  432  +  576+216;  that  is,  1608. 
Again;  find  the  coefficient  of  x*  in  the  expansion  of 
(l+2<e+3«8  +  4<B8+  )* 

Here        g+2r  +  3*+  =  3, 

p+£+r+*+  =£. 

All  the  solutions  are  given  in  the  annexed 
table,  and  the  required  coefficient  is 


p 

? 

r 

8 

1 

2 

0 

0 

1 

3 
2 

1 

1 

0 

5 
2 

3 

0 

0 

that  is, 


3  1 


In  this  case,  since 

1  +  2a;  +  3a^  +  4x8+  =  (1  -  x)"\ 

the  proposed  expression  is  {(1  -  «)"s}*,  that  is,  (1  -  x)"\ 
(l-x)~l  =  l+x  +  z*  +  af  +  ; 


And 
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thus  we  see  that  the  coefficient  of  x*  ought  to  be  1 ;  and  the 
student  may  exercise  himself  by  applying  the  multinomial  theo- 
rem to  find  the  coefficients  of  other  powers  of  x,  as,  for  ex- 
ample, x\ 

EXAMPLES  OF  THE  MULTINOMIAL  THEOREM. 

Find  the  coefficients  of  the  specified  powers  of  x  in  tha  fol- 
lowing expansions: 

1.  xA  in  (1+aj  +  af)8. 

2.  x12  in  (1  +  axx  +  a#?  +  ajt)\ 

3.  xB  in  (l-2x+3x*-ix*)\ 

4.  a;14  in  (1  +  «  +    +    +  »4  +  a8)8. 

5.  x9  in  (2-3S-4*")5. 

6.  x*  in  (1  -  x  +  2x*f\ 

7.  x4  in  (2 -fa- 7a8)6. 

8.  x9  in  (l-2^  +  4*4)-. 

9.  x*  in  (1  +x  +  x*)". 
10.  x5  in  (1+2*- a8)-*. 


12.  x4  in  (1  +  2x  -  4a8-  2a8)-*. 

13.  a;6  in  (a4  -  2a8»  +  a4)*. 

14.  «4  in  (1  +  a*  +  a*  +  x*  -  a?*)5. 

15.  a4  in  (1  +a;  +  icl)\ 

16.  a?4  in  (1  +  3a?+  5a?8  +  7a*8  +  9a?4  +  )r. 

17.  af  in  (l  +  aj  +  a?8*  )8. 

18.  x*  in  (l  +  Saj+aaj8)". 
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19.  ar4  in  (1  +  2x  +  3x*  +  4«"  +  )"*. 

20.  x*  in  (a0  +  axx  +  ajx?)n. 

21.  a*in(l-^  +  *"-a04. 

22.  of  in  (1 +oo;+&c,)"*.i 

23.  a*8  in  (1  +  ^a;  +  a#?  +  a^c*  +  )~ 

24.  Find  the  coefficient  of  abc*  in  (a  +  b  +  c)s. 

25.  Find  the  coefficient  of  a'&V  in  (a  —  J  -  c)\ 

26.  Find  the  coefficient  of  a"6V  in  (a  +  i+c  +  cf)*. 

27.  Find  the  coefficient  of  abVd*  in  (a  -  J  +  c  -  <f)10. 

28.  Write  down  those  terms  in  the  expansion  of  (a  +  b  +  c)" 
which  involve  powers  of  &  and  c  as  high  as  the  third  power  in- 
clusive. 

29.  Write  down  all  the  terms  in  the  expansion  of 

(a  +  b  +  e  +  d)n 

which  contain  d*~*. 

30.  Find  the  greatest  coefficient  in  the  expansion  of 

(a  +  b  +  c+d)10. 

31.  The  greatest  coefficient  in  the  expansion  of 

+   +  0" 

where  £  is  the  quotient,  and  r  the  remainder  when  n  is  divided 
by  m. 

32.  Shew  that  the  coefficient  of  se*+1  in  the  expansion  of 

(a0  +  axx  +  ajK?  +  ......)* 

is  2  +       +         +  +  VO- 

33.  Expand  (1  -  2px  +  a^)"*  as  fer  as  x\ 
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34.  Expand  (a  +  bx  +  cat)'1  as  fer  as  x\ 

35.  Expand  (1  - x -of -a?)*  as  far  as  <c*. 

36.  In  the  expansion'  of  (1  +  x  +  a?  +  +  of)",  where  n  is 

a  positive  integer,  shew  that  (1)  the  coefficients  of  the  terms  equi- 
distant from  the  beginning  and  the  end  are  equal;  (2)  the  coeffi- 
cient of  the  middle  term,  or  of  the  two  middle  terms,  according  as 
n  is  even  or  odd,  is  greater  than  any  other  coefficient;  (3)  the  co- 
efficients continually  increase  from  the  first  up  to  the  greatest. 

37.  If  dp  al9  a,,, ...  be  the  coefficients  in  order  of  the 
expansion  of  (1  +  x  +  x2  +  +  of)",  prove  that 

(1)  ©0+a1  +  aa+  +alir=.(r  +  l)". 

(2)  a1  +  2aa  +  8a8  +  +wam.  =  £nr(r  +  l)". 

38.  If  aQf  al9  aa9  a#          be  the  coefficients  in  order  of  the 

expansion  of  (1  +  x  +  x8)*,  prove  that 

 ^(-ir^rK{i-(-w 


XXXVni.  LOGARITHMS. 

531.  Suppose  a*  =  n,  then  x  is  called  the  logarithm  of  n  to  the 
base  a;  thus  the  logarithm  of  a  number  to  a  given  base  is  the 
index  of  the  power  to  which  the  base  must  be  raised  to  be  equal 
to  the  number. 

The  logarithm  of  n  to  the  base  a  is  written  loga»;  thus 
logaw  =  x  expresses  the  same  relation  as  of  =  n. 

532.  For  example  34  =  81 ;  thus  4  is  the  logarithm  of  81  to 
the  base  3. 

If  we  wish  to  find  the  logarithms  of  the  numbers  1,  2,  3,  

to  a  given  base  10,  for  example,  we  have  to  solve  a  series  of  equa- 
tions 10*  =  1,  10*  =  2,  10*=3,   We  shall  see  in  the  next 
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chapter  that  this  can  be  done  approximately,  that-is,  for  example, 
although  we  cannot  find  such  a  value  of  a?  as  -will  make  10*  =  2 
exactly,  yet  we  can  find  such  a  value  of  x  as  will  make  10*  differ 
from  2  by  as  small  a  quantity  as  we  please. 

We  shall  now  prove  some  of  the  properties  of  logarithms* 

533.  The  logarithm  of  1  is  0  whatever  the  base  may  be. 
For  a0  =  1  when  x  =  0. 

534.  The  logarithm  of  the  base  itself  is  unity. 
For  a"=a  when  x  =  l. 

535.  The  logarithm  of  a  product  is  equal  to  the  sum  of  the 
hgaritlims  of  its  factors. 

For  let  x = log,  m,  y  =  log,n; 

therefore  m-  a*  n  =  a*; 

therefore  mn  =  a*a*  =  a** 9 ; 

therefore  log,  mn  =  x  +  y  =  log,  m  +  log,  n. 

536.  The  logarithm  of  a  quotient  is  equal  to  the  logarithm  of 
the  dividend  diminished  by  the  logarithm  of  the  divisor  . 

For  let  x  =  log,  m,  y  ~  log,  n ; 

therefore  m  =  a*,  n  =  a*; 

therefore  —  =  SL  =  a*~*\ 

n    a*  9 

therefore        log,  ~  =  x  -  y  =  log,  m  —  log,  n. 

537.  The  logarithm  of  any  power,  integral  or  fractional,  of  a 
number  is  equal  to  the  product  of  the  logarithm  of  the  number  by  the 
index  of  the  power. 

For  let         m  =  a";  therefore  mf  =  (a*)r  =  aT, 
therefore  log^m*)  =<w  =  r  log,m. 

t.a.  20 
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538.  To  find  the  relation  between  the  logarithms  of  the  wm 
number  to  different  bases. 


Let 
therefore 
therefore 

x  =  log.  ra,  y  =  logft  ra ; 
m~a*  and  =  &*; 
a*  =  &»; 

therefore 

l  t 
a»  =  b9  and  6*  =  a; 

therefore 

X 

y 

=  log.5,  and  ^  =  log*a. 

Hence 

y 

=  *lo&a,and  =  lo&6. 

Hence  the  logarithm  of  a  number  to  the  base  b  may  be  found 
by  multiplying  the  logarithm  of  the  number  to  the  base  a  by 

log,«,  orby^. 

We  may  notice  that  logA  a  x  log,  6  =  1. 

539.  In  practical  calculations  the  only  base  that  is  used  is 
10;  logarithms  to  the  base  10  are  called  common  logarithms.  We 
will  point  out  in  the  next  two  articles  some  peculiarities  which 
constitute  the  advantage  of  the  base  10.  We  shall  require  the  fol- 
lowing definition;  the  integral  part  of  any  logarithm  is  called 
the  cha^OfCteristiCy  and  the  decimal  part  the  mantissa. 

540.  In  the  common  system  of  logarithms,  if  the  logarithm  of 
any  number  be  known  we  can  immediately  determine  the  loga- 
rithm of  the  product  or  quotient  of  that  number  by  any  power  of 
10. 

For      log1010"  x  iT=  log10iT+log1010-=  \oglQN  +  ra, 
N 

That  is,  if  we  know  the  logarithm  of  any  number  we  can 
determine  the  logarithm  of  any.  number  which  has  the  same 
figures,  but  'differs  merely  by  the  position  of  the  decimal  point. 
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541.  In  the  common  system  of  logarithms  the  characteristic 
of  the  logarithm  of  any  number  can  be  determined  by  inspection. 

For  suppose  the  number  to  be  greater  than  unity  and  to  lie 
between  10"  and  10"+1;  then  its  logarithm  must  be  greater  than 
n  and  less  than  n  +  l;  hence  the  characteristic  of  the  logarithm 
is  n. 

Next  suppose  the  number  to  be  less  than  unity,  and  to  lie 

between       and— that  is,  between  10~"  and  10"{"+1);  then 

its  logarithm  will  be  some  negative  quantity  between  —  n  and 
—  (w  +  1);  hence  if  we  agree  that  the  mantissa  shall  always  be 
positive,  the  characteristic  will  be  —  (n  + 1). 

Further  information  on  the  practical  use  of  logarithms  will  be 
found  in  works  on  Trigonometry  and  in  the  introductions  to 
Tables  of  Logarithms. 


EXAMPLES  OF  LOGARITHMS. 

1.  What  is  the  logarithm  of  144  to  the  base  2  ^3? 

2.  What  is  the  characteristic  of  the  logarithm  of  7  to  the 
base  2? 

3.  Find  the  characteristic  of  log85,  and  of  log8  . 

4.  Find  log6  3125. 

5.  Give  the  characteristic  of  log10 1230,  and  of  log10*0123. 

6.  Given  log  2  =  -301030  and  log  3  =  -477121,  find  the  loga- 
rithms of  -05  and  of  5-4. 

7.  Given  log  2  and  log  3  (see  question  6),  find  the  logarithm 
of -006. 

8.  Given  log  2  and  log  3,  find  the  logarithms  of  36,  27,  and 

16. 

20F*  T 
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9.  Given  log  648  =  2-81157501,  log  864  =  2-93651374,  find 
log  3  and  log  5. 

10.  Given  log  2,  find  log  J(l  -25). 

1 1.  Given  log  2,  find  log  -0025. 

12.  Given  log  2,  find  log  ^(-0125). 

i 

13.  Given  log 2  and  log  3,  find logl080  and  log(-OO20)r. 

14.  Having  given  log10  2  =  -301030  and  log107  =  -845098,  find 
log10  98  and  the  logarithm  of  (Jr^f  to  the  base  1000. 


15.  Find  the  number  of  digits  in  2M,  having  given  log  2. 

16.  Given  log  2  and  log  5-743491  =  -7591760,  find  the  fifth 
root  of  -0625. 

17.  If  P  be  the  number  of  the  integers  whose  logarithms 
have  the  characteristic  p,  and  Q  the  number  of  the  integers  the 
logarithms  of  whose  reciprocals  have  the  characteristic  —  q,  shew 
that  . 


18.  If  y  =  e1-**'  and^=er=13",  prove  that  x  =  el~**% 

19.  If  a}  b9  c  be  in  g.p.,  then  log,?*,  login,  logew  are  in  h.p. 

20.  If  the  number  of  persons  born  in  any  year  be  ^th  of 
the  whole  population  at  the  commencement  of  the  year,  and  the 
number  of  those  who  die  ^th  of  it,  find  in  how  many  years  the 
population  will  be  doubled ;  having  given 


log  2  =  -301030,  log  180  =  2-255272,  log  181  =  2-257679. 


log  P  -  log  Q  =  p  -  q  + 1 . 
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XXXIX.   EXPONENTIAL  AND  LOGARITHMIC 
SEEIES. 

042.  To  expand  a,"  in  a  series  of  ascending  powers  of  x;  that 
is,  to  expand  a  number  in  a  series  of  ascending  powers  of  its 
logarithm  to  a  given  base. 

a-  =  {l  +  (a-l)}-=l+x(a-l)  +  ^^(a-iy 

x(x-l)(x-2)  x(x-l)(x-2)(x-3)(  ^ 

=3l+a{a-.l-i(a-l)»  +  i(a-l)a-i(«-1)4  +  ) 

+  terms  involving  x*,  x*}  Ac. 

This  shews  that  a"  can  be  expanded  in  a  series  beginning 
with  1  and  proceeding  in  ascending  powers  of  x;  we  may  there- 
fore suppose  that 

a'  =  1  +  cxx  +  c/e"  +  c,of  +  C&*  +  

where  c,,  c#  c^          are  quantities  which  do  not  depend  on  x, 

and  which  therefore  remain  unchanged  however  x  may  be 
changed;  also 

c,  =  a-l-i(«-l)'  +  i(a-l),-i(«-l)4+  

while  cf,  c„         are  at  present  unknown;  we  proceed  to  find, 

their  values.    Changing  x  into  x  +  y  we  have 

a*+'=  1  +  c,  (a  +  y)  +  c9  (x  +  y)*  +  c8(a*  +  y)a  +  ; 

but,      a9**  =  a'a"  =  a*  {1  +  ^a;  +  c#?  +  ^  +  }. 

Since  the  two  expressions  for  of+*  are  identically  equal,  we 
may  assume  that  the  coefficients  of  a*  in  the  two  expressions  are 
equal,  thus 

ci  +      +  $cjf  +       +  =  ^o" 

=  c1{l  +  c,y  +  ciy,  +  cay,+  }. 
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In  this  identity  we  may  assume  that  the  coefficients  of  the 
corresponding  powers  of  y  are  equal ;  thus 

c9 

2c9  =  c*;      therefore,  c9  =  ; 

3c8  =  c^;     therefore,  c8  =  ^  =  yA-^ ; 

±cA  =  cxcz\     therefore,  c4  =  ^  =  j-A_; 


mL                         m     l   .            CiW      C,V  0,V 
Thus,  ^1+^  +  ^+^-  +  ^-+  

Since  this  result  is  true  for  all  values  of  x,  take  x  such  that 

e,x  =  1,  then  05=—,  and 
c,' 

L  I     1  1 

°e,  =  1  +  1  +  ]2+l+li+ > 


this  series  is  usually  denoted  by  e;  thus  a°l  =  e,  therefore  a  =  efl 
and  Cj  =  log,  a ;  hence, 

„    „      x      (log.  a)*  a*  (logta)"aj8 
a'=l+(log,a)g  +  v  +  v  *^  +  

This  result  is  called  the  Exponential  Theorem. 

Put  e  for  a,  then  log,  a  becomes  log,  a,  that  is,  unity,  (Art. 
534);  thus, 

X*      X*  X4 

We  shall  recur  hereafter  to  the  assumption  which  has  been 
made  twice  in  the  course  of  this  article. 

543.  By  actual  calculation  we  may  find  approximately  the 
numerical  value  of  the  series  which  we  have  denoted  bye;  it  is 
2-718281828  
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544.  To  expand  log.  (1  +  x)  in  a  series  of  ascending  powers 
of  x. 

We  have  seen  in  Art.  542,  that  c^log.a;  that  is,  by 
the  same  Article, 

ioft«  =  «-i-*(«-i)'+H«-i)'-i(«-i)4  +  

For  a  put  1  +  x)  hence, 

x*    Xs  x* 
log,  (1 =         +  -3-4+  

This  series  may  be  applied  to  calculate  log,  (1  +  x)  if  x  is 
a  proper  fraction;  but  unless  x  be  very  small,  the  terms  diminish 
so  slowly  that  we  shall  have  to  retain  a  large  number  of  them ; 
if  a;  be  greater  than  unity,  the  series  is  altogether  unsuitable.  We 
shall  therefore  deduce  some  more  convenient  formulae. 

545.  We  have 

log;(l  +  a;)  =  aj-^  +  ^-J+  


therefore,       log, (1  -x)  =  -x- ^-  j  -  j-  , 

by  subtraction  we  obtain  the  value  of  log,  (1  +  x)  -  log,  (1  -  x), 
that  is,  of  k^Lif?; 

t therefore,       loge        =  ^|aJ  +  ^+  3"+  }• 

In  this  series  write  — — -  for  «.  and  therefore  —  for  • 
m+n  n  \—x 

thus, 

10     m  _  2{m~n  +  ^  (m  ~~  n\  +  1  (m—  n\*  +       1  /|\ 

°*  n~   \m  +  n    3\m  +  nJ     5\m  +  n/  ^  '* 

Put  n  =  l,  then 

•*--{^;e^He^--}  » 
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Again  in  (1)  put  w  =  w+l,  thus  we  obtain  the  value  of 
lofe— —  I  therefore 
log,  (w  +  1)  -  log,  n 

=  2  {^Tl  +  3(2n+l)a  +  5(2H+1)*  + } -(3)' 

546.  The  series  (2)  of  the  preceding  article  will  enable  us  to 
find  log,  2 ;  put  m  =  2,  then  by  calculation  we  shall  find 

log,  2  =  -69314718  

From  the  series  (3)  we  can  calculate  the  logarithm  of  either  of 
two  consecutive  numbers  when  we  know  that  of  the  other.  Put 
n  =  29  and  by  making  use  of  the  known  value  of  log,  2;  we  shall 
obtain 

log,  3  =  1-09861229  

Put  n  =  9  in  (3);  then  log,  n  =  log,  9  =  log,  3*  =  2  log.  3  and 
is  therefore  known;  hence  we  shall  find 

log,  10  =  2-30258509  

547.  Logarithms  to  the  base  a  are  called  Napierian,  loga- 
rithms, from  Napier  the  inventor  of  logarithms;  they  are  also 
called  natwraZ  logarithms,  being  those  which  occur  first  in  our 
investigation  of  a  method  of  calculating  logarithms.  We  have 
said  that  the  base  10  is  the  only  base  used  in  the  practical  appli- 
cation of  logarithms,  but  logarithms  to  the  Napierian  base  occur 
frequently  in  theoretical  investigations. 

•  548.  From  Art  538,  we  see  that  the  logarithm  of  a  number 
to  the  base  10  can  be  found  by  multiplying  the  Napierian  loga- 

^^i^rc  *■*  *  *  ¥mmm  >0Th*  43429448  * thia 

multiplier  is  called  the  modulus  of  the  common  system. 

The  series  in  Art.  545  may  be  so  adjusted  as  to  give  common 
logarithms;  lor  example,  take  the  series  (3),  multiply  throughout 
by  the  modulus  which  we  shall  denote  by  /i;  thus, 
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/.l(^(»+l)-Mlog,»  =  2^{^+jp^+^_  +  ...}J 
that  is, 

lOg,.  <•+!)-  10g,.»  =  2/i  {^L_-  +  yjjL-jy  +  +  ...}  . 

549.  By  Art  542  we  have, 

 )" 

=  x*  +  terms  containing  higher  powers  of  &  (1). 

Again,  by  the  binomial  theorem, 

{*  - 1)"  =  +  !L^ll)  ^-i).  _  (2). 

Expand  each  of  the  terms  e"*,   ;  thus  the  coefficient 

of     in  (2)  will  be 

rf_   (n-iy    n(n-l)  (w-2)y    n(n-l)(n-2)  (n  -  3)r 

lr  *  fc  +   H     E         [3  E~+ 

Hence  from  (1)  we  see  that 

»r  -  n  (n  -  1)"  +    v^   y  (w  -  2)'  i  ^  1  (n  -  3)'  +  

is  =  [w  if  r  =  w,  and  is  =  0  if  r  be  less  than  n. 

550.  We  will  give  another  method  of  arriving  at  the  expo- 
nential theorem.    By  the  binomial  theorem 

{  1  +  -)  =l+nx  -  +  — ^  -     + —  r^—   -= 

\      nj  n  [2       n*  [3  n* 

nx  (nx  -~  1)  (nx  -  2)  (rac  -  3)  1 
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that  is, 

+  a         +  |j  

.  .*(— 5(— ID 

+  E  

Put  x=l,  then 
(1+n)=1  +  1+lT+  H  

K)"MK)7* 

hence, 

x  (x  -        a:  f  a?  —     (a;  — 

w^-^h.  I  »K  


ii  i  ^  » .  (*  »)  0  ») .  1 

=  \1+1+"nr+ — Ts  +  J- 


IF 

Now  this  being  true  however  large  n  may  be,  will  be  true 

1 

when  n  is  made  infinite :  then  -  vanishes  and  we  obtain 
'  n 

X*      X*      x4  f,      ,      1       1  1 

1+05  +  777+7^+1-;  + 


fl        !         1  1  1  Y 


that  is,  =  e*. 

We  have  thus  obtained  the  expansion  of  e*  in  powers  of  a;; 
to  find  that  of  a*  suppose  a  =  e*  so  that  c  =  log,  a,  thus, 

*     «,    *  <*W  c8«3 
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551.  The  student  will  notice  that  in  the  preceding  article  we 
have  used  the  binomial  theorem  to  expand  a  power  of  1  +  and 

if  ~  is  less  than  unity,  we  are  certain  that  the  expansion  gives  an 

arithmetically  true  result  (Art.  519).  In  the  proof  given  of  the 
exponential  theorem  in  the  first  article  of  this  chapter,  if  a  —  1  is 
greater  than  unity,  the  expansion  by  the  binomial  theorem  with 
which  the  proof  commences  will  not  be  arithmetically  intelligible. 
But  the  resulting  expansion  for  a*  may  be  strictly  shewn  to  be 
true  whatever  a  may  be ;  for  suppose  a  —  1  less  than  unity,  then 
the  binomial  theorem  may  be  applied,  and  we  may  arrive  at  the 
expansion  of  e* ;  then  to  prove  the  theorem  to  hold  for  amy  value 
of  a  we  may  put  a  =  ec  as  in  Art.  550. 

552.  We  have  found  in  Art.  550,  that  when  n  increases 
without  limit  ^1  +  ^  ultimately  becomes  e*;  in  the  same  way 

we  may  shew  that  when  n  increases  without  limit  ^1  +  ^ 
ultimately  becomes  e"". 


EXAMPLES  OF  LOGARITHMIC  SERIES. 


1.  Prove  that  log,  (x  +  1)  =  2  log,  x  -  log,  (x  -  1) 

"2{2^Ti+K^tl)+ }' 

Given  log10  3=  -47712  and  lo*lQ  =  '43429,  apply  the  above 
series  to  calculate  log10 11. 

2.  Shew  that  log,  (x  +  2h)  =  2  log.  (x  +  h)  -  log,  x 

\(x  +  h)a+2  (*+ty4  +  3  (x  +  h)*+ /• 
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3.  If  a,  6,  c  be  three  consecutive  numbers 
log.c  =  21og.&-log,a 

~  2  {20c  +  1  +  3  (2ac  +  l)9  +  5  (2ac  +  l)4  + }' 

4.  If  A  and  y»  be  the  roots  of  oof  4-  bx  +  c  =  0,  shew  that 

A*  +  ua 

log(a-bx+cx')  =  loga  +  (k  +  n)x  -H  x*  +  

5.  Log.  {1  +  1  +  x  +  (1  +«)'}=  3  log,  (1  +  x)  -  log,a> 

f    1        1      1  1  I 

\(l  +  <+2(l+a)a  +  3(l  +  *)8  + J" 

6.  I^(«+l)  =  j^lOft«-J^l€fc(«-.l) 


 g     f  1 

2»+l  (2. 3. x* 


3.5.x5  4.7.x7 


7.    The  Napierian  logarithm  of 

!±2  —       a;8         X4  X* 

(1+*)8  a-)'  =o+£i+o+- 


8.  Find  the  Napierian  logarithm  of  jjj^.  To  how  many 
decimal  places  is  your  result  correct? 

9.  Assuming  the  series  for  log,  (1  +  x)  and  e*  shew  that 

nearly  when  w  is  large ;  and  find  the  next  term  of  the  series  of 
which  the  expression  on  the  second  side  is  the  commencement 

10.  Find  the  coefficient  of  xn  in  the  development  of 

a  +  bx+  cx* 
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11.  Shew  that 

1^4=1+r^+^+57§77+  

12.  Shew  that 

w«+» -n(n- l)**1  +  n    ~    (n  -  2)"*1-  =  L 


XL.    CONVERGENCY  AND  DIVERGENCY  OF  SERIES. 


553.  The  expression 

u\ +  wf +  u»  +  w* +  

in  which  the  successive  terms  are  formed  by  some  regular  law, 
and  the  number  of  the  terms  is  unlimited,  is  called  an  infinite 
series. 

554.  An  infinite  series  is  said  to  be  convergent  when  the  sum 
of  the  first  n  terms  cannot  numerically  exceed  some  finite  quan- 
tity however  great  n  may  be. 

555.  An  infinite  series  is  said  to  be  divergent  when  the  sum 
of  the  first  n  terms  can  be  made  numerically  greater  than  any 
finite  quantity,  by  taking  n  large  enough. 

556.  By  the  sum  of  an  infinite  series  is  meant  the  limit 
towards  which  we  approximate  by  continually  adding  more  and 
more  of  its  terms. 

For  example,  consider  the  infinite  series 

1  +#  +  ic*+  , 

and  suppose  x  a  positive  quantity. 

We  know  that 

1  +  as  +    +  +  x*~l  =  \ — — . 

1  -* 
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Hence  if  a?  be  less  than  1,  however  great  n  may  be,  the  sum 
of  the  first  n  terms  of  the  series  is  less  than  ,  -    ;  the  series  is 

1—05 

therefore  convergent.  And  as  by  taking  n  large  enough,  the  stun 
of  the  first  n  terms  can  be  made  to  differ  from  — ^ —  by  as  small 

a  quantity  as  we  please,  r  is  the  sum  of  the  infinite  series. 

x  —  x 

If  x  =  1  the  series  is  divergent;  for  the  sum  of  the  first  n 
terms  is  n,  and  by  taking  sufficient  terms  this  may  be  made 
greater  than  any  finite  quantity. 

If  a;  is  greater  than  1  the  series  is  divergent;  for  the  sum 
xn  —  1 

of  the  first  n  terms  is  =- ,  which  may  be  made  greater  than 

x  —  jl 

any  finite  quantity  by  taking  n  large  enough. 

557.  An  infinite  series  in  which  all  the  terms  are  of  the  same 
sign  is  divergent  if  each  term  is  greater  than  some  assigned  finite 
quantity,  however  smalt. 

For  if  each  term  is  greater  than  the  quantity  c,  the  sum  of  the 
first  n  terms  is  greater  than  nc,  and  this  can  be  made  greater  than 
any  finite  quantity  by  taking  n  large  enough. 

55%.  An  imfinUe  series  of  terms,  the  signs  of  which  are  alter- 
nately  positive  and  negative,  is  convergent  if  each  term  be  numeri- 
cally less  than  the  preceding  term. 

Let  the  series  be  ux -ua  +  uB-u4  +  <fcc.;  this  may  be  written 

(ui  -  u*)  +  (*■-  u*)  +        +  » 

and  also  thus, 

ux  - (ut - ua)  - (u4 -u>)-(u6-ur)~  

From  the  first  mode  of  writing  the  series  we  see  that  the  sum 
of  any  number  of  terms  is  a  positive  quantity,  and  from  the 
second  mode  of  writing  the  series  we  see  that  the  sum  of  any 
number  of  terms  is  less  than  ux ;  hence  the  series  is  convergent 
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It  is  necessary  to  shew  in  this  case  that  the  sum  of  any 
number  of  terms  is  positive;  because  if  we  only  know  that  the 
sum  is  less  than  ux9  we  are  not  certain  that  it  is  not  a  negative 
quantity  of  unlimited  magnitude. 

559.  An  infinite  series  is  convergent,  if  from  and  after  any 
faced  term  the  ratio  of  each  term  to  the  preceding  term  is  numeri- 
cally less  titan  some  quantity  which  is  itself  numerically  less  than 
unity. 

Let  the  series  beginning  at  the  fixed  term  be 

ui  +  ua  +  ua  +  

and  let  S  denote  the  sum  of  the  first  n  of  these  terms.  Then 
S  -  ux  +  ua  +  ua  +  +  uh 

H      ux    uaux    u3uaux  J 
Now  first  let  all  the  terms  be  positive,  and  suppose, 

ux         ua  uz 

Then  S  is  less  than  ux  {1  +  &  +   that  is,  less 

l-kn 

than  ux  — ^ .    Hence  if  A:  be  less  than  unity,  S  is  less  than 
w 

Y~Z~fc  >  ^iXia       sum  °f  86  many  terms  as  we  please  beginning 

with  ux  is  less  than  a  certain  finite  quantity,  and  therefore  the 
series  beginning  with  ux  is  convergent. 

Secondly,  suppose  the  terms  not  all  positive ;  then  if  they  are 
all  negative,  the  numerical  value  o£  the  sum  of  any  number  of 
them  is  the  same  as  if  they  were  all  positive ;  if  some  are  positive 
and  some  negative,  the  sum  is  numerically  less  than  if  they  were 
all  positive.    Hence  the  infinite  series  is  still  convergent. 

Since  the  infinite  series  beginning  with  ux  is  convergent,  the 
infinite  series  which  begins  with  any  fixed  term  before  ux  will  be 
also  convergent;  for  we  shall  thus  only  have  to  add  a  finite 
number  of  finite  terms  to  the  series  beginning  with  ux. 
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56Q.  An  infinite  series  is  divergent  if  from  and  after  any 
fixed  term  the  ratio  of  each  term  to  the  preceding  term  is  greater 
than  unity,  or  equal  to  unity,  and  the  terms  are  aU  of  the  same  sign. 

Let  the  series  beginning  at  the  fixed  term  be 


and  let  8  denote  the  sum  of  the  first  n  of  these  terms.  Then, 
S  =  ux  +  u%  +  uz  +  +un 


Now,  first  suppose, 


1>    ~  >  l>  ~>1y 


Then  S  is  numerically  greater  than  ^{1  +  1  +  +  1}, 

that  is,  numerically  greater  than  nux.  Hence  S  may  be  made 
numerically  greater  than  any  finite  quantity  by  taking  n  large 
enough,  and  therefore  the  series  beginning  with  ux  is  divergent. 

Next,  suppose  the  ratio  of  each  term  to  the  preceding  to  be 
unity ;  then  S = nul ,  and  this  may  be  made  greater  than  any  finite 
quantity  by  taking  n  large  enough. 

And  if  we  begin  with  any  fixed  term  before  uL  the  series  will 
obviously  still  be  divergent. 

561.  The  rules  in  the  preceding  articles  will  determine  in 
many  cases  whether  an  infinite  series  is  convergent  or  divergent. 
There  is  one  case  in  which  they  do  not  apply  which  it  is  desirable 
to  notice,  namely,  when  the  ratio  of  each  term  to  the  preceding  is 
less  than  unity,  but  continually  approaching  unity,  so  that  we 
cannot  name  any  finite  quantity  k  which  is  less  than  unity,  and 
yet  always  greater  than  this  ratio.  In  such  a  case,  as  will  appear 
from  the  example  in  the  following  article,  the  series  may  be  con- 
vergent or  divergent. 

562.  Consider  the  infinite  series 


1»  +  2'  +  + 
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Here  the  ratio  of  the        term  to  the  (n-1)*  term  is 

( — — — )  ;  if  p  be  positive,  this  is  less  than  unity,  but  continually 

approaches  to  unity  as  n  increases.  This  case  then  cannot  be 
tested  by  any  of  the  rules  already  given;  we  shall  however  prove 
that  the  series  is  convergent  if  p  be  greater  than  unity,  and 
divergent  if  p  be  unity,  or  less  than  unity. 

L    Suppose  p  greater  than  unity. 

The  first  term  of  the  series  is  1,  the  next  two  terms  are  toge~ 
2 

ther  less  than        the  following  four  terms  are  together  less 

4.  g  . 

than  -j^,  the  following  eight  terms  are  together  less  than  -g^ , 

and  so  on.    Hence  the  whole  series  is  less  than 
.248 

that  is,  less  than 

l  +  x  +  x*  +  x*  +  

2 

where  x  =  -^.  Since  p  is  greater  than  unity!  x  is  less  than 
unity;  hence  the  series  is  convergent. 

IL    Suppose  p  equal  to  unity. 

The  series  is  now  l  +      i  +   * 

2    3    4  a 

The  first  term  is  1,  the  second  term  is  i,  the  next  two  terms 
2  1 

are  together  greater  than  j  or  g ,  the  following  four  terms  are 
4  1 

together  greater  than  g  or  «j>  80  on*  Hence  by  taking  a 
sufficient  number  of  terms  we  can  obtain  a  sum  greater  than 
any  finite  multiple  of  ^ ;  the  series  is  therefore  divergent, 

t.a.  21 
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ILL    Suppose  p  less  than  unity  or  negative. 

Each  term  is  now  greater  than  the  corresponding  term  in  II. ; 

the  series  is  therefore  a  fortiori  divergent. 

563.  If  <f>(x)  be  positive  for  all  positive  values  of  x,  and 
continually  diminish  as  x  increases,  and  m  be  any  positive  integer, 
then  the  two  infinite  series 

+  (l)+-+(2)  +  +(3)  +  *(4)  +  +(5)  +  

and  ^(l)  +  ww^(w)  +  »»,^(wg)  +  ma^(m8)+  

are  both  convergent  or  both  divergent. 

Consider  all  the  terms  of  the  first  series  comprised  between 
<£(m*)  and  <f>(mk+1),  including  the  last  and  excluding  the  first,  k 
being  any  positive  integer ;  the  number  of  these  terms  is  m*+l  —  mk, 
and  their  sum  is  therefore  greater  than  mk(m  —l)<f>  Thus 
all  the  first  series  beginning  with  the  term  <f>  (ra*  +1)  will  be 

greater  than     —  •  times  the  second  series  beginning  with  the 

term  mk+l  <f>  (mk+l).  Thus  if  the  second  series  be  divergent  so  also 
is  the  first. 

Again,  the  terms  selected  from  the  first  series  are  less  than 
mk  (ra  -  1)  <f>  (rak).  Thus  all  the  first  series  beginning  with  the 
term  <f>  (ra*  + 1)  will  be  less  than  ra  —  1  times  the  second  series 
beginning  with  mk<f>(mk).  Thus  if  the  second  series  be  con- 
vergent so  also  is  the  first. 

564.  The  series  obtained  by  expanding  (1  +xf  by  the  bino- 
mial theorem  is  convergent  if  a;  be  less  than  unity. 

For  the  ratio  of  the  (r  +  1)*  term  to  the  r*  is  n~r*  k  x.  now 

fi  f»  _|_  2 

when  r  is  greater  than  n,  the  factor  is  numerically 

less  than  unity,  though  it  continually  approaches  to  unity.  If 
then  x  be  less  than  unity  the  product  -  x  will,  when  r  is 

greater  than  n,  be  always  numerically  less  than  a  quantity  winch 


Digitized  by  Google 


EXAMPLES  OF  CONVERGENCY  AND  DIVERGENCY  OF  SERIES.  323 

is  itself  numerically  less  than  unity.  Henoe  the  series  is  con- 
vergent (Art.  559.) 

565.  The  series  obtained  by  expanding  log  (1  +  x)  in  powers 
of  #  is  convergent  if  a;  be  less  than  unity. 

TX 

For  the  ratio  of  the  (r+1)*  term  to  the  r*  is  If  then 

v      '  r+1 

x  be  less  than  unity,  this  ratio  is  always  numerically  less  than  a 

quantity  which  is  itself  numerically  less  than  unity.    Hence  the 

series  is  convergent.    (Art.  559.) 

566.  The  series  obtained  by  expanding  a9  in  powers  of  x 
is  always  convergent. 

For  the  ratio  of  the  (r  +  1)»  term  to  the  r*  is  xlo&a.  What- 
ever be  the  value  of  x  we  can  take  r  so  large  that  this  ratio  shall 
be  less  than  unity,  and  the  ratio  will  diminish  as  r  increases. 
Hence  the  series  is  always  convergent. 


EXAMPLES  OF  CONVERGENCY  AND  DIVERGENCY  OF  SERIES. 

Examine  whether  the  following  series  are  convergent  or  di- 
vergent : 


a         a  t 

•  +   s-+  — 


m+p    m  +  2p  m+3p 

2         1         '         1  +  1 

x  {x  +  a)  +  (x  +  2a)  (x  +  3a)    (x  +  4a)  (x  +  5a) " 

,    3      5x*    lx*    9*4  2*  +  l  . 

2       5     10     17  »*+l 

1         1     <     1  1 
•    l  +  r  +  l  +  2r  +  l  +  3r  +  l+4r  + 


5.    (a  +  l),  +  (a  +  2),»+(a  +  3)t«,+  

21—2 
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6.  V  +  Vx  +  SV*  

7  I  1  1  1 

7'  2+l  +  ^2  +  l  +  %/3  +  ;U~7i+' 


8. 


9. 


X  X*  x3 

rTfi?  i + a?4  r+a* 


L  JL  1  2 

P  +  3*  +  5'  +  7' 


10.  l"  +  2"a;+3V+  

11.  In  the  series  u0  +  ux  +  u%  +          each  term  is  less  than 

the  preceding;  shew  that  this  series  and  the  series 

u0  +  2ttj  +  2*1*3 +  ^a<<» +  %*uu  +  

are  convergent  and  divergent  together. 

12.  Shew  that  the  series 

12  3 

35*3r  +  4s  + 

is  convergent  if  n  be  >  2,  and  divergent  if  w<  2  or  =2. 


XLL  INTEREST. 

567.  Interest  is  money  paid  for  the  use  of  money.  The  sum 
lent  is  called  the  Principal.  The  Amount  is  the  sum  of  the 
Principal  and  Interest  at  the  end  of  any  time. 

568.  Interest  is  of  two  kinds,  simple  and  compound.  When 
interest  of  the  Principal  alone  is  taken  it  is  called  simple  interest; 
but  if  the  interest  as  soon  as  it  becomes  due  is  added  to  the 
principal  and  interest  charged  upon  the  whole,  it  is  called  com- 
pound interest. 

569.  The  rate  of  interest  is  the  money  paid  for  the  use  of  a 
certain  sum  for  a  certain  time.    In  practice  the  sum  is  usually 
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£100.  and  the  time  one  year;  and  when  we  say  that  the  rate  of 
interest  is  £4  6*.  Sd.  per  cent.,  we  mean  that  £4  60.  Sd.,  that  is, 
£4  J.,  is  due  for  the  use  of  £100.  for  one  year.  In  theory  it  is 
convenient,  as  we  shall  see,  to  use  a  symbol  to  denote  the  interest 
of  one  pound  for  one  year. 

570.  To  find  the  amount  of  a  given  sum  in  any  time  at  simple 
interest. 

Let   P  be  the  principal  in  pounds. 

n  the  number  of  years  for  which  interest  is  taken. 
r  the  interest  of  one  pound  for  one  year. 
M  the  amount. 

Since  r  is  the  interest  of  one  pound  for  one  year,  Pr  is  the 
interest  of  P  pounds  for  one  year,  and  therefore  nPr  the  interest 
of  P  pounds  for  n  years; 
therefore  M  =  P  +  Pnr. 

From  this  equation  if  any  three  pf  the  four  quantities.  My  . 
P,  n,  r,  are  given,  the  fourth  can  be  found;  thus, 

p      M  _M-P  M-P 

\+nr'       n~    Pr   9       T Pn  ' 

571.  To  find  the  amount  of  a  given  mm  in  any  time  at  com- 
pound interest. 

Let  R  denote  the  amount  of  one  pound  in  one  year,  so  that 
R  =  1  +  r,  then  PR  is  the  amount  of  P  in  one  year;  the  amount 
of  PR  in  one  year  is  PRR  or  PR?,  which  is  therefore  the  amount 
of  P  in  two  years  at  compound  interest.  Similarly  the  amount 
of  PR?  in  one  year  is  PR?,  which  is  therefore  the  amount  of  P 
in  three  years.  Proceeding  thus  we  find  that  the  amount  of  P  in 
n  years  is  PR?; 

therefore,  M  -  PR?, 


jEence, 


logJlf-logi>  n_(M\± 

HR     '    M-\T)  ' 


The  interest  gained  in  n  years  is  M-P  or  P(R?  - 1). 
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572.  Next  suppose  interest  is  due  more  frequently  than  once 
a  year;  for  example,  suppose  interest  to  be  due  every  quarter, 

and  let    be  the  interest  of  one  pound  for  one  quarter.    Then,  at 

compound  interest,  the  amount  of  P  in  n  years  is  P  (\  +  ; 
for  the  amount  is  obviously  the  same  as  if  the  number  of  years 
were  in,  and  -j  the  interest  of  one  pound  for  one  year.  Simi- 
larly, at  compound  interest,  if  interest  be  due  q  times  a  year,  and 

T 

the  interest  of  one  pound  be  —  for  each  interval,  the  amount  of 


P  in  n  years  is  P  (l  +  ^  . 


At  simple  interest  the  amount  will  be  the  same  in  the  cases 
supposed  as  if  the  interest  were  payable  yearly,  r  being  the  inter- 
est of  one  pound  for  one  year. 

573.  The  formulas  of  the  preceding  articles  have  been  ob- 
tained on  the  supposition  that  n  is  an  integer;  we  may  therefore 
ask  whether  they  are  true  when  n  is  not  an  integer.  Suppose 

n  =  m  +  -i,  where  m  is  an  integer  and  -i  a  proper  fraction.  At 

simple  interest  the  interest  of  P  for  m  years  is  Pmr;  and  if  the 
borrower  has  agreed  to  pay  for  any  fraction  of  a  year  the  same 

Pr 

fraction  of  the  annual  interest,  then  —  is  the  interest  of  P  for 

/IV*  Pr 

of  a  year;  hence  the  whole  interest  is  Pmr  +  —  ,  that  is, 

Pnr,  and  the  formula  for  the  amount  holds  when  n  is  not  an 
integer.  Next  consider  the  case  of  compound  interest;  the 
amount  of  P  in  m  years  will  be  PUT;  if  for  the  fraction  of  a  year 
interest  is  due  in  the  same  way  as  before,  the  interest  of  PB?  for 

(^j  of  a  year  is  **^r $  and  the  whole  amount  is  PPT  (l  +  . 

On  this  supposition  then  the  formula  is  not  true  when  n  is  not 
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an  integer.  To  make  the  formula  true  the  agreement  must  be 
that  the  amount  of  one  pound  at  the  end  of  ^—  j    of  a  year 

shall  be  (1  +r)',  and  therefore  the  interest  for  ^— J    of  a  year 

(1  +  r)'  -  1.  This  supposition  though  not  made  in  practice  is 
often  made  in  theory,  in  order  that  the  formulae  may  hold  uni- 
versally. t 

574.  The  amount  of  P  in  n  years  when  the  interest  is  paid 

q  times  a  year  is  (Art.  572)  P  (\  +  ^  ;  if  we  suppose  q  to 

increase  without  limit  this  becomes  Pe™  (Art.  552),  which  will 
therefore  be  the  amount  when  the  interest  is  due  every  moment. 

575.  The'  Present  value  of  an  amount  due  at  the  end  of  a 
given  time  is  that  sum  which  with  its  interest  for  the  given  tune 
will  be  equal  to  the  amount.  That  is,  (Art.  567),  the  Principal 
is  the  present  value  of  the  amount. 

576.  Discount  is  an  allowance  made  for  the  payment  of  a 
sum  of  money  before  it  is  due. 

From  the  definition  of  present  value,  it  follows  that  a  debt  due 
at  some  future  period  is  equitably  discharged  by  paying  the 
present  value  at  once;  hence  the  discount  will  be  equal  to  the 
amount  due  diminished  by  its  present  value. 

577.  To  find  ike  present  value  of  a  sum  due  at  the  end  of  a 
given  time  and  the  discount. 

Let  P  be  the  present  value,  M  the  amount,  D  the  discount, 
r  the  interest  of  one  pound  for  one  year,  n  the  number  of  years, 
R  the  amount  of  one  pound  in  one  year. 

At  simple  interest: 

Jf=P(l+nr),  (Art.  570); 
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M 


therefore,  P  = 


1  +  nr' 

Mnr 


D  =  M~P=: 


1  +  nr ' 
At  compound  interest: 

M  =  PBH,  (Art.  571); 

therefore,  P  =  ^, 

j-jf-P-jS£=l>. 

-ft 

578;  In  practice  it  is  very  common  to  allow  the  interest  of  a 
sum  of  money  paid  before  it  is  due,  instead  of  the  discount  as  here 

defined.     Thus  at  simple  interest,  instead  of  ^+nr 

would  be  allowed  Mnr  for  immediate  payment. 


EXAMPLES  OF  INTEREST. 


1.  Shew  that  the  discount  is  half  the  harmonic  mean  between 
the  sum  due  and  the  interest  on  it. 

2.  The  interest  on  a  certain  sum  of  money  is  j£180.,  and  the 
discount  on  the  same  sum  for  the  same  time  and  at  the  same 
rate  is  £150. ;  find  the  sum. 

3.  If  the  interest  on  £A.  for  a  year  be  equal  to  the  discount 
Son  £B.  for  the  same  time,  find  the  rate  of  interest. 

4.  If  a  sum  of  money  doubles  itself  in  40  years  at  simple 
interest,  what  is  the  rate  of  interest? 

5.  A  tradesman  marks  his  goods  with  two  prices,  one  for 
ready  money,  and  the  other  for  a  credit  of  6  months;  what  ratio 
ought  the  two  prices  to  bear  to  each  other  allowing  5  per  cent, 
simple  interest?; 
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6.  Find  in  how  many  years  £100.  will  become  £1000.  at 
5  per  cent  compound  interest;  having  given 

log  14  =  1-14613,   log  15  =  M7609,    log  16  =  l-20il2. 

7.  Find  how  many  years  will  elapse  before  a  sum  of  money 
trebles  itself  at  3|  per  cent  compound  interest;  having  given 

log  10350  =  4-01494,         log  3  =  -47712. 

8.  If  a  sum  of  money  at  a  given  rate  of  compound  interest 
accumulate  to  p  times  its  original  value  in  n  years,  and  to  p 
times  its  original  value  in  ri  years,  prove  that 

w'  =  n\ogpp\ 


XLIL   EQUATION  OF  PAYMENTS* 

579.  When  different  sums  of  money  are  due  from  one  person 
to  another  at  different  times,  we  may  be  required  to  find  the  time 
at  which  they  may  all  be  paid  together,  so  that  neither  lender 
nor  borrower  may  lode.  The  time  so  found  is  called  the  equated 
time. 

580.  To  find  the  equated  time  of  payment  of  two  sums  due  at 
different  times  supposing  simple  interest. 

.  Let  Plf  Pa  be  the  two  sums  due  at  the  end  of  times  tl9  tt 
respectively ;  suppose  ta  greater  than  tx ;  let  r  be  the  interest  of 
one  pound  for  one  year,  x  the  equated  time.  . 

The  condition  of  fairness  to  both  parties  may  be  secured  by 
supposing  that  the  discount  allowed  for  the  sum  paid  before  it  is 
<due  is  equal  to  the  interest  charged  on  the  sum  not  paid  until 
after  it  is  due. 

I*  (t  —  x)r 

The  discount  on  A  for  L-x  years  is  ^-^f  
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the  interest  on  Pl  for  x-tx  years  is  PJ(x-tl)r; 
therefore,  =-?.(«- O- 

This  will  give  a  quadratic  equation  in  x,  namely 

Firx*  -  +  0  +  P.  +  A}  *  +  *.*A  +  'A  +  *A  =  0; 

that  root  must  be  taken  which  lies  between  tx  and  tr 

581.  Another  method  of  solving  the  question  of  the  preced- 
ing article  is  as  follows: 

p 

The  present  value  of  Px  due  at  the  end  of  tx  years  is  ^  ^  r  \ 

p 

the  present  value  of  Pa  due  at  the  end  of  t%  years  is  ^  ; 

P  +  P 

the  present  value  of  Px  +  P%  due  at  the  end  of  x  years  is  ^  +  ay'» 

Hence  we  may  propose  to  find  the  equated  time  of  payment 
x  from  the  equation 

P         P       P  +  P 

1       +  8       =      1  » . 

1  +  txr    1  +  <sr     1  +  ar  ' 

582.  In  practice  however  the  method  would  probably  be  to 
proceed  as  in  the  first  solution,  with  this  exception,  that  the 
lender  would  allow  interest  instead  of  discount  on  the  sum  paid 
before  it  was  due;  thus  we  should  find  x  from 

therefore,  (Px  +  Pa)x  =  Pxtx  +  Pfo 

In  this  case  the  interest  on  Px  +  Pa  for  x  years  is  equal  to  the 
sum  of  the  interests  of  Px  and  Pa  for  the  times  tx  and  t%  respect- 
ively; this  follows  if  we  multiply  both  sides  of  the  last  equation 
by  r.  This  rule  is  more  advantageous  to  the  borrower  than  that 
in  Art.  580,  for  the  interest  on  a  given  amount  is  greater  than  the 
discount.    See  Art  577. 
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583.    Suppose  there  are  several  sums  Pl9  P#  P8,         due  at 

the  end  of  times  tv  ta,  t#  respectively,  and  the  equated  time 

of  payment  is  required. 

The  first  method  of  solution  (Art.  580)  becomes  very  compli- 
cated in  this  case,  and  we  shall  therefore  omit  it. 

The  second  method  (Art.  581),  gives  for  determining  the 
equated  time  xt 


P,         P.         P>  Pf+P.  +  P.+  , 


i_  ^  *     u.  *—  a.  =_L 


1+tf    l+tar    l  +  tzr  1  +  oct 

which  may  be  written 

The  third  method  (Art.  582),  gives 

+     +     +  )  =  *A+*A  +  *A  + 5 

which  may  be  written    x$P  =  XPt. 

584.  Equation  of  payments  is  a  subject  of  no  practical  im- 
portance, and  seems  retained  in  books  chiefly  on  account  of  the 
apparent  paradox  of  different  methods  occurring  which  may 
appear  equally  fair,  but  which  lead  to  different  results.  We 
refer  the  student  for  more  information  on  the  question  to  the 
article  Rebate  in  the  Supplement  to  the  Penny  Cyclopaedia,  We 
may  observe,  however,  that  the  difficulty,  if  such  it  be,  arises 
from  the  fact  that  simple  interest  is  almost  a  fiction;  the  moment 
any  sum  of  money  is  payable,  it  matters  not  whether  it  is  called 
principal  or  interest,  it  is  of  equal  value  to  the  owner;  and  thus 
if  the  interest  on  borrowed  money  is  retained  by  the  borrower,  it 
ought  in  justice  to  the  lender,  to  be  united  to  the  principal,  and 
charged  with  interest  afterwards. 

585.  If  compound  interest  be  allowed,  the  solutions  in 
Arts.  580  and  581,  will  give  the  same  result. 

For  the  solution  according  to  Art.  580  will  be  as  follows : 
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the  discount  on  Pa  for  t9 -x  years  is  P%  ^1  -  j££z^  > 

the  interest  on  Px  for  a*  -  tx  years  is  Px  {R*-1*  -  1); 

therefore,  P,  (l  -  -L)  =  P,         - 1). 

From  this  equation  x  must  be  found;  by  transposition  we 
shall  see  that  this  is  the  same  equation  as  would  be  obtained  by 
the  method  of  Art.  581 ;  for  we  obtain 

p 

P  +P  =     '  +  P  R*-*\  • 

P  ArP       P  P 

therefore,  ^_.  =  _a.  +  _g, 

which  shews  that  a;  is  such  that  the  present  value  of  P1  +  P9 
due  at  the  end  of  x  years  is  equal  to  the  sum  of  the  present 
values  of  Px  and  P%  due  at  the  times  tx  and  ta  respectively. 

586.    If  there  be  different  sums       P„    due  at  the 

end  of  tlt  t#  lB,          years  respectively,  the  equated  time  of 

payment  (x)f  allowing  compound  interest,  may  be  found  from 

+     +    A  A 

— !  S  2   —   I  4_   *  _l  _  _•  _l 

If  ~  &    Bh    Rh  ' 

which  may  be  written 


587.  We  have  said  in  Art  580,  that  we  must  take  that  root 
of  the  quadratic  which  lies  between  tx  and  t%\  there  will  in  fact 
be  always  one  root,  and  only  one,  between  tx  and  tr  We  will 
indicate  a  proof  of  this,  which  the  student  will  understand  after 
reading  the  elements  of  the  Theory  of  Equations.  The  ex- 
pression 

.  P(x  t)  -p. ft,-*) 
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is  negative  when  x  =*  tl9  for  then  the  first  term  vanishes;  it  is 
positive  when  x  =  ta9  for  then  the  second  term  vanishes;  when 

x  =  ta  +  i ,  the  second  term  becomes  infinite ;  hence  by  taking  x  a 

little  larger  than  this  value,  we  can  make  the  expression  negative; 
finally,  when  x  is  indefinitely  great,  the  expression  is  positive,  for 
the  first  term  becomes  indefinitely  great,  while  the  second  does 
not.  Hence  one  of  the  values  of  x  which  makes  the  expression 
vanish,  lies  between  tv  and  t#  and  the  other  is  greater  than 


XLIIL  ANNUITIES. 


588.  To  find  the  amount  of  an  annuity  left  unpaid  for  any 
number  of  years,  allowing  simple  interest  upon  each  sum  from  the 
time  it  becomes  due* 

Let  A  be  the  annuity,  n  the  number  of  years,  r  the  interest  of 
one  pound  for  one  year,  M  the  amount. 

At  the  end  of  the  first  year  A  becomes  due,  and  at  the  end  of 
the  second  year  the  interest  of  the  first  annuity  is  rA ;  at  the  end 
of  this  year  the  principal  becomes  2A,  therefore  the  interest  due 
at  the  end  of  the  third  year  is  2rA;  in  the  same  way  the  interest 
due  at  the  end  of  the  fourth  year  is  SrA ;  and  so  on;  hence  the 
whole  interest  is 

■   '  rA+2rA  +  3rA  +  +  (n-l)rA; 

,  .  n  (n  —  1)  rA    * »  ,  . 

that  is,  — * — —  >  (Artl!  459), 

and  the  sum  of  the  annuities  is  nA ; 

therefore,  M  -nA  +  -  ^n    —  rA, 
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589.  To  find  the  promt  value  of  an  annuity,  to  continue  for 
a  certain  number  of  year*,  attowmg  simple  interest. 

Let  P  denote  the  present  value;  then  P  with  its  interest  for 
n  years  should  be  equal  to  the  amount  of  the  annuity  in  the  same 
time;  that  is, 


P+Pnr^nA+^f^rA; 


t>   nA  +  in  In  - 1)  rA 

therefore,  P  =  —  • 

'  l+nr 

590.  Another  method  has  been  proposed  for  solving  the 
question  in  the  preceding  article. 

The  present  value  of  A  due  at  the  end  of  1  year  is  j-~j.> 
(Art.  577); 

the  present  value  of  A  due  at  the  end  of  2  years  is  Y~+~2r ' 

the  present  value  of  A  due  at  the  end  of  3  years  is  YT3r' 
and  so  on; 

the  present  value  of  the  annuity  for  n  years  should  be  equal  to 
the  sum  of  the  present  values  of  the  different  payments :  hence, 

7>      i'f    1  1  1  1  1 

P  =  A   +  , — =-  +  = — g-  +  +   >. 

591.  Some  'writers  on  Algebra  have  adopted  the  solution 
given  in  Art.  589,  and  others  that  in  Art.  590;  we  have  already 
intimated  in  a  similar  case,  (Art  584),  that  the  solution  of  such 
questions  by  simple  interest  must  be  unsatisfactory.  The  student 
may  consult  on  this  point  Wood's  Algebra,  the  Treatise  on  Arith- 
metic and  Algebra  in  the  Library  of  Useful  Knowledge,  p.  102; 
Jones  on  the  Value  of  Annuities,  Vol.  l  p.  9;  and  the  article 
Rebate  in  the  Supplement  to  the  Penny  Cyclopcedia. 
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592.  The  formulae  in  Arts.  589  and  590,  make  the  value  of  a 
perpetual  annuity  infinite*  For  the  value  of  P  in  Art.  589  may 
be  written 

A  +  j(n-l)rA 

— ^  ; 

-  +  r 
n 

when  n  is  infinite  the  denominator  of  this  expression  becomes  r, 
and  the  numerator  becomes  infinite;  thus  P  is  infinite.  The 
series  given  for  P  in  Art.  590,  also  becomes  infinite  when  n 
is  infinite. 

This  result  is  another  indication  that  the  value  of  annuities 
should  be  estimated  in  a  different  way.  We  proceed  to  the 
supposition  of  compound  interest. 

593.  To  find  the  amount  of  an  annuity  left  unpaid  for  any 
number  of  years,  allowing  compound  interest. 

Let  A  be  the  annuity,  n  the  number  of  years,  R  the  amount 
of  one  pound  in  one  year,  M  the  required  amount. 

At  the  end  of  the  first  year  A  is  due;  at  the  end  of  the 
second  year  RA  is  the  amount  of  the  first  annuity,  hence  the 
whole  sum  due  at  the  end  of  the  second  year  is  RA  +  A,  that  is, 
(R  + 1)  A ;  at  the  end  of  the  third  year  the  sum  due  is 

R(R+1)A  +A,  that  is,  (R*  +  R+1)A; 

and  so  on ;  hence  the  sum  due  at  the  end  of  n  years  is 
(R-l  +  RTa  +  + 

thus,  M  =  — y  ^" 

594.  To  find  the  present  value  of  an  annuity,  to  continue  for 
a  certain  number  of  years,  allewmg  compound  interest. 

Let  P  denote  the  present  value;  then  the  amount  of  P  in 
n  years  should  be  equal  to  the  amount  of  the  Annuity  in  the 
same  time;  that  is, 
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therefore,  P  =     — =  *  —  A. 

595.  We  may  also  solve  the  question  of  the  preceding  article 
by  supposing  F  equal  to  the  sum  of  the  present  values  of  the 
different  payments, 

A 

The  present  value  of  A  due  at  the  end  of  1  year  is  -g , 

the  present  value  of  A  due  at  the  end  of  2  years  is  -^j 

the  present  value  of  A  due  at  the  end  of  3  years  is  ; 
and  so  on; 

i.    »  „    A    A     A  A 

therefore,  =5  +  J?+5?  + + 


B\l    Br)  AQ.-BT 
,     1  B-l 
l"B 


596.  To  find  the  present  value  of  a  perpetual  annuity. 
In  the  formula 

r       E-\  9 
suppose  n  =  infinity;  thus, 

A  A 


P  = 


R-l~~  r 


597.  .  To  find  the  present  value  of  an  annuity,  to  commence  <4 
ike  end  of  p  years,  and  then  to  continue  q  years. 

The  present  value  of  an  annuity  ,  to  commence  at  the  end  of 
p  years,  and  then  to  continue  q  years,  is  foun£  by  subtracting  the 
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present  value  of  the  annuity  for  p  years  from  the  present  value  of 
the  annuity  for  p  +  q  years;  thus  we  obtain, 

A  -^l  —  A-RZY>  that  13,^(^-^-0. 

If  the  annuity  is  to  commence  at  the  end  of  p  years,  and  then 
to  continue  for  ever,  we  must  suppose  q  infinite,  and  the  present 

value  becomes  4— t  • 
K—  1 

598.  The  preceding  article  may  be  applied  to  calculate  the 
fine  which  must  be  paid  for  the  renewal  of  a  lease.  Suppose  an 
estate  to  be  worth  £A.  per  annum,  and  that  a  lease  of  the  estate 
is  granted  for  p+q  years  for  a  certain  sum  of  money  paid  down ; 
and  suppose  that  when  q  years  have  elapsed,  the  lessee  wishes  to 
obtain  a  new  lease  for  p  +  q  years;  he  must  therefore  pay  a 
sum  equivalent  to  the  value  of  an  annuity  of  £A.  to  begin  at  the 
end  of  p  years,  and  to  continue  for  q  years.  This  sum  is  called 
the  fine  paid  for  renewing  q  years  of  the  lease. 

599.  If  the  present  value  of  an  annuity  A  for  any  number  of 
years  be  mA,  the  annuity  is  said  to  be  worth  m  years9  purchase. 

In  the  examples  the  interest  is  supposed  compound  unless 
otherwise  stated. 


TTAifPTYBfl  OF  ANNUITIES. 

1.  A  person  borrows  .£600  5*.;  how  much  must  he  pay 
annually  that  the  whole  debt  may  be  discharged  in  35  years, 
allowing  simple  interest  at  4  per  cent.? 

2.  Determine  what  the  rate  of  interest  must  be  in  order  that 
the  present  value  of  an  annuity  for  a  given  number  of  years,  at 
simple  interest,  may  be  equal  to  half  the  sum  of  the  annuities. 

3.  A  freehold  estate  of  £100.  a  year  is  sold  for  £2500.,  at 
what  rate  is  the  interest  calculated  f 

t.  a.  22 
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4.  The  reversion,  after  2  years,  of  a  freehold  worth  £168.  2*. 
a  year  is  to  be  sold;  what  is  its  present  value,  supposing  interest 
at  2£  per  cent.  1 

5.  If  20  years'  purchase  must  be  paid  for  an  annuity  to  con- 
tinue a  certain  number  of  years,  and  26  years'  purchase  for  an 
annuity  to  continue  twice  as  long;  what  is  the  rate  per  cent? 

6.  When  3£  per  cent,  is  the  rate  of  interest,  find  what  sum 
must  be  paid  now  to  receive  a  freehold  estate  of  £320  a  year 
10  years  hence;  having  given 

log  1-032  =  -0136797,      log  729798  =  -8632030. 

7.  Supposing  an  annuity  to  continue  for  ever  to  be  worth 
25  years'  purchase,  find  the  annuity  to  continue  for  3  years  which 
can  be  purchased  for  £625. 

8.  A  sum  of  £1000  is  lent  to  be  repaid  with  interest  at  4 
per  cent,  by  annual  instalments,  beginning  with  £40  at  the  end 
of  the  first  year,  and  increasing  30  per  cent,  each  year  on  the 
last  preceding  instalment.  Find  when  the  debt  will  be  paid  off; 
having  given 

log  2  =  -30103,      log  3  =  -47712. 

9.  What  is  the  present  value  of  an  annuity  which  is  to  com- 
mence at  the  end  of  p  years,  and  to  continue  for  ever,  each  pay- 
ment being  m  times  the  preceding)  What  limitation  is  there 
as  to  ml 

10.  What  sum  will  amount  to  £1  in  20*  years,  at  5  per  cent., 
1jho  interest  being  supposed  to  be  payable  every  instant  1 

11.  If  interest  be  payable  every  instant,  and  the  interest  for 

1* 

one  year  be  —  of  the  principal,  find  the  amount  in  n  years. 

12.  A  person  borrows  a  sum  of  money,  and  pays  off  at  the 
end  of  each  year  as  much  of  the  principal  as  he  pays  interest  for 
that  year ;  find  how  mueh  he  owes  at  the  end  of  n  years. 
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13.  If  a  quantity  change  continuously  in  value  from  a  to  b 
in  a  given  time  £„  the  increase  at  any  instant  bearing  a  constant 
ratio  to  its  value  at  that  instant,  prove  that  its  value  at  any  time  t 

will  be  a  (- V». 


XLIV.    CONTINUED  FRACTIONS. 

600.  Every  expression  of  the  form  a  is  called 

a 

c±   ,  . 

a  continued  fraction* 

We  shall  confine  our  attention  to  continued  fractions  of  the 

form  a  +  — - — —  ,  where  a,  b,  c,  are  all  positive  integers, 

h+ — -*r 

c  +  &C. 

For  the  sake  of  abbreviation  the  continued  fraction  is  some- 

times  written  thus :  a  +  5  ; — . 

o  +  c+  (fee. 

When  the  number  of  the  terms  a,  b,  c,  is  finite,  the  con- 
tinued fraction  is  said  to  be  terminating;  such  a  continued  frac- 
tion may  be  reduced  to  an  ordinary  fraction  by  effecting  the 
operations  indicated. 

601.  To  convert  any  given  fraction  into  a  continued  fraction, 
m 

Let  —  be  the  given  fraction;  divide  m  by  n,  let  a  be  the 
quotient  and  p  the  remainder;  thus, 

m        p  1 

—  =a  +  -  =  a  +  — : 
n         n  n 

P 

divide  n  by  p,  let  6  be  the  quotient  and  q  the  remainder ;  thus, 

-  =  6+  i  =  6+  — 
J>        1>  P 

22-2 
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Similarly,  -  =  c+  —  =  c  +  — ; 


r 

and  bo  on. 

Thus,  —  =  a+  — - — =  . 

n         ,  1 

6  +  • — 

c  +  <fcc. 

If  m  be  less  than  n,  the  first  quotient  a  is  zero. 

We  see  then  that  to  convert  a  given  fraction  into  a  continued 
fraction,  we  have  to  proceed  as  if  we  were  finding  the  greatest 
common  measure  of  the  numerator  and  denominator,  and  we 
must  therefore  at  last  arrive  at  a  point  where  the  remainder  is 
zero  and  the  operation  terminates;  hence  every  fraction  can  be 
converted  into  a  terminating  continued  fraction. 

602.  The  fractions  formed  by  taking  one,  two,  three,  <fcc.  of 

the  quotients  of  the  continued  fraction  a  +  ^  ^7-*  are  called 

^  b  +  c  +  <fcc. 

converging  fractions  or  convergents.  Thus  the  first  convergent  is  a ; 

the  second  is  formed  from  a  +      it  is  therefore        -  ;  the  third 

0  0 

1  c 
is  formed  from  a  +   =- ,  that  is,   from  a  +  r- — =- ,    it  is 

m  X  OC    "l~  X 

b  +  - 
c 

-      a&c  +  a  +  c 

therefore  — ?  =. — :  and  so  on. 

be  +  1  ' 

603.  convergents  taken  in  order  are  alternately  less  and 
greater  than  tlie  continued  fraction. 

The  first  convergent  a  is  too  small  because  the  part  *s 
omitted;   a  +  ~  is  too  great  because  the  denominator  b  is  too 

small;  a  +  — ^Ur  is  too  small  because  6  +  -  is  too  great;  and 
T    1  c 


b+- 
c 


so  on. 
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604.  To  prove  the  law  of  formation  of  the  successive  con- 
vergent. 

m  a    a6  + 1    abc  +  a  +  c 

The  first  three  convergente  are  -j  ,  — ^ —  ,    ~~bc  +T  ' 

numerator  of  the  third  is  c  (o6  +  1)  +  a,  that  is,  it  may  be  formed 
by  multiplying  the  numerator  of  the  second  by  the  third  quotient, 
and  adding  the  numerator  of  the  first;  the  denominator  of  the 
third  fraction  may  be  formed  in  a  similar  manner  by  multiplying 
the  denominator  of  the  second  by  the  third  quotient,  and  adding 
the  denominator  of  the  first.  We  shall  now  shew  by  induction 
that  such  a  law  holds  universally. 

Let        ^- ,         be  three  consecutive  convergente,  to,  to', 
to",  the  corresponding  quotients;  and  suppose  that 
p"  =  m'p'  +  p,       q  -  m"gf  +  q. 

Let  to"' be  the  next  quotient,  and  ^  the  next  convergent; 
then  differs  from  ^~  only  in  taking  in  the  additional  quo- 
tient to'",  so  that  we  have  to  write  to"  +  — L  instead  of  to": 

to 


\  TO  /   TO  (TO  p  +  p)  +  p      m  p  +p 


thus, 

_  ("»"+^V  

-  + ^)  * + *  ~ wr  (W'Y  +- q) + 4  ~  m'Y + 4 ' 

thus       is  formed  by  the  same  law  that  was  supposed  to  hold 

for  ^  >  but  tne  nas  Deen  Proved  to  hold  for  the  third  con- 
vergent, and  therefore  it  holds  for  every  subsequent  convergent. 

605.  The  difference  between  any  two  consecutive  convergents 
is  a  fraction  whose  numerator  is  unity,  and  denominator  the  pro- 
duct of  the  denominators  of  the  convergents. 
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This  is  obvious  with  respect  to  the  first  and  second  converg- 

-    ab  +  1    a  1 
ente,  for  — -T=^. 

Suppose  the  law  to  hold  for  any  two  consecutive  convergents 

p' 

V  4 


-  that  is,  suppose  pq-pq  =        so  that 


then,   jp'Y  — 2*Y'  =  (w'jp  +     g  -p'{m"q  +  q)  =  j^'  -      =  =f  1, 

SO  that  __|,=  sp_; 

thus  the  law  holds  for  the  next  convergent.  Hence  it  is  univer- 
sally true. 

606.  AU  convergent*  are  in  their  lowest  terms. 

For  if  the  numerator  and  denominator  of  -  had  any  common 

q 

measure  it  would  divide  p'q  —pq  or  unity,  which  is  impossible. 

607.  Every  convergent,  is  nearer  to  the  continued  fraction 
than  any  of  the  preceding  convergents. 

We  shall  prove  this  by  shewing  that  every  convergent  is 
nearer  to  the  continued  fraction  than  the  preceding  convergent. 

Let  ^,  ^,  ^7  be  consecutive  convergents  to  a  continued 

If}  Vtl  2/    "T"  V  ■  *•>  */ 

fraction  x :  then  ^  =  — — .    Now  x  differs  from       only  in 
q      m  q  +  q  H. 

taking  instead  of  m"  the  complete  quotient  m"+      ^  ^  ;  this  will 

be  some  quantity  greater  than  unity,  which  we  shall  denote  by 
fi;  thus, 

#  =  —7  , 

w  +  q 
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therefore    P    x=p    W±£  =  *tMjzM= 

x    P'=PP'+F  P'=PV-P<1  ^  ±l 

q     pq'  +  q     q     q  (w  +  q)    q'(w'  +  q)' 

Now  1  is  less  than  /x  and  q  is  greater  than  q;  hence  on  both 

p 

accounts  the  difference  between  x  and  ^  is  less  than  the  differ- 

2 

p  p  P 

ence  between  x  and  - :  that  is,      is  nearer  to  x  than  -  is. 

608.  To  determine  limits  to  the  error  made  in  taking  any 
convergent  for  ike  continued  fraction. 

P  • 

By  the  preceding  article  the  difference  between  x  and  ^  is 
/  ?  r,  or        \       :  this  is  less  than  —,  and  greater  than 

l 

less  than  -3  and  greater  than  -7-^ ;  these  limits  are  simpler  than 
q"  2q 

those  first  given,  though  of  course  not  so  close. 

609.  In  order  that  the  error  made  may  be  less  than  a  given 
quantity  ^,  we  have  therefore  only  to  form  the  consecutive  con- 

p 

vergents  until  we  arrive  at  one  ^,  such  that  q*  is  not  less 
than  k. 

610.  Any  convergent  is  nearer  to  the  continued  fraction  than 
any  other  fraction  which  has  a  smaller  denominator  than  the 
convergent  has. 

p  r 
Let  ~  be  the  convergent,  and  —  a  fraction,  such  that  s  is 
q  0  8 

less  than  q.    If  —  is  itself  one  of  the  convergents,  it  is  shewn 


Since  q  is  greater  than  q,  the  error  a  fortiori  is 
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in  Art  607,  that  it  must  be  farther  from  the  continued  fraction 

than      is.    But  if  j  be  not  a  convergent,  then  suppose  it,  if 

possible,  to  lie  between  x  and  —  ,  then  a  fortiori  it  lies  between 

~  and  — ,  for  x  lies  between  these  two:  therefore  the  difference 
9  9 

r  7) 

between  —  and      must  be  less  than  the  difference  between 
8  * 

—  and  —  :  that  is,  r^  f*  is  numerically  less  than  — , ,  and 

gf         q                      sgf  J  qq' 

therefore  rq  —p's  is  numerically  less  than  ~ ;  but  this  is  im- 
possible if  *  be  less  than  q,  since  r,  8,  p,  q  are  all  integers. 

611.    Suppose  — ,  ^y,  two  consecutive  convergents  to  a  con- 

tinued  fraction  x,  then  — ,  is  >  or  <  x*  according  as  -  is  > 
99  9 

or  <  ^7.    For  as  in  Art.  607, 
9 

fip+p  m 

X  =   J-   , 

w  +  9 

therefore  Z  _  5?'  J^^)  _  jW_±P) 

qx    p      q(fip'+p)    p'W  +  9) 

Reduce  the  fractions  on  the  right-hand  side  to  a  common  de- 
nominator; we  have  then  in  the  numerator 

PP  W  +  9)*  ~  94  W  +  P)*> 
or,  /**  (pp'q"  -  qq'p")  +  ppq2  -  qqp\ 

that  is,  Qi'p'j -pq)  (j>9  -  P9)- 

The  factor  fy'q  -  pq  is  necessarily  positive ;  the  factor 
pq-pq  is  positive  or  negative,  according  as  £  is  >  or  <  ^  i 
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hence  —  is  >  or  <      ,  that  is,       is  >  or  <  <c*.  according  as 
ga5  j>  7  '  qq  9  ° 

J°  •  P' 
—  is  >  or  <  S  • 


EXAMPLES  OF  CONTINUED  FRACTIONS. 

Convert  the  following  fractions  into  continued  fractions: 

1380  445  19763  743 

1051*  612'  44126'  611* 

5.  Find  three  fractions  converging  to  3*1416. 

6.  Find  a  series  of  fractions  converging  to  the  ratio  of 
5\  48m.  51'.  to  24h. 

7.  If  ^ ,  -* ,  ^  be  three  consecutive  convergents,  shew 

?1      S.  ?8 

8.  Prove  that  the  numerators  of  any  two  consecutive  con- 
vergents have  no  common  measure  greater  than  unity,  and 
similarly  for  the  denominators. 

9.  If  & ,      ,  — ,          be  successive  convergents  to  a  con- 

?i    V*  % 

tinned  fraction  greater  than  unity,  prove  that 

Afc-i-A-if.-*-1)" 

10.  Shew  that  the  difference  between  the  first  and  n*  con- 
vergent is  equal  to 

J  1_    _1_  |  (-1)" 

tf&  Ma 

11.  Shew  that 
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12.    If  fin  be  the       quotient,  shew  that 

p.  p-.j-i)->. 


1.  9.9.- 


2 


13.  If  C*=*9  fnzif   De  successive  cbnvergents  to  the 

R         R  R 

continued  fraction     —   shew  that 

ai+  a»  +  as  + 

A  =  "A-,  +  =  +  A*.-.  5 

and  hence  that 

p^-w^  =  {-iTxPA  A- 

14.  If      denote  the       convergent  to  a  fraction  77,  and 

B9  denote  the  nA  remainder  which  occurs  in  the  process  of 
p 

converting  the  fraction  75  to  a  continued  fraction,  shew  that 

p=p.R.-1  +  a-.*.,     Q  =  *  + 

15.  Shew  that  the  difference  of  7?  and  Q  is  7—- . 

16.  In  converting  a  fraction  in  its  lowest  terms  to  a  con- 
tinued fraction,  shew  that  any  two  consecutive  remainders  have 
no  common  measure  greater  than  unity. 


XLV.    REDUCTION  OF  A  QUADRATIC  SURD  TO  A 
CONTINUED  FRACTION. 

612.  A  quadratic  surd  cannot  be  reduced  to  a  terminating 
continued  fraction,  because  the  surd  would  then  be  equal  to  a 
rational  fraction,  that  is,  would  be  commensurable ;  we  shall  see, 
however,  that  a  quadratic  surd  can  be  reduced  to  a  continued 
fraction  which  does  not  terminate ;  we  will  first  give  an  example, 
and  then  the  general  theory.    Take  the  square  root  of  6 ; 
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^(6)  =  2  +  V(6)-2  =  2  +  -^2  =  2  +  ^:2, 

2 

i 

V(6)  +  2        N/(6)-2_  2  1 

1      "  1      ~  7(6)T2" 

2 

the  steps  now  recur;  thus  we  have 

^(6)  =  2+^  ^  rT&c~.' 

In  the  above  process  the  expression  which  occurs  at  the  beginning 
of  any  line  is  separated  into  two  parts,  the  first  part  being  the 
greatest  integer  which  the  expression  contains,  and  the  second  part 
the  remainder;  thus  the  greatest  integer  in  J 6  is  2,  we  therefore 
write 

J(6)  =  2  +  >J(6)-2}; 

again,  the  greatest  integer  in  -—g ~  m  2,  we  therefore  write 

J(6)  +  2  o,s/(6)-2 
2  2  ' 

and  so  on;  the  remainder  is  then  made  to  have  its  numerator 
rational,  and  expressed  as  a  fraction  with  unity  for  numerator;  we 
then  begin  another  line  of  the  process. 

We  may  notice  in  the  example  that  the  quotients  begin  to 
recur  as  soon  as  we  arrive  at  a  quotient  which  is  double  of  the 
first.    This  we  shall  presently  shew  is  always  the  case. 

613.  Let  jV  be  any  integer  which  is  not  an  exact  square ;  let 
a  be  the  greatest  integer  contained  in  JN;  write       in  the  form 

+  0  £or  symmetry  and  proceed  as  follows: 
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jm+o      J(y)-a         r      ..     „  , 

r  r  J(N)  +  a' 

if  a  =  ro  —  a,  and  r  =  : 

7  r 


J(Jr)+a'_  N/(ilQ-+«'-/y 


T 

7'  * 


if  a"=r'b'-a',  and  r"=  — ~-  ; 

In  this  process  we  suppose  6,  V,  b", . .  .to  be  the  greatest  integers  con- 
tained in  the  expressions  from  which  they  respectively  spring; 
hence  it  follows  that  r ,  r",  r", . . .  are  all  positive.  For  a9  is  less 
than  Nt  hence  r  is  positive,  and  b  is  the  greatest  integer  in 

so  that  b  is  of  course  less  than         +  a  .  nence  a"  is  less  than  Ny 

T 

and  so  r'  is  positive;  and  so  on.  We  have  noticed  this  feet, 
because  it  follows  very  obviously  from  the  process ;  it  is,  however, 
included  in  the  proposition  of  the  following  article. 

614.  In  the  expressions  which  occur  at  the  beginning  of  the 
lines  in  Art.  613,  we  have  the  following  series  of  quantities: 

0,  a,  a,  a",  aw,  &a   (1), 

1,  r,  /,  r",  /",  &c  (2), 

and  the  corresponding  series  of  quotients  is 

a,  b}  V,  b",  b"\  &c.   (3). 

We  shall  now  shew  that  the  terms  in  (1)  and  (2)  are  all  posi- 
tive integers;  those  in  (3)  are  known  to  be  such. 
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Let  a,  a ,  a"  be  any  three  consecutive  terms  of  (1) ;  p,  p',  p"  the 

corresponding  terms  of  (2) ;  /J,  f¥,  fS'  those  of  (3).  Let 

„      '  'f 
P    P  P 

?    ?  ? 

be  the  corresponding  convergents  to  so  that  ~  =  — — . 

Now  assume  that  all  the  terms  in  (1)  up  to  a  inclusive,  and 
all  those  in  (2)  up  to  p  inclusive  are  positive  integers;  then  the 

convergents  up  to  ^?  inclusive  can  be  formed  in  the  usual  way. 
Since  the  complete  quotient  corresponding  to  QT  is 


we  have,  by  Art.  607, 


,m        P      p+p    UW  +  «)p'+p"p 

Multiply  up,  and  then  equate  the  rational  and  irrational 
parts;  thus: 

ay  +  p>  =  i^,  ay+p'W; 

therefore    *(p<f-p'q)=pp'-q4F,     p"{p4~p'q)  =  q"&-p't. 

Now  pq'  —  p'q  =  =±=  1,  hence  a"  and  p"  are  integers.  And  it  is 
proved  in  Art.  611,  that  pq'—p'q,  pp' —  q<jfN,  and  q**N -  p"  have 
the  same  sign;  hence  a"  and  p"  are  positive  integers.  Hence  if 
the  terms  of  (1)  and  the  corresponding  terms  of  (2)  up  to  a  cer- 
tain point  are  positive  integers,  the  next  term  in  each  series  is 
a  positive  integer.  But  the  first  two  terms  of  each  series  are  such, 
hence  the  third  term  of  each  is  such;  and  so  on.  Thus  every  term 
is  a  positive  integer. 

615.  The  greatest  term  in  (1)  is  a.  For  by  the  mode  of 
formation  of  the  series,  pp'=N~a'*;  since  p  and  p  are  positive,  a9 
is  less  than  i\T,  and  therefore  a  not  greater  than  a. 
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616.  No  term  in  (2)  or  (3)  can  be  greater  than  2a.  For  by 
the  mode  of  formation  of  the  series,  a  +  a  =  pfX ;  and  since  a  and 
a  cannot  be  greater  than  a,  neither  p  nor  ft  can  be  greater  than 
2a. 

617.  If  p"=l,  thena"=a. 

For,by  Art  614,  a"  +  p"i  =  ^,  .-.  ifp"  =  l 

a"  +  a  fraction  =  ~ . 

<l 

Now  ^  is  a  nearer  approximation  to  JN  than  a  is,  and  a 
p' 

is  less  than  therefore  ^?  is  greater  than  a;  hence 


618.  If  any  term  in  (1),  excluding  the  first,  be  subtracted 
from  a,  the  remainder  is  less  than  the  corresponding  term  in  (2). 
For,  by  Art.  614, 

therefore,  %  -  \      -  a *\  : 

4    P  \2  J 

p' 

therefore,  ^  -  a"  <  p"; 

therefore,  a  fortiori,  a  —  a '  <  p". 

This  demonstration  will  only  apply  to  the  third  or  any  fol- 
lowing term,  because  in  Art.  614,  it  is  supposed  that  two  terms 
a,  a  precede  a".  The  theorem,  however,  holds  for  the  second 
term,  as  is  obvious  by  inspection,  for  a  -  a  or  zero  is  less 
than  r. 

619.  It  is  shewn  in  Arts.  615  and  616  that  the  values  of  the 
\s  in  (1)  and  (2)  cannot  exceed  a  and  2a  respectively;  hence 
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the  same  values  must  recur  in  the  two  series  simultaneously,  and 
there  cannot  be  more  than  2a9  terms  in  each  series  before  this 
takes  place. 

620.    Let  the  series  (1)  be  denoted  by 
a%,  a„  a., 


and  let  a  similar  notation  be  used  for  (2)  and  (3).  We  have 
proved  that  a  recurrence  must  take  place,  suppose  then  that  the 
terms  from  the  mtt  to  the  (n  —  l)tt  inclusive  recur,  so  that. 


au  = 

=  J-+!> 

=  r-+I» 

We  shall  shew  that 

We  have    rm_trm=  N  -  am9,       r.-i  rn  =  N  -  a*, 
but,  ^r,,         and  = 

therefore,  =  rm_1. 

Again,    am_1  +  am  =  rm-1^-1,  +  *.  =  '.-A-i . 

therefore,  ammml  -  am_x  =        -  6,,^,)  rm_x ; 

therefore,  =  6^  -  6m_l  =  zero  or  an  integer. 

But,  by  Art.  618, 

that  is,  <r«-i* 

therefore,  aw_,  -  am_t  <  ; 

_                      a  _,  —  a  _  - 
therefore,   —  <  1. 


r— i 
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Comparing  this  with  the  former  result,  we  see  that  — 


must  be  zero; 

therefore,  an_x  =  am_l9     and         =  bm_x. 

Hence,  knowing  that  the  m*  term  recurs,  we  can  infer  that 
the  (m  —  1)*  term  also  recurs.  This  demonstration  holds  as 
long  as  m  is  not  less  than  3;  for  it  depends  on  the  theorem 
established  in  (Art.  618).    Hence  the  terms  recur  beginning  with 

the  complete  quotient  +  **  • 

621.  The  last  integral  quotient  will  always  be  2a. 

For  let  the  last  complete  quotient  be  *  **" ,  then  the 

next  is  +  a  •  hence, 

r 

aa  +  a  =  rm6m,        rr  =  N  —  a*, 
but  r  =  N-a*-y       therefore,    rw  =  1 ; 

therefore,  by  Art.  617,         aM  =  a; 
therefore,  bu  =  2a. 

622.  Every  periodic  continued  fraction  is  equal  to  one  of  the 
roots  of  a  quadratic  equation  with  rational  coefficients. 

t  *  1111 

Let  x  =  a  + 


where  y  =  r  + 


b  +          h+  k+  y 9 

i    JL  _L  I 

*+          u  +  v  +  y ' 


so  that  a,  6,   h,  Jc  are  quotients  which  do  not  recur,  and 

r,  8,  u,  v  those  which  recur  perpetually. 
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Let  ^ ,  ^  be  convergents  formed  from  the  quotients  a,  b, ... 
down  to  k  inclusive;  then,  as  in  Art,  607, 

 :  (i> 

qy  +  q  *  ' 

P  P 

Let  -q,  be  convergent*  formed  from  the  quotients  r,  *,  ... 
down  to  v  inclusive;  then, 

 •.  » 

From  (1)  and  (2)  by  eliminating  y  we  obtain  a  quadratic 
equation  in  x  with  rational  coefficients.  To  find  x  under  an 
irrational  form  we  should  take  the  positive  value  of  y  found 
from  (2),  that  is,  from 

and  substitute  it  in  (1), 


UTAifPT.PB  OF  CONTINUED  FRACTIONS  FROM  QUADRATIC  SURDS. 


Express  the  following  surds  as  continued  fractions,  and  find 
the  first  lour  convergent*  to  each: 


1. 

J8.         2.    J(10).        3.  J(U). 

4.  ^(17). 

5. 

,/(19).      6.    ^(26).        7.  ^(27)- 

8. 

9. 

V(53>             10.    J(101).  11. 

V(«'  +  l). 

12. 

^(a'-l).         13.    J(a'  +  a).  14. 

15. 

Find  the  8*  convergent  to  ./(13). 

16. 

Find  the  8*  convergent  to  ^(31). 

I. 

A. 

23 
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916 

17.    Shew  that         differs  from  J  (2d)  by  a  quantity  less 

1  i 
than  and  greater  than 


(l»iy        °  2(240)"' 

18.  Shew  that  the  9*  convergent  to  a/(33)  will  give  the*  true 
value  to  at  least  6  places  of  decimals. 

211 

19.  Find  the  limits  of  the  error  when       is  taken  for  ^/(23). 

20.  Also  when         is  taken  for  ^(23). 

21.  Find  the  limits  of  the  error  when  the  6*  convergent  is 
taken  for  ^(31). 


Shew  that  l+±  _L  _L   = 

Shew  that 

(a+—  —  —  —  )(———— 

\      6+  a+  6+  a+ +  a  +  6  +  a+ /  6* 


22, 

23.    Shew  that 


24.  Shew  that 

2a  +  —  J-  —   =2N/(l  +  *f); 

a+  4a  +  a+  4a+  vx  " 

shew  that  the  second  convergent  differs  from  the  true  value  by  a 

quantity  less  than  1  -f-a(4a"+  1);  and  thence  by  making  a=  7, 

99  1 
shew  that  —  differs  from  J(2)  by  a  quantity  less  than  jgy^Q  • 

25.  Shew  that  the  3rd  convergent  to  J  (a*  +a  + 1)  is  £(2a  +  1). 

26.  Find  convergents  to  ;  shew  that  ^  exceeds  the  true 
value  by  a  quantity  less  than  • 

27.  Find  the  6*  convergent  to  • 
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28.  Find  the  6*  convergent  to  the  positive  root  of 

2x*-3x-6  =  0. 

29.  Find  the  6'*  convergent  to  each  root  of 

30.  Find  the  7*  convergent  to  the  greater  root  of 

2^-7*5  +  4  =  0. 

1 


31.    Find  the  5*  convergent  to 


32.    Find  the  value  of  1  +  J— 

2+  2  + 


33 1+  2+  1+2  + 


111111 

34   1+  2+  3+  1+  2+  3+  1  + 

35  J_  J_  _L  JL  J_  J_ 
  3+  2+  1+  3+  2+  1+ 


36.  2  +  ~z —  -zz —  — —  ■= —  ~ —  ■= — 

1+  3+  5+  1+  5+  1  + 


XLVL    INDETERMINATE  EQUATIONS  OF  THE 
FIRST  DEGREE 

623.    When  only  one  equation  is  given  involving  more  than  . 
one  variable,  we  can  generally  solve  the  equation  in  an  infinite 
number  of  ways;  for  example,  if  ax  +  by  =  c,  we  may  ascribe  any 
value  we  please  to  x,  and  then  determine  the  corresponding  value 
of  y. 

Similarly,  if  there  be  any  number  of  equations  involving  more 
than  the  same  number  of  variables,  there  will  be  an  infinite 
number  of  systems  of  solutions.  Such  equations  are  called  in- 
determinate equations. 

23—2 
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624.  In  some  cases,  however,  the  nature  of  the  problem  may 
be  such,  that  we  only  want  those  solutions  in  which  the  variables 
have  positive  integral  values.  In  this  case  the  number  of  solutions 
may  be  limited,  as  we  shall  see.  We  shall  proceed  then  to  some 
propositions  respecting  the  solution  of  indeterminate  equations  in 
positive  integers.  The  coefficients  and  constant  terms  in  these 
equations  will  be  assumed  to  be  integers. 

625.  Neither  of  the  equations  ax  +  by  =  c,  ax  —  by  =  c  can  be 
solved  in  integers  if  a  and  b  have  a  divisor  which  does  not 
divide  c. 

For,  if  possible,  suppose  that  either  of  the  equations  has  such 
a  solution;  then  divide  both  sides  of  the  equation  by  the  common 
divisor;  thus  the  left-hand  member  is  integral  and  the  right-hand 
member  fractional,  which  is  impossible. 

If  a,  b,  e  have  any  common  divisor,  it  may  be  removed  by 
division,  so  that  we  shall  in  future  suppose  a  prime  to  6. 

626.  Given  one  solution  of  ax  -  by  =  c  to  find  the  general 


Suppose  x  =  a,  y  =  fi  is  one  solution  of  ax  —  by  =  c,  so  that 
oa-&/J  =  c.    By  subtraction. 


Since      is  in  its  lowest  terms,  and  x  and  y  are  to  have 

integral  values,  we  must  have  (as  will  be  shewn  in  the  chapter  on 
the  Theory  of  Numbers), 


solution. 


therefore, 


b     x—  a  * 


X-a=*bt, 
where  t  is  an  integer;  therefore, 


x  =  a+  bt 


y  =  P+.at. 
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Hence  if  one  solution  is  known,  we  may  by  ascribing  to  t  dif- 
ferent positive  integral  values,  obtain  as  many  solutions  as  we 
please.  We  may  also  give  to  t  such  negative  integral  values  as 
make  bt  and  at  numerically  less  than  a  and  ft  respectively. 

We  shall  now  shew  that  one  solution  can  always  be  found. , 

627.  A  solution  of  the  equation  ax  —  by  =  c  can  always  be 
found. 

Let  j  be  converted  into  a  continued  fraction,  and  the  succes- 
sive convergents  formed;  let  ^  be  the  convergent  immediately 
preceding  ^  ;  then  aq  —  bp =  *  1. 

First  suppose  aq-  bp  =  1,  therefore  aqc  -  bpc  =  c.  Hence 
x  —  qc,  y=pc  is  a  solution  of  ax  —  by  —  a 

Next  suppose  aq  -  bp  =  —  1, 

then,  a  (b -q)  -  b  (a  -p)  =  1 ; 

therefore,  a(b  —  q)c  —  b(a—  p)c  =  c. 

Hence,  x  =  (b-q)c,  y  =  (a  —p)  c  is  a  solution  of  ax  —  by-c 

If  a  —  1  the  preceding  method  is  inapplicable ;  in  this  case 
the  equation  becomes  x  —  by  =  c;  we  can  obtain  solutions  ob- 
viously by  giving  to  y  any  positive  integral  value,  and  then 
making  x  —  c  +  by.    Similarly  if  b  =  l._ 

628.  Given  one  solution  of  the  equation  ax  +  by  =  c  to  find 
ike  general  solution. 

Suppose  that  x=a,  y  =  /3  is  one  solution  of  ax+by=c,  so 
that  aa  +  b/3  =  c.    By  subtraction, 

a  (a- a)  +  6(y-/?)  =  0; 

a    B  —  v 

therefore,  r  =  - — -  . 

b    x  —  a 


Digitized  by  Google 


358  INDETERMINATE  EQUATIONS  OF  THE  FIRST  DEGREE. 

Since  is  in  its  lowest  terms  and  x  and  y  are  to  have  inte- 
gral values,  we  must  have 

x  -  a  =  bt,  P  -  y  -  at, 

where  £  is  an  integer;  therefore, 

x  =  a  +  bt,  y-P  —  at. 

629.    The  number  of  solutions  of  ax  +  by  =  e  can  never  exceed 

c 

the  greatest  integer  in  ^  +  1. 

Suppose  there  to  be  one  solution,  namely,  when  x  =  a  and 
y  =  P,  then  all  the  solutions  are  comprised  in  a  +  bt  and  p  —  at 
as  the  values  of  x  and  y  respectively ;  hence  we  may  give  to  t  any 

R 

positive  integral  value  less  than  ~,  and  any  negative  integral 

a  * 

value  numerically  less  than  ~  ;  t  may  also  be  aero.    Hence  the 

number  of  solutions  is 

l+greatest  integer  in^greateat  integer  in" 
a  o 

Let  f  =  n+->>  T=n'+ft 

where  n  and  n  are  integers  and  /  and  f  proper  fractions ;  then 
the  number  of  solutions  is  1  +  n  +  n,  that  is, 

i*e*fv-jr. 

that  is,  1  +  -~  -f-f- 

Hence  if  f+f  =  l,  or  >  1,  the  number  of  solutions  is  the 
greatest  integer  in      .    If  f +f  <  1,  the  number  of  solutions 


ab 

is  the  greatest  integer  in  1  +  ^ ;  here,  however,  we  must  observe, 
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that  a  zero  value  may  occur,  if,  for  example,  f=Q  then  -  is  an 

a 

R 

integer,  and  when  we  put  t  =  £  we  have  y  =  0.    If  we  wish  to 

exclude  zero  values,  then  the  conclusion  will  be  thus:  if  /  or 

f  =  0  the  number  of  solutions  is  the  greatest  integer  in  ^  ;  if 

/=  0  and  f  =  0,  the  number  of  solutions  is  the  greatest  integer 

c  i 
m  ab~ 

630.  We  have  shewn  that  the  number  of  solutions  of 
ax  +  by  =  c  is  always  limited ;  it  may  happen  that  there  is  no 
solution.  For  example,  if  c  is  less  than  a  +  b,  it  is  impossible  that 
c  =  ax  +  by  for  positive  integral  values  of  x  and  y. 

By  the  following  method  we  can  find  a  solution  when  one 

exists.  Let  ?  be  converted  into  a  continued  fraction,  and  let  - 
b  q 

be  the  last  convergent  before  ~ ;  then  aq  —  bp  =  ±  1. 

First  suppose  aq  —  bp  =  \,  then  aqc  —  bpc  =  c;  combine  this 
with  ax  +  by  =  c ;  therefore,  a  (qc  -  x)  —  b  (pc  +  y)  =  0;  therefore, 
qc  —  x  =  bt}  pc  +  y  =  at,  where  t  is  some  integer.  Hence 

x  —  qc  —  bt,  y  —  at  —  'pc. 

Solutions  will  be  found  by  giving  to  t,  if  possible,  positive 

integral  values  greater  than  ~  and  less  than  — .    Next  suppose 

aq  —  bp  =  —  1,  then  aqc  —  bpc  =  —  c;  combine  this  with  ax+by=c, 
therefore  a  (x  +  qc)  —  b  {pc  —  y)  =  0.  Hence, 

x  =  bt  —  qc,  y  —pc  —  at. 

Solutions  will  be  found  by  giving  to  t,  if  possible,  positive 
integral  values  greater  than       and  less  than 
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631.  To  solve  the  equation  ax  +  by  -f  cz  =  d  we  may  proceed 
thus :  write  it  in  the  form  ax  +  by  =  d  —  cz,  then  ascribe  to  z  in 

succession  the  values  1,  2,  3,          and  determine  in  each  case 

the  values  of  x  and  y  by  the  preceding  articles. 

632.  Suppose  we  have  the  simultaneous  equations 

ax  +  by  +  cz  =  d,         a'x  +  b'y  +  cz  =  d' ; 

eliminate  one  of  the  variables,  z  for  example,  we  thus  obtain  an 
equation  connecting  the  other  two  variables,  Ax  +  By  =  C,  sup- 
pose.   By  proceeding  as  in  the  previous  articles,  we  may  obtain 

x  =  a  +  Bt,  y  =  fi-At. 

Substitute  these  values  in  one  of  the  given  equations,  we  thus 
obtain  an  equation  connecting  t  and  z,  which  we  may  write 
A't  +  Bz  =  C.    From  this  we  may  obtain 

t  =  a!  +  Bt,         z  =  P-A't'. 

Substitute  the  value  of  t  in  the  expressions  found  for  x  and  y; 
thus, 

x  =  a  +  (a  +  Bf)  B,  y  =  p  -  (a  +  Bf)  A , 

or,  x=a  +  Ba  +BB<>  y  =    -  a'A  -  ABt'. 

Hence  we  obtain  for  each  of  the  variables  x,  y,  an  expression 
of  the  same  form  as  that  already  obtained  for  z. 


EXAMPLES  OF  INDETERMINATE  EQUATIONS. 

ns  in  positive  integers : 

2.    17a  +  23y  =  183. 
7x  +  lOy  =  297. 
13^  +  1%  =  1170. 

ooQle 
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Find  the  general  integral  values  in  each  of  the  following 
equations,  and  the  least  values  of  x  and  y  which  satisfy  each : 

7.     7x-9y  =  29.  8.     9x-lly  =  8. 

■9.    19a;-dy  =  119.  10.    17a?  -  i9y  +  8  =  0. 

11.  In  how  many  ways  can  £500  be  paid  in  guineas  and 
five-pound  notes  ? 

12.  In  how  many  ways  can  £100  be  paid  in  guineas  and 
crowns? 

13.  In  how  many  ways  can  £100  be  paid  in  half-guineas 
and  sovereigns? 

14.  In  how  many  ways  can  £22.  3s.  6d.  be  paid  with  French 
five-franc  pieces  (value  4s.  each),  and  Turkish  dollars  (value 
3a  6d.  each). 

15.  In  how  many  ways  can  Ids.  6d.  be  paid  in  florins  and 
half-crowns  ? 

16.  If  there  were  coins  of  7  shillings  and  of  17  shillings,  in 
how  many  ways  could  £30  be  paid  by  means  of  them  ? 

17.  What  is  the  simplest  way  for  a  person  who  has  only 
guineas  to  pay  10s.  6d.  to  another  who  has  only  half-crowns? 

18.  Supposing  a  sovereign  equal  to  25  francs,  how  can  a 
debt  of  44  shillings  be  most  simply  paid  by  giving  sovereigns 
and  receiving  francs? 

19.  Divide  200  into  two  parts,  such  that  if  one  of  them  be 
divided  by  o*  and  the  other  by  11,  the  respective  remainders  may 
be  5  and  4. 

20.  How  many  crowns  and  half-crowns,  whose  diameters 
are  respectively  -81  and  '666  of  an  inch,  may  be  placed  in  a 
row  together,  so  as  to  make  a  yard  in  length? 
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21.  Find  n  positive  integers  in  arithmetical  progression  whose 
sum  shall  be  na ;  shew  that  there  are  two  solutions  when  n 
is  odd. 

22.  What  is  the  least  number  which  divided  by  28  leaves  a 
remainder  21,  and  divided  by  19  leaves  a  remainder  171 

23.  Find  the  general  form  of  the  numbers  which  divided  by 
3,  5,  7,  have  remainders  2,  4,  6,  respectively. 

24.  What  is  the  least  number  which  being  divided  by  28,  19 
and  15,  leaves  remainders  13,  2,  and  7  ? 

25.  Solve  in  positive  integers  17 x+  23y  +  3«  =  200. 

26.  Find  all  the  positive  integral  solutions  of  the  simul- 
taneous equations 

5x+  4y  +  z  =  272,  8x  +  9y  +  3z  =  656. 

27.  In  how  many  ways  can  a  person  pay  a  sum  of  .£15  in 
half-crowns,  shillings,  and  sixpences,  so  that  the  number  of  shil- 
lings and  sixpences  together  shall  equal  the  number  of  half- 
crowns  ? 

28.  Find  in  how  many  different  ways  the  sum  of  £L  16*. 
can  be  paid  in  guineas,  crowns,  and  shillings,  so  that  the  number 
of  coins  used  shall  be  exactly  16. 

29.  How  can  £2.  4s.  be  paid  in  crowns,  half-crowns,  and 
florins,  if  there  be  as  many  crowns  used  as  half-crowns  and  florins 
together  1 

30.  What  is  the  greatest  sum  of  money  that  can  be  paid  in 
10  different  ways  and  no  more,  in  half-crowns  and  shillings  1 

31.  The  difference  between  a  certain  multiple  of  ten  and  the 
sum  of  its  digits  is  99 ;  And  it. 

32.  The  same  number  is  represented  in  the  undenary  and 
septenary  scales  by  the  same  three  digits,  the  order  in  the  scales 
being  reversed  and  the  middle  digit  being  zero ;  fin£  the  number. 
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33.  A  number  consists  of  three  digits  'which  together  make 
up  20 ;  if  16  be  taken  from  it  and  the  remainder  divided  by  2 
the  digits  will  be  inverted ;  find  the  number. 

34.  Find  a  number  of  four  digits  in  the  denary  scale,  such 
that  if  the  first  and  last  digits  be  interchanged,  the  result  is  the 
same  number  expressed  in  the  nonary  scale.  Shew  that  there  is 
only  one  solution. 

35.  A  farmer  buys  oxen,  sheep,  and  ducks.  The  whole  number 
bought  is  100,  and  the  whole  sum  paid  =  XI 00.  Supposing  the 
oxen  to  cost  £5,  the  sheep  £1,  and  the  ducks  Is.  per  head ;  find 
what  number  he  bought  of  each.  Of  how  many  solutions  does 
the  problem  admit? 

36.  Find  three  proper  fractions  in  Arithmetical  Progression 
whose  denominators  shall  be  6,  9,  18,  and  whose  sum  shall  be  2§. 

37.  Three  bells  commenced  tolling  simultaneously,  and  tolled 
at  intervals  of  25,  29,  33  seconds  respectively.  In  less  than  half 
an  hour  the  first  ceased,  and  the  second  and  third  tolled  18 
seconds  and  21  seconds  respectively  after  the  cessation  of  the 
first  and  then  ceased;  how  many  times  did  each  toll? 

38.  Two  rods  each  c  inches  long,  and  divided  into  m,  n  equal 
parts  respectively,  where  m  and  n  are  prime  to  each  other,  are 
placed  in  longitudinal  contact  with  their  ends  coincident.  Prove 

that  no  two  divisions  are  at  a  less  distance  than  —  inches,  and 

mn 

that  two  pairs  of  divisions  are  at  this  distance.  If  m  =  250  and 
n  —  243,  find  those  divisions  which  are  at  the  least  distance. 

39.  There'  are  three  bookshelves  each  of  which  will  carry 
20  books ;  when  books  are  composed  of  3  sets  of  5  volumes  each, 
6  of  4,  and  7  of  3,  how  must  they  be  distributed,  so  that  no  set 
is  divided? 
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XLVIL    INDETERMINATE  EQUATIONS  OF  A 
DEGREE  HIGHER  THAN  THE  FIRST. 

633.  The  solution  in  positive  integers  of  indeterminate  equa- 
tions of  a  degree  higher  than  the  first  is  a  subject  of  some  com- 
plexity and  of  little  practical  importance ;  we  shall  therefore  only 
give  a  few  miscellaneous  propositions. 

634.  To  solve  in  positive  integers  the  equation 

mxy  +  nx*  +px  +  qy  =  r ; 

this  equation  contains  only  one  of  the  squares  of  the  variables,  and 
it  can  always  be  solved  in  the  manner  indicated  in  the  following 
example.    Required  to  solve  in  positive  integers  the  equation 

Zxy  +  2x*  =  5y  +  4oj  +  5, 
Here,  y  (3a:-5)  =  -  2^  +  4«  +  5 ; 

-  2x*  +  4a;  +  5 


therefore,  y  = 


3x-5 


,xo  xi.   ~*     n     -2s8 +  12*+ 45      0     a  55 

let  ox  =  z:  therefore  9y  =  =  =  -  2z  +  2  +   : 

'  9  z-5  z-5 

55 

therefore,  9y  =  —  6x  +  2  +  ^ — ^ . 

Since  x  and  y  are  to  have  integral  values  3a*  -  5  must  be  a 
divisor  of  55,  and  from  this  condition  we  can  find  by  trial  the 
values  of  x,  and  then  deduce  those  of  y.  The  only  cases  for 
examination  are  the  following : 

'3x-5  =  ±55,  3x-5  =  ±ll, 

3x-5  =  ±5,  3x  -  5  =  ±  1 ; 

out  of  these  cases  only  the  following  give  a  positive  integral 
value  to  x, 

3x-  5  =  55,  therefore  x  =  20; 
Zx  -  5  -  1,    therefore  x  =  2. 
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When  #  =  20  we  do  not  obtain  a  positive  integral  value 
for  y;  when  x=  2  we  have  y  =  5;  this  is  therefore  the  only 
solution  of  the  proposed  equation  in  positive  integers. 

635.  The  equation  x*-Ny*  =  l  can  always  be  solved  in 
integers  when  N  is  a  whole  number  and  not  a  perfect  square. 
For  in  the  process  of  converting  into  a  continued  fraction 
we  arrive  at  the  following  equation  (see  Art.  614) 

P"{p4-p'q)  =  <fN-p«i 

and  at  the  end  of  any  complete  period  of  quotients  p '  =  1 ; 
(Art.  621);  thus, 

p<f-p'q  =  fir-p9. 
Suppose  now  that  the  number  of  the  recurring  quotients  is  even, 
then  ^  is  always  an  even  convergent,  and  therefore  greater  than 

and  so  greater  than        Hence  p'q-tfp  =  1,  and  we  have 

—  1  =q[*N - p* ;  so  that  p*  —  N<f*  =  1.  Hence  we  obtain  solu- 
tions of  the  proposed  equation  by  putting  x  =p  and  y  =  q,  where 

£j  is  any  convergent  just  preceding  that  formed  with  the  quo- 
tient 2a. 

Next  suppose  that  the  number  of  the  recurring  quotients  is  odd; 

v' 

then  when  first  p"=  1  the  convergent  ^  is  an  odd  convergent, 

when  next  p"=  1  the  convergent  ^  is  an  even  convergent,  and 

so  on.  Hence  solutions  can  be  obtained  by  restricting  ourselves 
to  even  convergents  occurring  just  before  those  formed  with  the 
quotient  2a. 

636.    If  the  number  of  recurring  quotients  obtained  from 
be  odd,  then,  as  appears  in  the  preceding  article,  if  ^  be 
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any  odd  convergent  immediately  preceding  that  formed  with 
the  quotient  2a,  we  have 

pq  -p'q  =  q*N -p*9  and  pq-pq  =  l; 
thus  we  obtain  in  this  case  solutions  in  integers  of  the  equation 

637.  The  equation  x*  —  Ny*  —  ±  a*  by  putting  x  =  ax  and 
y  =  ay  becomes  x*  -  Ny*  =  ±  1,  which  we  have  considered  in 
the  preceding  articles. 

638.  The  relation 

p"(pq'-p'q)=fX-P*,  that  is,  ±p"  =  q*N-p", 

will  give  solutions  of  the  equation  x*  —  Nff  =  ±c  in  some  cases 
in  which  c  is  different  from  unity.  The  method  will  be  similar 
to  that  given  in  Arts.  635  and  636. 

639.  If  one  solution  in  integers  of  the  equation  of  —  Ny*  =  1 
be  known,  we  may  obtain  an  unlimited  number  of  such  solutions. 
For  suppose  x=p  and  y  =  q  to  be  such  a  solution,  so  that 
p*-Nq*=l;  then 

therefore, 

(p  -  n  jxy<p  +  9  J#Y = i  =  («  -  y       + y  J*), 

by  supposition.    Put  then 

x  +  y,JN={p  +  qJNy,  ■ 
thus,  <*  =  \{(p  +  9jN)'+{p-9JNY\, 

1  \(p+iJxr-(r-iJXY}i 


2  J  li- 


it  is  obvious  that  if  n  be  any  positive  integer,  these  values  of 
x  and  y  will  be  positive  integers. 
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640.  Similarly,  if  one  solution  in  integers  of  the  equation 
x*  —  Ny*  =  - 1  be  known,  we  may  obtain  an  unlimited  number 
of  such  solutions.  For  suppose  x=p  and  y  =  q  to  be  such  a 
solution,  then 

Now  take  n  any  odd  integer;  then 

=  {x-yJN){x  +  yJN) 

by  supposition. . 

Then  we  proceed  as  in  Art.  639. 

641.  If  one  solution  in  integers  of  the  equation  x*  -  Ntf  =  a 
be  known,  we  may  obtain  an  unlimited  number  of  such  solutions. 
For  suppose  x=p  and  y  =  q  to  be  such  a  solution,  and  let  x  =  m 
and  y-n  be  a  solution  of  x* —Ntf =  lj  then  the  equation 
x*  —  Ntf  =  a  may  be  written 

x'-Nif^ip'- N<f)  (m>  -  Nn*) 

= p*ma  +  N*tfn*  -  N(fn*  +  ^ 

we  may  therefore  take 

x  =  jom  ±  Nqn,  y=pn±qm. 

EXAMPLES  OF  INDETERMINATE  EQUATIONS. 

1.  Solve  in  positive  integers  Zxy  -  4y  +  3x  =  14. 

2.    ay  +    =  2a;  +  3y  +  29. 

3.  Find  the  least  solution  of  x*  -  13y*  =  -  1. 

4.    rf-lOly^-l. 

5.  Shew  how  to  find  series  of  numbers  which  shall  be  at  the 
same  time  of  the  two  forms  nfl- 1  and  10m*,  and  find  the  value 
of  the  smallest. 
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6.  A  gentleman  being  asked  the  size  of  his  paddock  an- 
swered, "between  one  and  two  roods;  also  were  it  smaller  by 
3  square  yards,  it  would  be  a  square  number  of  square  yards,  and 
if  uiy  brother's  paddock,  which  is  a  square  number  of  square 
yards,  were  larger  by  one  square  yard,  it  would  be  exactly  half 
as  large  as  mine."    What  was  the  size  of  his  paddock  % 

7.  Find  a  whole  number  which  is  greater  than  three  times 
the  integral  part  of  its  square  root  by  unity;  shew  that  there  are 
two  solutions  of  the  problem  and  no  more. 

8.  Shew  that  the  number  of  solutions  in  positive  integers  of 
y*  +  ax*  =  b  is  limited  when  a  is  positive. 

9.  Find  all  the  solutions  in  positive  integers  of 

3^-2x1/+  7x*=27. 

10.  Find  all  the  solutions  in  positive  integers  of 

2x*  -  9xy  +  7y*  =  38. 

11.  Find  a  general  form  for  solutions  of  a? 
given  the  solution  x  =  24  and  y  =  5. 

12.  Find  a  general  form  for  solutions  of  Xs 
given  the  solution  x  =  3  and  y  =  1. 

XLYIII.   PARTIAL  FRACTIONS  AND  INDETERMI- 
NATE COEFFICIENTS. 

642.  An  algebraical  fraction  may  be  sometimes  decomposed 
into  the  sum  of  two  or  more  simpler  fractions;  for  example, 

2x- 3         1  1 
x>-3x  +  2  »-l+a-2* 

The  general  theory  of  the  decomposition  of  a  fraction  into 
simpler  fractions,  called  partial  fractions,  is  given  in  treatises  on 
the  Integral  Calculus.  (See  Integral  Calculus,  Chap,  n.)  We 
shall  here  only  consider  a  simple  case. 
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643.  Let  j- — T,*  ~^r~7~  v  be  a  fraction,  the  denominator 

of  which  is  composed  of  three  different  factors  of  the  first  degree 
with  respect  to  x,  and  the  numerator  is  of  a  degree  not  higher 
than  the  second  with  respect  to  x ;  this  fraction  can  be  decom- 
posed into  three  simple  fractions,  which  have  for  their  denomina- 
tors respectively  the  factors  of  the  denominator  of  the  proposed 
fraction,  and  for  their  numerators  certain  quantities  independent 
of  05.    To  prove  this,  assume 

ax*  +  bx  +  c  A        B  C 

(x-a)  (x- ft)  (o5-y)  ~x-a     x-fi     x-y  9 

where  A,  B,  C  are  at  present  undetermined;  we  have  then  to 
shew  that  such  constant  values  can  be  found  for  A,  B  and  (7,  as 
will  make  the  above  equation  an  identity,  that  is,  true  whatever 
may  be  the  value  of  x.  Multiply  by  (x  -  a)  (x  -  /?)  (x  -  y) ;  then 
all  that  we  require  is  that  the  following  shall  be  an  identity, 

ax*  +  bx  +  c  =  4(x-  £)(aj  -  y)  +  B  (x -  a)(x  -  y)  +  C(x  -a)(x 

this  will  be  secured  if  we  arrange  the  terms  on  the  right  hand 
according  to  powers  of  x>  and  equate  the  coefficient  of  each  power 
to  the  corresponding  coefficient  on  the  left  hand;  we  shall  thus 
obtain  three  simple  equations  for  determining  A,  B  and  0. 

644.  The  method  of  the  preceding  article  may  be  applied  to 
any  fraction,  the  denominator  of  which  is  the  product  of  different 
simple  factors,  and  the  numerator  of  lower  dimensions  than  the 
denominator. 

The  preceding  article  however  is  not  quite  satisfactory,  because 
we  do  not  shew  that  the  final  equations  which  we  obtain  are  in- 
dependent and  consistent.  But  as  we  shall  only  have  to  apply  the 
method  to  simple  examples,  where  the  results  may  be  easily 
verified,  we  shall  not  devote  any  more  space  to  the  subject,  but 
refer  the  student  to  the  Integral  Calculus. 

2^,  g 

645.  Suppose  we  have  to  develop  ^ — $x  +  2  *n  a  ser*es 
proceeding  according  to  ascending  powers  of  x;  there  are  various 

t.  a.  24 
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methods  which  may  be  adopted.  We  may  proceed  by  ordinary 
algebraical  division,  writing  the  divisor  in  the  order  2  —  3x  +  x* 
and  the  dividend  in  the  order  —  3+ia?.    Or  we  may  develop 

;p»-33?+2  ^  'WI^n&  *n  *ne  ^orm  («* - 3a?  +  2)"1,  and  finding 
the  coefficients  of  the  successive  powers  of  x  by  the  multinomial 
theorem;  we  must  then  multiply  the  result  by  2»-3.  It  is 
however  more  convenient  to  decompose  the  fraction  into  partial 
fractions  and  then  to  develop  each  of  these.  Thus, 

2oj-3         1  1 
-  + 


sa-3o;  +  2    x-l  x-2' 

1  1  ^  =  -(l-aj)-1=-{l+aj  +  a:*  +  a;»  +  .  ..  +  *"+...}, 


term 


x-'l~    2-*      2V  V 

1(.     x    x*    x*  x"  ) 

=  -2|1+2+2*+25+ +  ?  + /• 

Hence  the  required  series  for  ^  -       ^  has  for  its  general 
-(l  + jpi)* 


646.  Without  actually  developing  such  an  expression  as  the 
above,  we  may  shew  that  the  successive  coefficients  will  be  con- 
nected by  a  certain  relation;  before  we  can  shew  this  it  will 
be  necessary  to  establish  a  general  property  of  series. 


647.    If  the  series 

a0  +  axx  +  ajx?  +  agsc3  +  

is  always  equal  to  zero  whatever  may  be  the  value  of  x,  the 

coefficients  «0,  al9  afl,          must  each  separately  be  equal  to  zero. 

For  since  the  series  is  to  be  zero  whatever  may  be  the  value  of  x, 
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we  may  put  x  =  0;  thus  the  series  reduces  to  a0,  which  must 
therefore  itself  be  zero.    Hence  removing  this  term  we  have 

axx  +  ajxf  +  a9x*  +  

always  zero;  divide  by  x,  then 

ax  +  u  %x  +  a3x*  +  

is  always  zero.  Hence,  as  before,  we  infer  that  ax  =  0.  Proceed- 
ing in  this  way,  the  theorem  is  established. 

If  the  series       a0  +  axx  +  a2x*  +  aj£  +  

and  A0  + Axx  + Aft?  +  Ajf  +  

are  always  equal  whatever  may  be  the  value  of  x,  then  by 
bringing  the  terms  all  to  one  side,  we  infer  that 

ao-Jo  =  0,      ^-^  =  0,      a,-A9  =  0,  ; 

that  is,  the  coefficients  of  like  powers  of  x  in  the  two  series 
are  equal 

The  theorem  here  given  is  sometimes  quoted  as  the  Principle 
of  Indeterminate  Coefficients;  we  assumed  its  truth  in  Art.  542. 
With  respect  to  the  difficulties  of  the  demonstration  of  the 
Principle,  the  advanced  student  may  consult  the  chapter  on  this 
subject  in  De  Morgan's  Algebra. 

648.    Suppose  that  the  series 

u0  +  uxx  +  uf?  +  uax*  +  


represents  the  development  of  ^ — a+  — — , ;  then, 

I  ~~  px  —~  (£X 

a  +  bx  =  (1  -px-qx*)  (u0  +  uxx  4-  uax*  +  uzx*  +  ). 

If  n  be  greater  than  1,  the  coefficient  of  xn  on  the  right-hand 
side  is  un-pun_x  -qun_a ;  hence  since  there  is  no  power  of  x 
higher  than  the  first  on  the  left-hand  side,  we  must  have  by 
Art  647,  for  every  value  of  n  greater  than  1, 

24—2 
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And  by  comparing  the  first  and  second  terms  on  each  side, 
we  have 

uQ  =  a,       ux-puQ  =  b; 

the  last  two  equations  determine  u0  and  ul9  and  then  the  previous 

equation  will  determine  u#  u#  u„          by  making  successively 

n  =  2,  3,  4,  


EXAMPLES  OF  PARTIAL  FRACTIONS  AND  INDETERMINATE 
COEFFICIENTS. 

Expand  each  of  the  following  in  ascending  powers  of  x,  and 
give  the  general  term: 

.        1  0      5-lOa:  n  3x-2 


3-2x'  2-S-3;?'  (x  - 1)  (x  -  2)  (a;  -  3)  * 

i.  a?  1  fi      5  +  6a; 

'    {l-x)(l-px)m  1-2X  +  X9'        '  (l-3i)*' 

Expand  each  of  the  following  in  ascending  powers  of  a;  as  far 
as  five  terms,  and  write  down  the  relation  which  connects  the 
coefficients  of  consecutive  terms  : 

1  „  1  l-x* 


8'  1-sW  9'  l-fe+ae1'  10'  2-2aj-^' 
11.     .    1      ,       12.  1 


a'  +  ax  +  x*'  '  i—px+paf—x*' 

13.  Sum  the  following  series  to  n  terms  by  separating  each 
term  into  partial  fractions : 

a*x 


(1  +  x)  (1  +  ax)  +  (1  +  ax)  (1  +  a'x)  +  (1  +  a'x)  (1  +  a*x)  + 
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14.  Sum  in  a  similar  manner  the  following  series  to  n  terms : 

x  (1  —  ax)  ax  (1  —  a*x) 

(l+x){l+ax)(l  +  a*x)  +  (l  +  oai)(l  +  fl8a;)(ra)  + 

15.  Determine  a,  6,  c,  rf,  e,  so  that  the       term  in  the 

.  a  +  bx  +  ca?8  +  dx*  +  «c4         ,  4 
expansion  of   ^ — ^  may  be  n*ar  \ 


XLIX.   BECTJBBING  SEBIES. 

649.  A  series  is  called  a  recurring  series,  when  from  and 
after  some  fixed  term  each  term  is  equal  to  the  sum  of  a  fixed 
number  of  the  preceding  terms  multiplied  respectively  by  certain 
constants.  By  constants  here  we  mean  quantities  which  remain 
unchanged  whatever  term  of  the  series  we  consider. 

650.  A  geometrical  progression  is  a  simple  example  of  a 
recurring  series;  for  in  the  series  a  4-  ar  +  or*  +  or8  +  ....,.  each 
term  after  the  first  is  r  times  the  preceding  term.  If  w^,  and  un 
denote  respectively  the  (n—  1)*  term  and  the  term,  then 
un  —  run_1  -  0 ;  the  sum  of  the  coefficients  of  uu  and  un_x  with 
their  proper  signs,  that  is  1  —  r,  is  called  the  scale  of  relation. 

Again,  in  the  series  2  +  4x  +  liaf  +  46a?8  +  I52x*  +   the 

law  connecting  consecutive  terms  is  un  —  3an*M_1  —  x*uu_a  —  0 ;  this 
law  holds  for  values  of  n  greater  than  1,  so  that  every  term  after 
the  second  can  be  obtained  from  the  two  terms  immediately  pre- 
ceding.   The  scale  of  relation  is  1  —  3a;  —  x9. 

651.  To  find  the  sum  of  n  terms  of  a  recurring  series. 

Let  the  series  be  u0  +  uxx  +  u9x*  +  uzx*  +  ,  and  let  the  scale 

of  relation  be  1  —px  —  qx*,  so  that  for  every  value  of  n  greater 
than  unity  un—  pu^  —  qun^a  =  0.  Denote  the  first  n  terms  of 
the  series  by  St  then, 

8=u0  +  uxx  +  uft  +  uff  +  +un_lx*"\ 
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pxS  =  u0px  +  ujm?  +  uapx*  +  +**n_apx*~} +un_lpx*, 

qx*S  =  ujp?  +  uxqp?  +  +wj,_aSr^~,+ww_8^ajB+wii_15a;"+1 ; 

hence, 

for  all  the  other  terms  on  the  right-hand  side  disappear  by  virtue 
of  the  relation  which  holds  between  any  three  consecutive  terms 
of  the  given  series;  therefore, 

1—px  —  qx* 
If  as  »  increases  without  limit  the  term 

diminishes  without  limit,  we  may  say  that  the  sum  of  an  infinite 
number  of  terms  of  the  recurring  series  is 

1  —px  -  qx* 

It  is  obvious,  that  if  this  expression  be  developed  in  a  series 
according  to  powers  of  x,  we  shall  recover  the  given  recurring 
series.    (See  Art.  648.) 

652.  If  the  recurring  series  be  uQ  +  ux  +  w2  +  uz  +  ,  and 

the  scale  of  relation  1  -jp  -  q,  we  have  only  to  make  x  =  1  in  the 
results  of  the  preceding  article,  in  order  to  find  the  sum  of  n 
terms,  or  of  an  infinite  number  of  terms. 

653.  The  expression  may  sometimes  be  de- 
composed into  partial  fractions,  each  having  for  its  denominator  an 
expression  containing  only  the  first  power  of  x,  (see  Art.  643)* 
When  this  can  be  done,  since  each  partial  fraction  can  be  de- 
veloped into  a  geometrical  progression,  we  can  obtain  an  expres- 
sion for  the  general  term  of  the  recurring  series.  We  have  thus 
also  another  method  of  obtaining  the  sum  of  n  terms,  since  the 
sum  of  n  terms  of  each  of  the  geometrical  progressions  is  known. 
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EXAMPLES  OF  RECURRING  SERIES. 

Find  the  expressions  from  which  the  following « series  are 
derivable;  resolve  the  expressions  into  partial  fractions,  and 
give  the  general  term  of  each  series. 

1.  4  +  9x  +  2lx*  +  51a8  +  

2.  I  +  lLc  +  89*a  +  659a;8  +  

3.  1  +  3® +11^  +  430"  +  

4.  Find  how  small  x  must  be  in  order  that  the  series  in  3 
may  be  convergent. 

5.  Find  the  general  term  of  the  series 

3  +  11  +  32  +  84+  

6.  Sum  the  following  series  to  n  terms 

1+5  +  17  +  53+161  +  485+  

7.  Find  the  general  term  of  the  series  10  +  14+10  +  6+  

and  the  sum  to  infinity. 

8.  Find  the  expression  from  which  the  following  series  is 
derivable,  and  obtain  the  general  term 

2-a  +  2a"-5air+lOa4-I70a  +  

L.    SUMMATION  OF  SERIES. 

654.  Series  of  particular  kinds  have  been  summed  in  the 
chapters  on  arithmetical  progression,  geometrical  progression,  and 
recurring  series;  we  shall  here  give  some  miscellaneous  examples 
which  do  not  fall  under  the  preceding  chapters. 

655.  To  find  the  sum  of  the  series 

la  +  2J+3*+  +  n". 
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We  have  already  found  this  sum  in  Art.  482  ;  the  following 
method  is  however  usually  given.  Assume 

lB+2s  +  3,,+  +  na  =  A  +£n  +  Cn'  +  I)n*  +  En4+  , 

where  A,  h,  C,  D,  E,  are  constants  at  present  undetermined. 

Change  n  into  n  +  1 ;  thus, 

r  +  2a  +  38+  +  n*  +  (n+iy  =  A  +  B(n+l) 

+  C(n  +  iy  +  D(n+l)*  +  i:(n+iy  +  

By  subtraction, 
n*  +  2n  +  1  =  B  +  C  (2w  +  1 )  +  D  (3n*  +  3n  +  1) 

+  E(ln*  +  6w2  +  4n+l)  +  

Equate  the  coefficients  of  the  respective  powers  of  n ;  thus 
12=0,  and  so  any  other  term  after  E  would  =0; 

32>=1;  32>  +  2tf  =  2;  2>  +  tf  +  £=l; 
hence,                D  =  \>     C  =  \>  £=z^' 
Thus,  l"  +  2a  +  39  +  +n*  =  A+%  +  %+  J. 

O       Z  o 

To  determine  A  we  observe  that  since  this  equation  is  to  hold 
for  all  positive  integral  values  of  n  we  may  put  n  =  1  \  thus 
^4  =  0.    Hence  the  required  sum  is 

in(»+l)(2n+l). 

The  same  method  may  be  applied  to  find  the  sum  of  the  cubes 
of  the  first  n  natural  numbers,  or  the  sum  of  their  fourth  powers, 
and  so  on. 

656.    Suppose  the     term  of  a  series  to  be 

{an  + b}  {a  (n  +  1)  +  b}  {a  (n  +  2)  +  b}  {a  (n  +  m  -  1)  +  b}, 

where  m  is  a  fixed  positive  integer,  and  a  and  b  known  constants; 
then  the  sum  of  n  terms  of  this  series  will  be 
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{an  +  b}  {a(n+  l)  +  b}  {a(n  +  m-  l)  +  b}  {a(n  +  m)  +  b}  p 

(w+l)a  +  C' 

where  G  is  some  constant. 

Let  un  denote  the  term  of  the  proposed  series,  SH  the  sum 
of  n  terms;  then  we  have  to  prove  that 


8*  =  l  tt —  u  +1  +  C. 


Assume  that  the  formula  is  true  for  an  assigned  value  of  n; 
add  the  (n  +  1)**  term  of  the  series  to  both  sides ;  then 

a  an  +  b  „ 

"+l    (m+l)a  "+1      -+1  3 

that  is,  SH+l  =  — ^  ^ —  u+1  +  G 

■+i        (m+l)a  "+1 

q(n+l)  +  6 

thus  the  same  formula  will  hold  for  the  sum  of  n  +  \  terms, 
which  was  assumed  to  hold  for  the  sum  of  n  terms.  Hence  if  the 
formula  be  true  for  any  number  of  terms  it  is  true  for  the  next 
greater  number;  and  so  on.  But  the  formula  will  be  true  when 
n  =  1  if  we  take  G  such  that 

a       a  +  b  ~ 
thus  0  is  determined  and  the  truth  of  the  theorem  established. 


657,    Suppose  the       term  of  a  series  to  be  i,  where  un  is 

the  same  as  in  the  preceding  article;  then  the  sum  of  n  terms  of 

this  series  will  be  -        +  & —  +  q 
(m-l)aun 
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•Assume;  as  before, 

s.=-(  m*h  +c,  . 

"      (to  -  1)  aun 
add  — ^—  to  both  sides,  then 

1      a(m  +  n)  +  b  +  ^ 
(m-l)at»a„ 

Hence,  as  before,  the  truth  of  the  theorem  is  established,  pro- 
vided C  be  such  that 

1  a  +  b 


ux       (m  -  1)  aux 


658.  A  series  may  occur  which  is  not  directly  included  in 
the  general  form  of  the  preceding  article,  but  may  be  decomposed 
into  two  or  more  -which  are.  For  example,  required  the  sum  of 
n  terms  of  the  series 

3  4  5 


1.2.4.5    2.3.5.6  3.4.6.7 

Here  the  ?i*  term 

 n  +  2   (n  +  2)'  

~  n  (n  +  1)  {n  +  3)  (n  +  4)  ~  n  (n  +  1)  (n  +  2)  (n  +  3)  {n  +  4)  * 

Now  (n+  2)"  =  n(n  +  1)  +  3n  +  4;  thus  the  n*  term 

_         n  (n  +  1)  +  Sn  +  4  1  

~"n(w  +  l)(n  +  2)(?*  +  3)(ii  +  4)  ~~  (w  + 2)  (rc  +  3)(n  + 4) 

 3    4  

+     +  1)(»  +  2)  (w  +  3)  (rc  +  4)  +  n(n  + 1)  (w  +  2)(n+  3)(n  +  4)  * 

If  each  term  of  the  proposed  series  be  decomposed  in  this 
manner  we  obtain  three  series,  each  of  whioh  may  be  summed 
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by  the  method  of  the  preceding  article ;  thus  the  proposed  series 
can  be  summed.    In  the  present  case  the  required  sum  is 

r  1  3 

2(n  +  3)(n  +  4)    3(w  +  2)(»  +  3)(»  +  4) 

 4  

4(n+l)(n  +  2)  (rc  +  3)  (n  +  4)  ' 

659.  Polygonal  Numbers.  The  expression  n  +  $n(n-l)b  is 
the  sum  of  an  arithmetical  progression,  of  which  the  first  term  is 
unity  and  the  common  difference  b.  If  we  make  6  =  0,  1,  2,  3,  ... 
we  obtain  expressions  which  are  called  the  general  terms  of  the 

1st,  2nd,  3rd,  4th,          order  of  polygonal  numbers  respectively. 

Thus  we  have 

1st  order,  n*  term  n;  series  1,  2,  3,  4,  5,  

2nd  order,  w*  term  £n  (n  +  1);  series  1,  3,  6,  10,  

3rd  order,        term  n';  series  1,  4,  9,  16,   

4th  order,  w*  term  $n  {in  -  1) ;  series  1,  5,  12,  22,  

-    The  numbers  in  the  1st,  2nd,  3rd,  4th,           series  have  been 

called  respectively  linear,  triangvlar,  square,  pentagonal,  <fcc. 

660.  The      term  of  the  r*  order  of  polygonal  numbers  is 

n  +  %n(n-l)(r-l); 

the  sum  of  n  terms  of  this  series  is,  (Art,  656), 

n  (n  +  1)    r-  1  (n-1)  n(n  +  l) 
~~~2      +    2   *  3 

or  in(n+l){(r-l)(w-l)  +  3}- 

Hence  for  triangular  numbers 

Sn  =  ln(n+l)(n  +  2), 

for  square  numbers 

Su=  fcw(n+l)(2n+l)> 
dec. 
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661.  To  find  the  number  of  cannonrbaUs  in  a  pyramidal  heap, 

(1)  Suppose  the  base  of  the  pyramid  an  equilateral  triangle, 
let  there  be  n  balls  in  a  side  of  the  base;  then  the  number 
of  balls  in  the  lowest  layer  is 

71  +  (n-  1)  +  (n-2)  +  +  1, 

that  is,  the  triangular  number  in(n+l);  the  number  in  the 
next  layer  will  be  found  by  changing  n  into  n  —  1 ;  and  so  on. 
Hence,  by  Art.  660,  the  number  of  all  the  balls  is 

\n(n+\)(n  +  2). 

(2)  Suppose  the  base  of  the  pyramid  a  square ;  let  there  be 
n  balls  in  a  side  of  the  base;  then  the  number  of  balls  in  the 
lowest  layer  is  n*,  in  the  next  layer  (n  —  l)2,  and  so  on.  The 
sum  is 

ln(n+  l)(2n  +  1). 

Similarly  we  may  proceed  for  any  other  form  of  pyramid. 

We  may  see  from  this  proposition  a  reason  for  the  terms 
triangular  number,  square  number,  <fcc. 

662.  If  the  pile  of  cannon-balls  be  incomplete,  we  must  first 
find  the  number  in  the  pile  supposed  complete,  then  the  number  in 
the  lesser  pile  which  is '  deficient,  and  the  difference  will  be  the 
number  in  the  incomplete  pile. 

663.  A  question  analogous  to  that  in  Art.  661  arises  when 
we  have  to  sum  the  balls  in  a  pile  when  the  base  is  rectangular 
but  not  square.  In  this  case  the  pile  will  terminate  in  a  single 
row  at  the  top;  suppose  p  the  number  of  balls  in  this  row;  then 
the  layer  reckoned  from  the  top  has  p  +  n  -  1  balls  in  its 
length  and  n  in  its  breadth,  and  therefore  contains  n  (p  +  n  —  1) 
balls.    Hence  the  number  of  balls  in  n  layers  is 


or  £w(?*+l)(3p  +  2n-2). 


Digitized  by  Google 


SUMMATION  OF  SERIES.  381 

If  ri  be  the  number  in  the  length  of  the  lowest  row  ri  =p  +  n  -  1, 
and  the  sum  may  be  written 

as  n  is  the  number  in  the  breadth  of  the  lowest  row,  the  sum  is 
thus  expressed  in  terms  of  the  numbers  in  the  length  and  breadth 
of  the  base. 

664.  Figwrcrie  wurribers.  The  following  series  form  what  are 
called  the  different  orders  of  figwrate  numbers, 

1st  order,  1,  1,  1,  1,  1, 
2nd  order,  1,  2,  3,  4,  5, 
3rd  order,    1,  3,  6,  10,  15, 

the  general  law  is,  that  the  n*  term  of  any  order  is  the  sum  of 
n  terms  of  the  preceding  order.    Thus  the  n*  term  of  the  second 

order  is  ns  of  the  third  order  is  n(™+  ^)  ^  0f      fourth  order  is 

1  .  A 

n(n  +  l)  (n  +  2)  t         656\  ^  the  „»  term  of  the  ^  order  & 
1  .  Z .  o 

n(n+  1)  ...  (n  +  r-  2) 

-        jrTT  ' 

665.  We  have  already  remarked  that  the  Binomial  Theorem 
may  be  sometimes  applied  to  find  the  sum  of  a  series,  Art.  527 ; 
we  give  another  example.    Find  the  sum  of  the  series 

where    Qr  =  r(r  +  l)(r  +  2)  (r  +  g-1), 

and       JPr  =  (n-r)  (n^r  +  1)  (n-r  +  2)  ......  (»-r+p-  1). 

We  can  see  that 

#r=  [gx  the  coefficient  of  a'"1  in  the  series  for  (1  -a)"^, 
and  P  =  \p  x  the  coefficient  of  «""r"1  in  the  series  for  (1  -«)"{F+I>. 
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Hence  we  have  ao  far  aa  terms  not  higher  than  «*"', 

(1  -  x)-«+'»  =  1     +  Qp  +  ^  +       +  }, 

(1  -x)-^'=  1  {J>„_,  +         +  P._^  +          +  }. 

Therefore  the  series  which  we  have  to  sum  is  equal  to  the 
product  of  \p  into  the  coefficient  of  in  the  expansion  of 
the  product'  of  (1  -  x)'^  and  (1  -x)-*+l);  that  is,  the  series  is 
equal  to  the  product  of  |£  [£  into  the  coefficient  of  x*~%  in  the 
expansion  of  (1  -  x)"^+i+aK    Hence  the  series  is  equal  to 

|ff+g+l        [»-  2 

EXAMPLES  OF  THE  SUMMATION  OF  SERIES. 


1.  Shew  that  the  sum  of.  the  first  n  terms  of  the  series  of 

which  the  w*  term  is  n  (n  +  1)  (n  +  2)  (n  +  to  - 1)  is  obtained 

by  adding  one  more  factor  at  the  end  of  this  expression,  and 
dividing  by  the  number  of  terms  so  increased 

2.  Give  the  rule  for  summing  the  series  of  which  the 
term  is  the  reciprocal  of  n  (n+  l)(n+  2)  (n  +  m  -  1). 

Sum  the  following  series  to  n  terms,  and  also  to  infinity. 


_      1        1        1  1 
3'    rr2+273  +  5T4+476  +  * 


4. 


1.3.5    2.4.6    3.5.7  4.6.8 
1111 


1.4+2.5+3.6+4.7  + 


-       1     .      1  _  j      1  _1   ^ 

2.4,6  +  4.6.ti i  +  6.  6. 10  ^  8. 10. 12  +  # 
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4  7  10  13 


2.3.4    3.4.5    4.5.6  5.6.7 

8.  Sum  to  n  terms  1  +  3  +  6+10  +  

9.  If  n  be  even,  shew  that 

n  +  2(w-l)+3(n-2)  +  +  2V2  +  V  12   ' 

10.  Sum  to  n  terms  a*  +  (a  +  l)*  +  (a  +  2)'  +  

11.  Sum  to  n  terms  Is  +  2'a;  +  3V  +  4V  +  

12.  If  the  terms  of  the  expansion  of  (a+  b)u  be  multiplied 

n    n  —  1    ti  —  2 
respectively  by  - ,  — p— ,     ^   , w  being  a  positive  integer, 

find  the  sum  of  the  resulting  series. 

X 

13.  Expand  jz  ^         in  a  series  of  ascending  powers  of  x, 

and  shew  that  the  coefficient  of  xr  is 

14.  Find  the  coefficient  of  £cmy"  in  the  expansion  of 

05  (1  —  oa?) 
(l-*)(l-aa;-ty)- 

15.  Shew  that 

2w    2n(2w  +  2)    2n(2n.+  2)(2rc  +  4) 
T+     3.6      +         3.6.9  + 

~J  \1  +  3+    3.6    +  3X9  + y 

16.  If  pr  denote  the  coefficient  of  xr  in  the  expansion  of 
(1  +  x)n  where  n  is  a  positive  integer,  shew  that 

—  +  1  h. .....  +   —      -i     o  ' 

P9        Pi         P,  Pu-l  1-2 
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(p. +ri>  (*>.-,  +/0  -aa^fe±ir . 

/   1  V 

17.  Prove  by  developing  the  identify  — -  -  1  j  =  ^ — ^ 
that 

n(n+  1)  (n+p-l)    »  (n-  1)  (n+p-2) 

~~        \P     ^         ~  1  '  |£ 

w(w-l)  (n-2)  (w+y-3) 


+    1.2  ' 

is  zero  when  n  and    are  positive  integers  and  n>p. 

18.  If  shot  be  piled  on  a  triangular  base,  each  side  of  which 
exhibits  9  shots,  find  the  whole  number  contained  in  the  pile. 

19.  What  number  of  shot  is  contained  in  5  courses  of  an 
unfinished  triangular  pile,  the  number  in  one  side  of  the  base 
being  15? 

20.  The  number  of  balls  contained  in  a  truncated  pile  of 
which  the  top  and  bottom  are  rectangular,  is 

g  {2p*  +  3  (m  +  n  -  \)p  +  6mn  -  3m  -  3n  +  1 } 

where  m  and  n  .represent  the  number  of  balls  in  the  two  sides  of 
the  top,  and  p  the  number  of  balls  in  each  of  the  slanting  edges. 

21.  A  hollow  square  and  a  hollow  equilateral  wedge,  each 
r  deep,  have  the  same  number  n  of  men  in  each  of  their  fronts; 
also  the  number  of  men  in  the  innermost  ranks  of  the  square  is 
equal  to  p  times  the  corresponding  number  in  the  wedge;  shew- 
that 

r  (9p  -  8)  =  n  (Sp  -  4)  +  6>  -  4. 
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22.  Prove  that 

(l+arc)(l  +  xtv)(l+x*v)  (l  +  afv) 

1  -  fiC  (1  -  05)  (1  -  or) 

d-^)(i-Q(i-ar')  • 
(i-*)(i -**)(!-*»)  + 

23.  The  coefficient  of  a?  in  the  expansion  of 

(1  +  *)(1  +  cx)  (1  +  fx)  (1  +  c"*)  

the  nnmbei-  of  factors  being  infinite  and  c  lees  than  unity,  is 


(1-«)(1 -«•)(! -O  (1-C)' 

24.(  If  Ar  be  the  coefficient  of  of  in  the  expansion  of 

(1  +  +  +  |)'         ad  infinitum, 

2* 

prove  that  -4r  =  2f— j        +  ^r_i), 


and  shew  that  ^  _1Q7J 


315  * 

25.    If  w  be  any  multiple  of  3,  prove  that 

i  -(»- 1) + fez^zs  _   =(_  ir. 


LL  INEQUALITIES. 

666.  It  is  often  useful  to  know  which  is  the  greater  of  two 
given  expressions;  propositions  relating  to  such  questions  are 
usually  collected  under  the  head  Inequalities. 

667.  We  say  that  a  is  greater  than  6  when  a-b  is  a  positive 
quantity.   This  is  consistent  with  the  common  meaning  of  the 

t.  a.  25 
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word  greater  when  a  and  b  are  positive  quantities,  and  it  is  found 
convenient  to  extend  the  meaning  of  the  word  greater,  so  that  this 
definition  may  also  hold  when  a  or  b  is  negative,  or  when  both 
are  negative. 

668..  An  inequality  will  still  hold  after  the  same  quantity  lias 
been  added  to  each  member  or  taken  from  each  member. 

For  suppose  a>  b,  therefore  a  — bis  positive,  therefore 

a±c-(b±c) 

is  positive,  therefore 

Hence  we  may  infer  that  a  term  may  be  removed  from  one 
member  of  an  %  inequality  and  affixed  to  the  other  with  its  sign 
changed. 

669.  If  the  signs  of  all  tlie  terms  of  an  inequality  be  changed 
the  sign  of  inequality  must  be  reversed. 

For  to  change  all  the  signs  is  equivalent  to  removing  each  term 
of  the  first  member  to  the  other,  and  each  term  of  the  second 
member  to  the  first. 

670.  An  inequality  will  still  hold  after  each  member  has  been 
multiplied  or  divided  by  the  same  positive  quantity. ' 

For  suppose  a  >  5,  therefore  a  —  b  is  positive,  therefore  if  m  be 
positive,  m(a-b)  is  positive,  therefore  ma>mb;  and  similarly 

—  (a  —  b)  is  positive,  and  —  >  — , 
rnK  mm 

In  like  manner  we  can  shew  that  if  each  member  of  an  ine- 
quality be  multiplied  or  divided  by  the  same  negative  quantity,  the 
sign  of  inequality  must  be  reversed. 

671.  If  a  >  b,  a  >  b\  a"  >  b'\  then 

«  +    +   >6  +  6'  +  6"  +  
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For  by  supposition,  a  -o,  a'  —  b\  a"  —  b",  are  all  positive; 

therefore  a  —  b  +  a  -  V  +  a"  -  o"  +  is  positive ;  therefore 

a  +  a  +a"+  >5  +  6'+o"  +  

672.  If  a  >  b9  a  >  o',  a"  >  o",  and  all  the  quantities  are 

positive,  then  aaV  >  bb'b"  

For  j  >1,    ^>  >  1,       >  1,  

therefore  >  1,  therefore  aa'a"...  >oo'6"  

ooo  ... 

673.  If  a  >  b  and  a  and  b  are  positive,  then  a"  >  6",  where  « 
is  any  positive  quantity. 

This  follows  from  the  preceding  article  if  n  be  an  integer.  If  n 

be  fractional  suppose  it  =  -  ;  let  a?  =  a!  and  b*  =  6' ;  then  a'  is  >  6', 

I  1 

and  we  have  to  prove  that  a'  *  >  6' 9 ;  this  we  can  prove  indirectly ; 

I      JL  JL  i. 

for  if  a  '  =  o'%  then  a'  =  o',  and  if  a  »  <  b'\  then  a'  <  V ;  both  of 

J.  _i_ 

these  results  are  false;  hence  we  must  have  a! q  >  V q. 

If  n  be  a  negative  quantity  let  n=  -  m9  so  that  m  is  positive ; 

then  -4.  <  tL  :  that  is,  a*  <  6". 
a  b 


674,  Let  ^ ,  ^ ,  ~ , ...  r8  be  fractions  of  which  the  denomi- 
o,    oa    68  bn 

nators  are  all  of  the  same  sign,  then  the  fraction 

ax  +  a%  +  a8  +  +  an 

.     o,  +  os+oa+  +  o„ 

lies  in  magnitude  between  the  least  and  greatest  of  the  fractions 

?l     ?!     i  i 

25—2 
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For  suppose  j*,  ^r,  ^  to  be  in  ascending  order  of 

magnitude,  and  suppose  that  all  the  denominators  are  positive; 
then 

^=t1,  therefore  a=b,  x  ^ ; 
bx    bx  bx 

a„    a.   . ,     «  ,  a. 


rs>  y1,  therefore  a.  >  5_  x  -j-1  ; 

>  ,  therefore  a.  >  6.  x  ?i : 
ft,    V  3     3  V 


and  so  on ; 

therefore,  by  addition. 


a1  +  aa  +  a8+  +  a.>(61  +  &,  +  6a  +  +  h»)jf'> 

therefore, 

at  +  aa  +  a8  +  +  an  ax 

&1  +  &.  +  &3+  +  V 

Similarly  we  may  prove  that 

ai  +  a2  +  a3  +  +  a«  a« 

 +  6,  <  bu  9  • 

In  like  manner  the  theorem  may  be  established  when  all  the 
denominators  are  supposed  negative. 

If  r4  =     =  t2=       then  each  of  these  fractions  is  equal  to 
bx     h*  K 

the  fraction  whose  numerator  is  the  sum  of  the  numerators  and 
denominator  the  sum  of  the  denominators. 

675.  Since  (x  -  yf  or  a?  -  2xy  +  y*  is  a  positive  quantity  or 
zero,  according  as  x  and  y  are  unequal  or  equal,  we  have 

i(a?8  +  y8)>ajy, 

the  inequality  becoming  an  equality  when  x  —  y.  Hence 

*(<»+&W(«*)j 
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that  is,  the  arithmetic  mean  of  two  quantities  is  greater  than  the 
geometric  mean,  the  inequality  becoming  an  equality  when  the  two 
quantities  are  equal 

676.    Let  there  be  n  positive  quantities  a,  b,  c, ...  k;  then 

unless  the  n  quantities  are  all  equal,  and  then  the  inequality 
becomes  an  equality. 

therefore  abed  <  ^— ip  •  » 

and  a  +  b  c  +  d  r  a(a  +  b)  +  l(c  +  d))'. 

2       2^  2  J 

therefore  abed  <^a  +  ^^c  +  ^  # 

By  proceeding  in  this  way  we  can  shew  that  if  p  be  any  posi- 
tive integral  power  of  2, 

abed...  (p  factors)  <  ^*  +  ^  +  c*d+  ...  ^> 

■vr     lx  ,  ,  ,  a  +  b  +  c  +  d+  ...  (n  terms)    .  . 

Now  let/>  =  n  +  r,  and  let  *  ~  =  t,  and 

n 

suppose  each  of  the  remaining  r  quantities  out  of  the  p  quantities 
to  be  equal  to  t;  we  have  then 

abed  ...  (n  factors)  xf<  (!?l±^A"+r .  tJiat  u  < 
\  w  +  r  / 

therefore  ok**...(w  factors)  <      that  is,  <  (a  +  h  +  e  +  d  + 

Thus  the  theorem  is  proved  whatever  be  the  number  of  quan- 
tities a,  by  c,  d,...  The  inequality  becomes  an  equality  when  all 
the  n  quantities  are  equal 
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We  may  also  write  the  theorem  thus, 

 >  (abed...)*; 

by  extending  the  signification  of  the  terms  arithmetical  mean  and 
geometrical  mean,  we  may  enunciate  the  theorem  thus;  the  arith- 
metical mean  of  any  number  of  positive  quantities  is  greater  than 
the  geometrical  mean. 

677.  The  following  proof  of  the  theorem  given  in  the  pre- 
ceding article  will  be  found  an  instructive  exercise. 

Let  P  denote  (abed  k)n,  and  Q  denote  a+0+c+(^r  +k  ^ 

Suppose  a  and  b  respectively  the  greatest  and  least  of  the  n 
quantities  a,  b,  c,  d,  k ;    let  ax  =  bx  =  £  (a  +  b),  and  let 

Pi  =  (alblcd  k)*;  then  since  axbx>ab  we  have  PX->P.  Next 

if  the  factors  in  Px  be  not  all  equal  remove  the  greatest  and  least 
of  them,  and  put  in  their  places  two  new  factors,  each  equal  to 
half  the  sum  of  those. removed;  let  P%  denote  the  new  geometrical 
mean;  then  P%>PX.    If  we  proceed  in  this  way,  we  obtain  a 

series  P,  Px,  Pa,  P#  P^  each  term  of  which  is  greater  than 

the  preceding  term ;  and  by  taking  r  large  enough,  we  may  have 
the  factors  which  occur  in  Pr  as  nearly  equal  as  we  please ;  thus 
when  r  is  large  enough,  we  may  consider  Pr  =  Q;  therefore  P  is 
less  than  Q. 


678.    We  will  now  compare  the  quantities 

am+bm  .  fa  +  b\m 
__  and  . 

We  suppose  a  and  b  positive,  and  a  not  less  than  6. 

°  +b  =  VJ-+-r)  +\~2 — 2~) 

a(fa  +  b\m  trt(m-l)/a+b\m- fa-b\* 
ro  (m  - 1)  (m  -  2)  (m  -  3)  fa  +  b\m~*  fa  -  b\*  \ 

+        [i        vj-J  \rr)  +  -y 
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Since  a    ^  is  less  than  the  series  is  convergent  (Art. 

564),  so  that  we  have  a  result  which  is  arithmetically  intelligible 
and  true.  Hence  if  m  be  negative  or  any  positive  integer,  it  follows 

that  a         >     *      .     If  to  be  positive  and  less  than  unity 

a  *  ^  <  ^  2  ~)  •        remains  to  consider  the  case  in  which  m 

is  positive  and  greater  than  unity,  but  not  an  integer.  Suppose 

p  11 
m      ,  where  p  is  >  q,  and  let  a  =  a9,  ft  =  b 9 ,  A  =  ap,  B  -  /3P. 

Then, 

£.      £  * 
__ls>0r<^, 

according  as  — is  >  or  <  f — ~~  J  ; 

that  is,  according  as  ( — -J  is  >  or  <  — g —  ; 

, «  ,  .                   (A  +  £\  '  .           4*  +  £p 
that  is,  according  as  ( — ^ — J   is  >  or  <  ^  • 

We  know  by  what  has  already  been  proved,  that  the  expres- 
sion on  the  left  hand  is  the  greater,  since  ~  is  positive  and  less 

than  unity;  hence  a  is  >  (^~^~)  when  m  is  positive  and 
greater  than  unity. 

679.    Let  there  be  n  positive  quantities  a,  5,  c,....  k;  then, 

am  +  bm  +  cm  +  +km    /a  +  b  +  c+  +  k\m 

n  \  n  J 

when  m  is  negative,  or  positive  and  greater  than  unity ;  but  the 
reverse  holds  when  m  is  positive  and  less  than  unity.  The 
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inequality  becomes  an  equality  when  all  the  n  quantities  are 
equal 

This  may  be  proved  by  a  method  similar  to  that  used  in 
Art.  676.  We  will  suppose  m  negative,  or  positive  and  greater 
than  unity.  Then, 

a-  +  5->2(^);    c-  +  ^2(^)m; 
therefore,    a»+  5"  +  <T  +  d~  >  *{(^)  +  f^)"} 

-  am  +  bm  +  <T  +  dm  /a  +  b  +  c  +  d\m 
therefore,  >  (  \  . 

By  proceeding  in  this  way  we  can  establish  the  theorem  in 
the  case  where  the  number  of  quantities  is  p,  if  p  be  any  positive 
integral  power  of  2.  Now  let  p  =  n  +  r>  and  let  the  last  r  of  the 
p  quantities  be  all  equal,  and  each  equal  to  t,  say,  where 

^_a  +  5  +  c+  (n  terms) 

tWo«,      a''  +  5''+c"+ >/a+b+c+  \- 

n  +  r  \       n  +  r  / 

therefore,     am+bm  +  <T+  +  riT >  (n  +  r)  (^^j  \ 

that  is,  >(w+r)r; 

therefore,  am+bm+dn  +  > nF; . 

which  was  to  be  proved. 

680.  The  theorem  of  the  preceding  article  may  also  be  esta- 
blished by  a  method  similar  to  that  used  in  Art.  677. 

6S1.  The  following  problems  are  analogous  to  the  subject 
considered  in  the  present  chapter. 
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Divide  a  given,  number  2a  into  two  parts,  such  that  their 
product  shall  have  the  greatest  possible  value.  Let  x  denote  one 
part  and  2a  —  x  the  other  part,  and  let  y  denote  the  product; 
then  we  have  to  determine  x  so  that  y  may  have  the  greatest 
possible  value.  Since  y  —  x  (2a  —  x)  we  have  x* -  2ax  +  y  =  0; 
therefore,  x  —  a*±  J(a*  —  y).  Thus  since  x  must  be  real  y  cannot 
be  greater  than  a*,  and  then  x  =  a. 

682.  Divide  a  given  number  2a  into  two  parts,  such  that  the 
sum  of  their  square  roots  shall  have  the  greatest  possible  value. 
Let  x  denote  one  part  and  2a  -  x  the  other  part,  and  let  y  denote 
the  sum  of  the  square  roots  of  the  parts ;  then  we  have  to  deter- 
mine x  so  that  y  may  have  the  greatest  possible  value. 

Since  Jx  +  J(2a-x)  =  y, 

2a-x  =  (y—  Jx)*  =  y" -  2y  Jx  +  x, 

and,  2x-2y  Jx  +  ff -2a  =  0; 

therefore,  J*  =  f  * 

Thus,  since  Jx  must  be  real  y*  cannot  be  greater  than  4a, 
thus  2  JaiB  the  greatest  value  of  y,  and  then  Jx  =  Ja,  so  that 
x  =  a. 

x*+  a* 

683.  Find  the  least  value  which    can  have  whatever 

x 

real  value  x  may  have. 
x9  +  a' 

Put  — - —  =  y,  thus  x'-xy  +  a*  =  0;  therefore, 
X~2  2 

Thus  y"  cannot  be  less  than  4a8;  hence  2a  is  the  least  value 
of  y. 

Or  thus,  =  x  +    ;  suppose  x  positive,  then  we  can 

put  this  expression,  in  the  form  (jx  -        +  2a ;  and  as  2a  is 
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constant  the  least  value  of  the  whole  expression  will  be  obtained 

when  the  positive  term  (jx  —  ^j^j  vanishes,  that  is,  when  x  =  a. 

It  is  nnnecessaiy  to  consider  negative  values  of    because  °^'ha 

"*  x 

has  the  same  numerical  value  when  x  has  any  negative  value  as 
when  x  has  the  corresponding,  positive  value. 


EXAMPLES  OF  INEQUALITIES. 

In  the  following  examples  the  symbols  are  supposed  to  denote 
positive  quantities;  and  the  inequalities  may,  in  certain  cases, 
become  equalities,  as  in  some  of  the  articles  of  the  text. 

1.  If  a,  b,  c  be  such  that  any  two  of  them  are  greater  than 
the  third 

2{ab  +  be  +  ca)  >  a*  +  V  +  c*. 

2.  If  P  +  m'  +  rl!l=l,  and  P  +  m'*  +  n"=  1,  then 

lH  +  mm  +  mi  <  1. 

3.  (a  +  b  -  c)*  +  (a  +  c  -  b)a  +  (b  +  c  -  a)'  >  ao  +  6c  +  ca. 

<■ 

5.  ab{a  +  6)  +      +  c)  +  co(c  +  a)  >  6a6c  and  <  2(a8  +  6*  +  c8). 

6.  (a         +  c)(c  +  a)  >  8aftc. 

7.  Shew  that  x*-8x  +  22  is  never  less  than  6,  whatever 
may  be  the  value  of  x. 

8.  Which  is  greater  2x*  or  x  +  1  ? 

9.  If »  be  >  1  then  a?  +  —  is  >  1  +  — ,  if  a?  be  >  1,  or  <  - . 

nx  n  n 

10.    Find  the  least  value  of  ^  +  ^  +  *> . 

x 
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11.  Divide  an  odd  integer  into  two  others,  of  which  the 
product  may  be  the  greatest  possible. 

12.  If  a  >  6  then  J(a*  -V)+  J(2ab  -  &*)  >  a. 

13.  If  a,  b,  c,  d  are  in  harmonic  progression  a  +  rf>J  +  c. 

14.  If  a,  6,  c  are  in  harmonic  progression  and  n  a  positive 
integer  a"  +  c">25". 

15.  If  a>  6,  shew  that  f  „  is  >  or  <  ,X^L.^  »  accord- 
ing  as  oj  is  >  or  <  */(o6). 

16.  Prove  that  if  a,  6,  c,  or  6,  c,  a,  or  c,  a,  6  are  in  descending 
order  of  magnitude,, 

a*6  +  Ve  +  c*a  >  a'c  +  Va  +  c*5. 

17.  Prove  that  if  a,  6,  c,  or  6,  c,  a,  or  c,  a,  &  are  in  ascending 
order  of  magnitude, 

a*6  +  6*c  +  c*a  <  a'c  +  6*a  +  c*6. 

18.  Prove  that 

(il8  +  ^  +  ^+...)(a9+6a+c9+...)>(ila  +  J6  +  Cfc+...)8. 

19.  (at  +  a,  +  as + . . .  +  a J*  <  n(a4"  +  a/  +  aB*  + . . .  +  a*). 
w-1 

20.  —g- (ax  +  a,+a8  +. ..+  aj  >J(alaj  +  + ,y(<V»»)  +. . . 

21.  The  difference  between  the  arithmetic  and  geometric 
mean  of  two  quantities  is  less  than  one-eighth  of  the  squared 
difference  of  the  numbers  divided  by  the  less  number,  but  greater 
than  one-eighth  of  such  squared  difference  divided  by  the  greater 
number. 

« 

23.    \n  >  n5. 

M°-;)H)"(»-^)4- 
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25.  a*  +  b*  +  c*>abc(a  +  b  +  c). 

26.  8(aa  +  6s  +  <f)  >  3(a  +  b)(b  +  c)(c  +  a). 

27.  v  +  + — r>3. 

b+c    a+c  a+6 

28.  (a  +  6  +  c)s>27a&c  and  <  9(a"  +  63  +  o8). 

29.  If  p  and  g  be  each  less  than  unity  J^-fi — ^ 

log.(l-^) 

is<-^ .,and>^^. 
q(l-p)'  q 

0/v    a.    a9    a.         a  .    a  a 

a4  a«  ai 

1  -  a* 

31.    If  a  and  a?  both  lie  between  0  and  1,  then  -=  >  sc. 

1-a 


IH.   THEORY  OF  NUMBERS. 

684.  Throughout  the  present  chapter  the  word  number  is 
used  as  an  abbreviation  for  positive  integer. 

685.  A  number  which  can  be  divided  exactly  by  no  number 
except  itself  and  unity  is  called  a  prime  number,  or  shortly  a 
prime. 

686.  Two  numbers  are  said  to  be  prime  to  each  other  when 
there  is  no  number,  except  unity,  which  will  divide  each  of  them 
exactly.  Instead  of  saying  that  two  numbers  are  prime  to  each 
other,  the  same  thing  is  expressed  by  saying  that  one  of  them  is 
prime  to  the  other. 

687.  If  a  number  p  divides  a  product  ab,  and  is  prime  to  one 
factor  a,  it  must  divide  the  other  factor  b. 

Suppose  a  greater  than  p\  perform  the  operation  of  finding 
the  greatest  common  measure  of  a  and  p  >  let  q,  q>  qf',...  be  the 
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successive  quotients,  and  r,  r,  r",...  the  corresponding  remainders. 
Thus 

a=pq  +  r,  p  =  rq'  +  r'f  r=r'q"+r", 

multiply  each  member  of  each  of  these  equations  by  b,  and  divide 
by  p ;  thus 

ab.br       .    br     ,   br      br    br'     „  br" 
J>  j>  I?         p       p     p    *  p 

Since  ^  is  an  integer  it  follows  from  the  first  of  these  equa- 
br 

tionsthat  —  is  an  integer;  then  from  the  second  of  these  equations 
br'  br" 

—  is  an  integer;  then  from  the  third  —  is  an  integer;  and  so 

on.    But,  since  a  and  p  are  prime  to  each  other,  the  last  of  the 

6x1 

remainders  r,  /,  r",  ...  is  unity;  therefore  — —  is  an  integer;  that 
is,  b  is  divisible  by  p. 

688.  When  the  numerator  and  denominator  of  a  fraction 
are  prime  to  eadi  other  the  fraction  cannot  be  reduced  to  an  equi- 
valent fraction  in  lower  terms. 

a 

Suppose  that  a  is  prime  to  b,  and,  if  possible,  let  ^  be  equal 

to  % ,  a  fraction  in  lower  terms.    Since  %  =  % ,  we  have  a  =  : 
o  oo  o 

therefore  b  divides  all ';  but  b  is  prime  to  a,  therefore  b  divides  V 
(Art.  687) ;  but  this  is  impossible,  since  V  is  less  than  b  by  sup- 
position. Hence  ^  cannot  be  reduced  to  an  equivalent  fraction 
in  lower  terms. 

a  a' 

689.  If a  is  prime  to  b,  and  ^  =  ,  then  a'  and  b'  must  be  tlie 
same  multiples  of  a  and  b  respectively. 
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Since  ^  =  ^ ,  we  have  a'  =  ^-;  but  b  is  prime  to  a,  therefore 

&  divides  &';  hence  6'  =  rib,  where  some  integer;  therefore 

a  =  no. 

690.  If  a  prime  number  p  divides  a  product  abed.,,  it  must 
divide  one  of  the /actors  of  thai  product 

For  if  p  does  not  divide  a  it  is  prime  to  it,  and  therefore  it 
must  divide  bed...  (Art.  687).  Similarly,  if  p  does  not  divide  b  it 
is  prime  to  it,  and  therefore  it  must  divide  cd...  By  proceeding 
in  this  way  we  shall  prove  that  p  must  divide  one  of  the  factors 
of  the  product. 

691.  If  a  prime  number  divides  a",  where  n  is  amy  positive 
integer,  it  must  divide  a. 

This  follows  from  the  preceding  article  by  supposing  all  the 
factors  equal 

692.  If  a  number  n  is  divisible  by  p,  p',  p",  ...  and  each  of 
these  divisors  is  prime  to  aU  the  others,  n  is  also  divisible  by  the 
product  pp'p''." 

For  since  n  is  divisible  by  p  we  have  n=pq,  where  q  is  some 
integer.  Since  p'  divides  pq  and  is  prime  to  p,  p'  must  divide  q; 
hence  q=pqf,  where  is  some  integer;  thus  n  =pp'q/,  and  is 
therefore  divisible  by  pp\  By  proceeding  thus  we  may  shew  that 
n  is  divisible  by  pp'p"... 

693.  If  a  and  b  be  each  of  them  prime  to  c,  then  ab  is  prime 

to  c. 

For  if  ab  is  not  prime  to  c  suppose  ab  =  nr  and  c-ns,  where 
n,  r,  and  s  are  integers;  then,  since  a  and  b  are  prime  to  c,  they 

are  prime  to  ns.  and  therefore  ton:  but  ab  =  nr9  therefore  —  =  £  . 
r  n    b  > 

therefore  &  is  a  multiple  of  n  (Art.  689).    Hence  b  is  both  prime 

to  n  and  a  multiple  of  n,  which  is  impossible.    Therefore  ab  is 

prime  to  c. 
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694.  If a  and  b  are  prime  to  each  other,  am  one?  b*  <w$  prime 
to  each  other;  m  cwm2  n  beii^any  positive  integers. 

For  since  a  is  prime  to  6,  it  follows  that  ax  a  or  a*  is  prime 
to  b,  (Art.  693);  similarly  a*  x  a  or  a"  is  prime  to  6 ;  and  so  on; 
thus  am  is  prime  to  ft.  Again,  since  am  is  prime  to  b,  it  follows 
that  am  is  prime  to  b  x  b  or  6s;  and  so  on. 

695.  JTo  algebraical  formula  can  represent  prime  numbers 
only. 

.  For,  if  possible,  suppose  that  the  formula 

a  +  bx  +  cx*  +  dx*+... 

represents  prime  numbers  only;  suppose  when  x  —  m  that  the 
formula  takes  the  value  p,  so  that 

p  =  a  +  bm  +  cm8  +  dm3 

Put  for  a?,  in  the  formula,  m  +  np,  and  suppose  the  value  then  to 
be^>';  thus 

p  =  a  +  6(m+  np)  +  c(m  +  wp)8  +  d(m  +  wjo)8  +... 
=  a  +  oro  +  cm9  +  fifon8  +  +  JfQt?) 

where  denotes  scww  multiple  of  p;  thus     is  divisible  byjp, 

and  is  therefore  not  a  prime. 

696.  The  number  of  prime  numbers  is  infinite. 

For  if  the  number  of  primes  be  not  infinite,  suppose  p  the 
greatest  prime  number;  the  product  of  all  the  prime  numbers  up 
to  p,  that  is,  2  . 3 . 5 .  7 . 11  ... p  is  divisible  by  each  of  these  prime 
numbers;  add  unity  to  this  product  and  we  obtain  a  number 
which  is  not  divisible  by  any  of  these  prime  numbers;  this  number 
is  therefore  either  itself  a  prime  number,  or  is  divisible  by  some 
prime  number  greater  than  p ;  thus  p  is  not  the  greatest  prime 
number,  which  is  contrary  to  the  supposition.  Hence  the  number 
of  prime  numbers  is  infinite. 
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697.  If  a  is  prime  to  b,  and  the  quantities  a,  2a,  3a,  

(b-  l)a,  cure  divided  by  b,  the  remainders  will  all  be  different. 

For,  if  possible,  suppose  that  two  of  these  quantities  ma  and 
fria  when  divided  by  b  leave  the  same  remainder,  so  that 

ma  —  nb  +  r  and  m'a  =  w'5  +  r ; 

then,  (m  -  m')  a  =  (n  -  w')  6 ; 

_                                  a     n  — n# 
therefore,  t  =  ? ; 

hence  m  —  m'  is  a  multiple  of  6  (Art  689) ;  but  this  is  impossible 
since  m  and  m  are  both  less  than  6. 

698.  -4  number  can  be  resolved  into  prime  /actors  in  only 
one  way. 

Let  N  denote  the  number;   suppose  N=  abed  ,  where 

a,b,c,  d}          are  prime  numbers  equal  or  unequal  Suppose, 

if  possible,  that  N  also  =a/fy8  ,  where  a,  fi,  y,  8,   are 

other  prime  numbers.     Then  abed  =  afiy$  ;   hence  a 

must  divide  abed  ,  and  therefore  must  divide  one  of  the 

factors  of  this  product;  but  these  factors  are  all  prime  num- 
bers ;  hence  a  mult  be  equal  to  one  of  them,  a  suppose.  Divide 

by  a  or  a,  then  bed  =  /fy8  ;  from  this  we  can  prove  that 

P  must  be  equal  to  one  of  the  factors  in  bed  ;  and  so  on. 

Thus  the  factors  in  abed         cannot  be  different  from  those  in 

a£y8...... 

699.  To  find  the  highest  power  of  a  prime  number  a  which  is 
contained  in  the  product  [m. 

Let  /  {^j  denote  the  greatest  integer  contained  in  ~  , 
let  i"  denote  the  greatest  integer  contained  in  ~  , 
let  I         denote  the  greatest  integer  contained  in 
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and  so  on ;  then  the  highest  power  of  the  prime  number  a  which 
is  contained  in  [m  is 

'©♦'©♦'©♦  

For  among  the  numbers  1,  2,  3,  m,  there  are  which 

contain  a  at  least  once,  namely  the  numbers  a,  2a,  3a,  4a,  

Similarly  there  are  /  (^j  which  contain  of  at  least  once;  there 

are  /  which  contain  a*  at  least  once;  and  so  on.  The  sum 
of  these  expressions  is  the  required  highest  power. 

700.  The  product  of  any  n  successive  integers  is  divisible 
by  [n. 

Let  m  + 1  be  the  first  integer;  we  have  then  to  shew  that 
(m  +  \)(m  +  2)  (m  +  n) 

E 

is  an  integer.    Multiply  both  numerator  and  denominator  of  this 

\m  +  n 

expression  by  [m;  it  then  becomes  -^g==  ,  which  we  shall  de- 
p 

note  by  r*.    Let  a  be  any  prime  number;  let  rl9  rp  rs,  


denote  the  greatest  integers  in  ,  — j— ,  — j-    re- 

**  a         a  a 

spectively;  let  sl9  sa,  s#          denote  the  greatest  integers  in 

JIT 9  TP'  a* 9 respectively ;  and  let  tl}  t#  t#  denote  the 

greatest  integers  in  — ,  — 8 ,      ,          respectively.     Then  in  P 

the  factor  a  occurs  raised  to  the  power  rl+r%  +  rz+  ;  in  Q 

the  factor  a  occurs  raised  to  the  power 

sx  +    +    +  +  tl  +  tt  +  tB+  

t.  a.  26 
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Now  it  may  be  easily  shewn  that  rx  is  either  equal  to  8l  +  tx  or 
to  sx  +  tl  +  1,  and  that  r8  is  either  equal  to  s2  +  tM  or  to  *s  +  tf +  1, 
and  so  on.  Thus  a  occurs  in  i*  raised  to  at  least  as  high  a  power 
as  in  Q.  Similarly  any  prime  factor  which  occurs  in  Q  occurs  in 
P  raised  to  at  least  as  high  a  power  as  in  Q.  Thus  P  is  divisible 
by  Q, 

701.  If  n  be  a  prime  number,  the  coefficient  of  every  term  in 
the  expansion  of  (a  +  b)",  except  the  first  wad  last,  is  divisible  by  n. 

For  the  general  form  of  the  coefficients  excluding  the  first  and 
last  is 

n  (n  —  1)  (n  —  r  +  1) 

where  r  may  have  any  value  from  1  to  n  —  1  inclusive.  Now,  by 
Art.  700,  this  expression  is  an  integer ;  also  since  n  is  a  prime 
number  and  greater  than  r,  no  factor  which  occurs  in  |r  can 
divide  n;  therefore  (n  -  l)(n  -  2)  {n  -  r  +  1)  must  be  divi- 
sible by  [r.  Hence  every  coefficient,  except  the  first  and  last, 
is  divisible  by  n. 

702.  .Zfn  be  a  prime  number,  the  coefficient  of  every  term  in 

the  expansion  of  (a  +  b  +  c  +  d  +  )",  except  those  of  a",  b",  c", 

d",  ,  is  divisible  by  n. 

Put  P  for  b  +  c  +  rf  +  ;  then 

(a  +  6  +  c  +  c?+  )"  =  (a  +  0)\ 

By  Art.  701,  every  coefficient  in  the  expansion  of  (a  +  fi)m  is 
divisible  by  n,  except  those  of  a"  and  jS",  and  the  coefficient  of 
each  of  these  terms  is  unity.  Again, 

j8"  =  (o  +  c  +  tf+  ...i..)"  =  (6  +  y)"  suppose; 

and  every  coefficient  in  the  expansion  of  (6  +  y)"  is  divisible  by 
n  except  those  of  6"  and  y\  By  proceeding  in  this  way  we  arrive 
at  the  theorem  enunciated. 
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703.  I/n  be  a  prime  number,  and  N  prime  to  n,  then  N""1  - 1 
is  a  multiple  of  n.    (Fermat's  Theorem.) 

By  the  preceding  article, 

(a  +  6  +  c  +  tf+  +  k)n=an  +  bm  +  c*  +  dn  +  +  #  +  2f(n), 

where  M  (n)  denotes  some  multiple  of  w.  Let  each  of  the  quanti- 
ties a,  b,e,d,  h  be  equal  to  unity,  and  suppose  there  are 

N  of  them;  thus, 

N*  =  N+M(n)i 
therefore,  N(Nn~l  -  1)  =  M  {n\ 

Since  N  is  prime  to  w,  it  follows  that  N*~l  - 1  is  divisible 
by  n. 

We  may  therefore  say  that  iV*"1  =  1  +pn,  where  jp  is  some 
positive  integer. 

704.  Since  n  is  a  prime  number  in  the  preceding  article, 
n-1  is  an  even  number  except  when  n  =  2 ;  hence  we  may 
write  the  theorem  thus 

(iT^-l)(ir^+l)=if(n); 

1-1  w-l 

therefore,  either  iV8-lori\Ts+lis  divisible  by  n,  so  that 

n-l 

iV  8  =jjm+l,  or  else  =^w- 1,  where  p  is  some  positive  in- 
teger.1 

705.  The  following  theorem  is  an  extension  of  Fermat's. 

Let  n  be  any  number;  and  let  1,  a,  b,  c,  n  —  1,  be  all  the 

numbers  which  are  less  than  n  and  prime  to  n;  suppose  there  are 
m  of  these  numbers;  then  aT  - 1  =  M(n),  when  for  x  we  substi- 
tute any  one  of  the  above  m  numbers,  except  unity.  For  mul- 
tiply all  the  m  numbers  by  any  one  of  them  except  unity,  and 

denote  the  multiplier  by  x;  thus  we  obtain  1.x,  ax,  bx,  cx,  

(n  —  1)  a?;  these  .products  are  all  different  and  all  prime  to  w.  It 
may  be  easily  shewn  that  when  these  products  are  divided  by  n, 
the  remainders  are  all  different  and  all  prime  to  n;  thus  the 

26—2 
Digitized  by  Google 


404 


THEORY  OP  NUMBERS. 


remainders  must  be  the  original  m  numbers  1,  a,  b,  c,  n  —  1 ; 

they  will  not  necessarily  occur  in  this  order,  but  that  is  im- 
material for  the  object  we  have  in  view.     Hence  the  product 

of  the  new  series  of  m  numbers  x,  ax,  bx,  cx,  (n  —  1)  x,  can 

only  differ  from  the  product  of  the  original  m  numbers  by  some 
TmUtiple  of  n;  thus, 

xmabc  (n  -  1)  =  abc  (n  —  1)  +  M  (n). 

Since  two  of  the  three  terms  which  enter  into  this  equation 

are  divisible  by  abc  (n  -  1),  the  third  term  must  likewise  be  so 

divisible,  and  as  abc  (»—  1)  is  prime  to  n,  the  quotient  after 

M (n)  is  divided  by  abc  (n  - 1)  must  still  be  some  multiple  of 

n,  and  may  be  denoted  by  M(n) ;  thus 

xm=l+Af(n),  and      -  1  =  M{n). 

706.  We  will  now  deduce  Fermat's  theorem  from  the  result 
of  the  preceding  Article.    Suppose  n  a  prime  number ;  then  the 

numbers  1,  2,  3,  n  — 1,  are  all  prime  to  n;  thus  m  =  »  — 1. 

Therefore  a;""1  -1  =  M(n),  where  x  may  be  any  number  less  than  n. 
Next  let  y  denote  any  number  which  is  greater  than  n  and  prime 
to  n,  then  we  can  suppose  y  =pn  +  x,  where  p  is  some  integer  and 
x  is  less  than  n.  Therefore 

y"-l  =  (pn  +  a;)-1  =  xn~l  +  (n  -  1)  xn~*pn  +  =  xn~l  +  M(n) ; 

but  we  have  already  shewn  that  a?""1  =  1  +  M(n);  thus 

3T1  =  1  +  M(n),  and  yn~l  -  1  =M(n\ 

Thus  Fermat's  theorem  is  established. 

707.  If  n  be  a  prime  number,  1  +  [n  - 1  is  divisible  by  n. 
(Wilson's  Theorem). 

By  Art.  549  we  have 
\n-l  =  (w-  l)-1  -  (n-  1) (n -  2)""1 
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by  Format's  theorem  we  have 

(n_l)-i  =  l+JVi>  (n-2)-1  =  l+An)  (n - SJT1  =  1  +  An,  

where  Pi9p^PzJ  we  positive  integers.  Therefore 

\n-l=M(n)  +  l-(n-l) 

(n-l)(n-2)  (n-l)fo-2)(n-3) 
1.2  1.2.3 


the  series  l-(n-l)  +  — — ^2 — extends  to  n  - 1  terms, 

and  is  equal  to  (1  - 1)""1  -  (- 1)""1,  that  is  to  - 1,  since  n  —  1  is 
an  even  number.    Thus  \n-  1  =  M(n)  —  1;  therefore 

1  +  [n-1  is  divisible  by  n. 

708.  If  n  be  not  a  prime  number,  1  +  \n—  1  is  not  divisible 
by  n.  For  suppose p  a  factor  of  n;  then  p  is  less  than  n-1,  and 
therefore  [n  —  1  is  divisible  hyp;  hence  1  +  [n  —  1  is  not  divisible 
by  p,  and  therefore  not  divisible  by  n. 

709.  2*0  the  number  of  positive  integers  which  are  less 
than  a  given  number  and  prime  to  iL 

Let  denote  the  number,  and  first  suppose  aF,  where  a 
is  a  prime  number.  The  only  terms  of  the  series  1,  2,  3,  4,  N 

which  are  not  prime  to  iVare  a,  2a,  3a,  4a,  ^a>  there 

are  —  of  these  terms.    Hence  after  rejecting  these  multiples  of 

a,  we  have  remaining  ^T-  pterins,  that  is,  iV^l  -i^  terms ;  thus 

there  are  positive  integers  which  are  less  than  and 

prime  to  iV. 

Next,  suppose  JV=  aFb1,  where  a  and  6  are  prime  numbers* 
The  multiples  of  a  in  the  series  1,  2,  3,  4,  N9  are  a,  2a,  3a, 
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N  N 
4a,  —  a.  so  that  there  are  —  of  them.   Let  N'  be  the  number 

of  positive  integers  remaining  after  the  multiples  of  a  have  been 
N 

rejected,  then  N'  =  N  —  .  We  have  now  to  reject  all  the  mul- 
tiples of  b  which  occur  among  the  N'  terms;  and  these  multiples 
consist  of  the  multiples  of  b  in  the  N  terms  diminished  by  the 

multiples  of  &  in  the  —  terms;  the  number  of  the  former  is  -^; 

and  the  number  of  the  latter  is  the  same  as  that  of  the  multiples 

N 

of  ab  in  the  N  terms,  that  is,     .    Thus  the  number  of  the  mul- 

ao 

tiples  of  b  which  are  to  be  rejected  is  -g-  -  ^ ,  that  is     ;  there- 
in 

fore  the  number  of  positive  integers  remaining  is  N*  —  - ^- ,  that  is 

jr(i-J),ti-tkJr(i-i)(i-J).j 

Again,  suppose  tf=a,b1cr>  where  a,  b,  c,  are  prime  numbers. 
First  reject  from  iVthe  —  multiples  of  a;  suppose  N*  the  number 

N 

of  positive  integers  remaining,  so  that  N*  =  N-  — .    Next  reject 

the  multiples  of  b  which  occur  in  the  N*  terms;  these  are  -g-  in 

number,  so  that  the  number  of  positive  integers  remaining  is 

which  we  will  denote  by  N".    We  have  now  to  reject 
b  * 

all  the  multiples  of  c  which  occur  among  the  N"  terms.  The 
number  of  the  multiples  of  c  which  occur  among  the  N'  terms  is 

—  in  the  same  manner  as  the  number  of  the  multiples  of  b 
c 

among  them  was  .  The  multiples  of  c  among  the  -y  terms  are 
the  same  as  the  multiples  of  be  among  the       terms,  and  the 
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number  of  them  is  therefore  t-  •    Thus  the  number  of  the  multi- 

bc 

N*    N'         .  N"  y 
pies  of  e  which  are  to  be  rejected  is  —  -  -g^,  that  is  — ;  there- 
fore the  number  of  positive  integers  remaining  is  IT  (l  -i^ ,  that 

^H)('-^^H)H)H)- 

Similarly  we  conclude  that  if  N=arbqcrd*  ,  where  a,  6,  e9 

d,  are  prime  numbers,  the  number  of  positive  integers  which 

are  less  than  N  and  prime  to  N  is 

'(•-ao-ix^X'-a- . 

710.  To  find  the  number,  of  divisors  of  any  given  number. 

Let     denote  the  number,  and  suppose  iV=  ofVf  ,  where 

a,  6,  c,  are  prime  numbers.  It  is  evident  that  JV  will  be  divi- 
sible by  any  number  which  is  formed  by  the  product  of  powers  of 

a,b,e,  provided  the  power  of  a  be  comprised  between  0  and 

p9  the  power  of  b  between  0  and  q,  the  power  of  c  between  0  and  r, 
and  so  on;  and  no  other  number  will  divide  N.  Hence  the  divi- 
sors of  N  will  be  the  various  terms  of  the  product 

(l  +  a  +  af  +  ...  +  <*)  (1  +  6  +  6*  +  ...  +  6«)(1  +  c  +  c"  +  —  +cT)...; 

the  number  of  the  divisors  will  therefore  be 

(p+l)(?+l)(r+l)  

This  includes  among  the  divisors  unity  and  the  number  itself 

711.  To  find  the  number  of  ways  in  which  a  number  can 
be  resolved  into  two  factors. 

Let  iV  denote  the  number,  and  suppose  N=  ofb'cr  ,  where 

a,  6,  c,  are  primes.    First,  suppose  N  not  a  perfect  square; 

then  one  at  least  of  the  exponents  jp,  q,  r,  is  an  odd  number; 
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the  required  number  then  is  ±(p  +  1)  (q  +  1)  (r  + 1)  ,  because 

there  are  two  divisors  of  N  corresponding  to  every  way  in  which 
N  can  be  resolved  into  two  factors.    Next  suppose  N  a  perfect 

square,  then  all  the  exponents  p,q,r,  are  even;  the  required 

number  is  found  by  increasing  (p  +  1)  (q  + 1)  (r  +  1)  by  unity, 

and  taking  half  the  result;  for  in  this  case  the  square  root  of  N  is 
one  of  the  divisors,  and  if  this  be  taken  as  one  factor  of  the 
other  factor  is  equal  to  it,  so  that  only  one  divisor  arises  from  this 
mode  of  resolving  N  into  two  factors. 

712.    To  find  the  sum  of  the  divisors  of  a  number. 

With  the  notation  of  Art.  710,  we  have  the  sum  equal  to 

(l  +  a  + »"+...  +ar)(l  +  o  +  6*+...  +&0(1  +  c  +  c"+  ...  +  cr)...; 

*P+,-l  «r+l-1 

that  18,   -5—  •  ~r — •  i —  

^  a - 1      6-1      c- 1 


713.  To  find  the  number  of  ways  in  which  a  number  can 
be  resolved  into  two  factors  which  are  prime  to  each  other. 

Let  the  number  iV=  a?b*cr          as  before.    Since  the  two 

factors  are  to  be  prime  to  each  other,  we  cannot  have  some  power 
of  a  in  one  factor,  and  some  power  of  a  in  the  other  factor,  but  of 
must  occur  in  one  of  the  factors.  Similarly,  bq  must  occur  in  one 
of  the  factors;  and  so  on.    Hence  the  required  number  is  the 

same  as  half  the  number  of  divisors  of  abc  ,  and  is  therefore 

2"""1,  where  n  is  the  number  of  different  prime  factors  which  occur 
in  N. 
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1.  If  p  and  q  are  whole  numbers,  and  p  +  q  is  an  even  num- 
ber, then  p  —  q  is  also  even* 

2.  Find  the  least  multiplier  which  will  render  3234  a  perfect 
square. 

3.  Find  the  least  multiplier  which  will  make  1845  a  perfect 
cube. 

4.  Find  the  least  multiplier  which  will  render  6480  a  perfect 
cube. 

5.  Find  the  least  multiplier  which  will  render  13168  a  perfect 
cube. 

6.  If  the  sum  of  an  odd  square  number  and  an  even  square 
number  is  also  a  square  number,  then  the  even  square  number  is 
divisible  by  16. 

7.  Every  square  number  is  of  the  form  5n  or  5n  ±  1. 

8.  Every  cube  number  is  of  the  form  7n  or  7n  ±  1. 

9.  When  the  cube  of  any  number  is  divided  by  7,  the  re- 
mainder is  0,  1,  or  6. 

10.  No  square  number  is  of  the  form  3n  —  l. 

1 1.  No  triangular  number  is  of  the  form  3n  —  l. 

12.  If  n  be  any  number  whatever,  a  the  difference  between 
n  and  the  next  number  greater  than  n  which  is  a  square  number, 
and  b  the  difference  between  n  and  the  next  number  less  than  n 
which  is  a  square  number,  then  n  —  ab  is  a  square  number. 

13.  If  the  difference  of  two  numbers  which  are  prime  to 
each  other,  be  an  odd  number,  any  power  of  their  sum  is  prime  to 
every  power  of  their  difference. 
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14.  If  there  be  two  numbers  one  of  which  is  the  sum  of  the 
other  two,  twice  the  sum  of  their  fourth  powers  is  a  square 
number. 

15.  Shew  when  n  is  any  prime  number  greater  than  2,  that 
xn-l  and  (#  —  1)"  will  leave  the  same  remainder  when  divided 
by  n. 

16.  If  2p + 1  be  a  prime  number  and  the  numbers  Is,  2*, .  •  •  P*> 
be  divided  by  2p  + 1,  the  remainders  are  all  different. 

17.  Every  even  power  of  every  odd  number  is  of  the  form 
8n+l. 

18.  Every  odd  power  of  7  is  of  the  form  8»  - 1. 

19.  If  n  be  any  integer,  n*  —  n  + 1  cannot  be  a  square 
number. 

20.  If  n  be  any  integer  greater  than  2,  then  n*  + 1  cannot  be 
a  square  number. 

21.  If  a  and  x  are  integers,  the  greatest  value  of  ax  —  2x*  is 

the  integer  equal  to  or  next  less  than  ^ . 

•  .  o 

22.  Shew  that  n  (n  + 1)  (2n  + 1)  is  always  divisible  by  6. 

23.  If  n  is  odd,  (n  - 1)  n  (n  +  1)  is  divisible  by  24. 

24.  If  n  is  odd  and  not  divisible  by  3,  then  n*  +  5  is  divisible 
by  6. 

25.  If  n  be  a  prime  number  greater  than  5,  then  nA  - 1  is 
divisible  by  120. 

26.  Shew  that       -  ^  +  ^  is  an  integer  if  m  be. 

27.  Shew  that  n7  —  n  is  always  divisible  by  42. 

28.  If  n  be  any  prime  number  and  x  prime  to  n,  prove  that 
xn  and  a  when  divided  by  n  will  leave  the  same  remainder. 

29.  If  n  be  any  prime  number  and  N  prime  to  n,  then 
i\T"9~"  is  divisible  by  w*.  1 
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30.  If  n  be  any  prime  number  greater  than  2  and  AT  prime 
to  n  and  greater  than  2,  then  N*       is  divisible  by  6n. 

31.  If  n  and  N  are  prime  numbers  greater  than  2,  then 
N*~x  - 1  is  divisible  by  24n. 

32.  If  n  be  any  prime  number  greater  than  2,  then  w*- 1 
is  divisible  by  28. 

33.  If  w  be  any  prime  number  greater  than  2  and  N  any  odd 
number  prime  to  n,  then  iV""1  —  1  is  divisible  by  Sn. 

34.  If  »  be  a  prime  number  1*  +  2"  +  3*  +  ...  +  (rn)"  is  a  mul- 
tiple of  n. . 

35.  Shew  that  the  10**  power  of  any  number  is  of  the  form 
lln  or  lln  + 1. 

36.  Shew  that  the  12*  power  of  any  number  is  of  the  form 
13norl3w  +  l. 

37.  Shew  that  the  9*  power  of  any  number  is  of  the  form 
19rcorl9w*l. 

38.  Shew  that  the  11*  power  of  any  number  is  of  the  form 
23n  or  23n  4 1. 

39.  If  2p  + 1  be  a  prime  number  {\p}*  +  (- 1/  is  divisible  by 
2p+l. 

40.  How  many  positive  integers  are  there  less  than  140  and 
prime  to  140) 

41.  How  many  positive  integers  are  less  than  360  and  prime 
to  360? 

42.  How  many  positive  integers  are  less  than  1000  and  prime 
to  1000? 

43.  How  many  positive  integers  are  less  than  3*  x  V  x  11  and 
prime  to  it? 

44.  How  many  positive  integers  are  less  than  10"  and  prime 
to  it? 
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45.  Find  the  number  of  divisors  of  140. 

46.  Find  the  number  of  divisors  of  1845. 

47.  Find  how  many  divisors  there  are  of  [9,  and  the  sum  of 
these  divisors. 

48.  Into  how  many  pairs  of  factors  prime  to  each  other  can 
1845  be  resolved! 

49.  Into  how  many,  ways  can  a  line  of  100800  inches  long 
be  divided  into  equal  parts,  each  some  multiple  of  an  inch! 

50.  In  how  many  ways  can  four  right  angles  be  divided  into 
equal  parts  so  that  each  part  may  be  a  multiple  of  the  angular 
unit,  (1)  when  the  unit  is  a  degree,  (2)  when  the  unit  is  a  grade! 

51.  How  many  different  positive  integral  solutions  are  there 
of  ay  =  10"? 

52.  If  iVbe  any  number,  n  the  number  of  its  divisors,  and  P 

the  product  of  its  divisors,  shew  that  P  =  N* ;  shew  that  N*  is 
in  all  cases  a  complete  square. 

53.  Find  the  least  number  which  has  30  divisors. 

54.  Find  the  least  number  which  has  64  divisors  of  which 
three  are  primes  whose  continued  product  is  30.  . 

55.  Suppose  a  prime  to  5,  and  let  the  quantities 

a,  2a,  3a, ...  (6-1)  a 

be  divided  by  b;  prove  that  the  sum  of  the  quotients  arising 
from  any  two  terms  equidistant  from  the  beginning  and  end 
will  be  a  —  1,  and  that  the  sum  of  the  corresponding  remainders 
will  be  b. 

56.  If  any  number  of  square  numbers  be  divided  by  a  given 
number  n  there  cannot  be  more  than  ^  different  remainders. 

57.  Express  generally  the  rational  values  of  x  and  y  which 
satisfy  140a  =  y3. 
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58.  If  r  the  radix  of  a  scale  of  notation  be  a  prime  number 

r  +  1 

greater  than  2,  there  are  ^  different  digits  in  which  square 
numbers  terminate  in  that  scale. 

59.  If  any  number  n  can  be  resolved  into  the  sum  of  p  squares, 
2  (p  —  1)  n  can  be  resolved  into  the  sum  of  p  (jp  —  1)  squares. 

60.  If  w  be  any  positive  integer  2*"  +  15n  —  1  is  divisible 
by  9. 

61.  If  Pr  denote  the  sum  of  the  products  of  the  first  n  num- 
bers taken  r  together, 

1  +  Pl  +  P%  +  ...  +  P9_x  is  a  multiple  of  [w, 

62.  Find  the  number  of  positive  integers  which  are  less 
than  N9  and  which  have  in  common  with  N  one  and  only  one 
prime  factor. 

LIIL  PROBABILITY. 

714.  If  an  event  may  happen  in  a  ways  and  fail  in  b  ways, 
and  all  these  ways  are  equally  likely  to  occur,  the  probability 

of  its  happening  is         >  and  the  probability  of  its  foiling  is 

6 

-— .    This  may  be  regarded  as  a  definition  of  the  meaning  of 

the  word  probability  in  mathematical  works.  The  following  ex- 
planation is  sometimes  added  for  the  sake  of  shewing  the  consist- 
ency of  the  definition  with  onlinary  language.  The  probability  of 
the  happening  of  the  event  must,  from  the  nature  of  the  case,  be 
to  the  probability  of  its  failing  as  a  to  b;  therefore  the  proba- 
bility of  its  happening  is  to  the  sum  of  the  probabilities  of  its 
happening  and  failing  as  a  to  a  +  6.  But  the  event  must  either 
happen  or  foil,  hence  the  sum  of  the  probabilities  of  its  happen- 
ing and  failing  is  certainty.  Therefore  the  probability  of  its  hap- 
pening is  to  certainty  as  a  to  a  +  6.    So  if  we  represent  certainty 
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by  unity,  the  probability  of  the  happening  of  the  event  is  repre- 
a 

sented  by  — -r  • 
a  +  o 

715.  Hence  if  p  be  the  probability  of  the  happening  of  an 
event,  1  —  p  is  the  probability  of  its  failing. 

716.  The  word  chance  is  often  used  in  mathematical  works  as 
synonymous  with  probability. 

717.  When  the  probability  of  the  happening  of  an  event  is  to 
the  probability  of  its  failing  as  a 'to  b,  the  feet  is  expressed  in 
popular  language  thus;  the  odds  are  a  to  b  for  the  event,  or  b  to 
a  against  the  event 

718.  Suppose  there  to  be  any  number  of  events  A,  B,  C,  &c.» 
such  that  one  must  happen  and  only  one  can  happen;  and  suppose 
a,  by  c,  <fec,  to  be  the  numbers  of  ways  in  which  these  events  can, 
respectively  happen,  and  that  all  these  ways  are  equally  likely 
to  occur,  then  the  probabilities  of  the  events  are  proportional 
to  a,  by  c,  Ac.  respectively.  For  simplicity  let  us  consider  three 
events,  then  A  can  happen  in  a  ways  out  of  a  +  b  +  c  ways  and 
fail  in  b  +  c  ways;  therefore,  by  Art.  714,  the  probability  of 

A's  happening  is  % — ,  and  the  probability  of  A'a  failing  is 

%        a  +  o  +  c  " 

-  tC   .    Similarly  the  probability  of  2Fs  happening  is  \ —  , 

a  +  b  +  c  J  rr      °    a  +  6  +  c' 

and  the  probability  of  Cs  happening  is 


a  +  b+c* 


719.  We  will  now  exemplify  the  mathematical  meaning  of 
the  word  probability. 

If  n  balls  Ay  B,C,       be  thrown  promiscuously  into  a  bag 

and  a  person  draw  out  one  of  them,  the  probability  that  it  will 

1  2 
be  A  is  - ;  the  probability  that  it  will  be  either  A  or  B  is  - . 
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The  same  supposition  being  made,  if  two  balls  be  drawn  out 

2 

the  probability  that  these  will  be  A  and  B  is  — ^ .  For  the 
number  of  pairs  of  balls  is  the  same  as  the  number  of  combinations 
of  n  things  taken  two  at  a  time,  that  is,  i n(n  —  1);  and  one  pair 

is  as  likely  to  be  drawn  out  as  another;  therefore  the  probability 

1  * 
of  drawing  out  an  assigned  pair  is  1  -*-^n(n-l),  that  is,  - 


Again,  suppose  that  3  white  balls,  4  black  balls,  and  5  red 

balls  are  thrown  promiscuously  into  a  bag,  and  a  person  draws 

out  one  of  them;  the  probability  that  this  will  be  a  white  ball  is 

3  4 

the  probability  that  it  will  be  a  black  ball  is  7^,  and  the 

5 

probability  that  it  will  be  a  red  ball  is  y^.    But  suppose  two  balls 

to  be  drawn  out,  and  estimate  the  probabilities  of  the  different 
cases.    The  number  of  pairs  that  can  be  formed  out  of  12  things 

is  i  x  12  x  11,  that  is,  66.    The  number  of  pairs  that  can  be 

formed  out  of  the  3  white  balls  is  3 ;  hence  the  probability  of 

3 

drawing  two  white  balls  is  ^ .  Similarly  the  probability  of  draw- 
6 

ing  two  black  balls  is  ^ ;  and  the  probability  of  drawing  two  red 

balls  is         Also  since  each  white  ball  might  be  associated  with 
00 

each  black  ball,  the  number  of  pairs  consisting  of  one  white  ball 
and  one  black  ball  is  3  x  4,  that  is,  12 ;  hence  the  probability  of 

12 

drawing  a  white  ball  and  a  black  ball  is  gg.    Similarly  the  proba- 

20 

bility  of  drawing  a  black  ball  and  a  red  ball  is  ^ ;  and  the  pro* 

15 

bability  of  drawing  a  red  ball  and  a  white  ball  is         The  sum 
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of  the  six  probabilities  which  we  have  just  found  is  unity,  as,  of 
course,  it  should  be. 

We  will  give  one  example  from  a  subject  which  constitutes  an 
important  application  of  the  theory  of  probability.  According  to 
the  Carlisle  Table  of  Mortality,  it  appears  that  out  of  6335  persons 
liviog  at  the  age  of  14  years,  only  6047  reach  the  age  of  21  years. 
As  we  may  suppose  that  each  individual  has  the  same  chance  of 

6047 

being  one  of  these  survivors,  we  may  say  that  g^35"  "  Proba- 
bility that  an  individual  aged  14  years  will  reach  the  age  of  21 

288 

years:  and  ^35  probability  that  he  will  not  reach  the  age 

of  21  years. 

720.  Suppose  that  there  are  two  independent  events  of  which 
the  respective  probabilities  are  known;  we  shall  proceed  to  esti- 
mate the  probability  that  both  will  happen. 

Let  a  be  the  number  of  ways  in  which  the  first  event  may 
happen,  and  b  the  number  of  ways  in  which  it  may  fail,  all  these 
ways  being  equally  likely  to  occur;  and  let  a  be  the  number  of 
ways  in  which  the  second  event  may  happen,  and  V  the  number 
of  ways  in  which  it  may  fail,  all  these  ways  being  equally  likely  to 
occur.  Each  case  out  of  the  a  +  b  cases  may  be  associated  with  each 
case  out  of  the  a  +  V  cases ;  thus  there  are  (a  +  b)(a  +  V)  com- 
pound cases  which  are  equally  likely  to  occur.  In  aa  of  these 
compound  cases  both  events  happen,  in  bV  of  them  both  events 
fail,  in  ab'  of  them  the  first  event  happens  and  the  second  fails, 
and  in  a'b  of  them  the  first  event  fails  and  the  second  happens. 
Thus 

CLOb 

(a  -f  b){a'  +  U)  k      probability  that  both  events  happen, 
bb' 

(a  +  b)(d  +     k      probability  that  both  events  fail, 

ab'  |is  the  probability  that  the  first  happens  and  the 
(a  +  b)(a'  +  V)  \    second  fails. 
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ab        J  is  the  probability  that  the  first  fails  and  the 
(a  +  b)(a'  +  b')  \    second  happens. 

Thus  if  p  and  p  be  the  respective  probabilities  of  too  inde- 
pendent events,  pp'  is  the  probability  of  the  happening  of  both 
events. 

721.  The  probability  of  the  concurrence  of  two  dependent 
events  is  the  product  of  the  probability  of  the  first  into  the 
probability  that  when  that  has  happened  the  second  will  follow. 
This  is  only  a  slight  modification  of  the  principle  established  in 
the  preceding  article,  and  is  proved  in  the  same  manner;  we 
have  only  to  suppose  that  a'  is  the  number  of  ways  in  which 

*  after  the  first  event  has  happened  the  second  will  follow,  and  V 
the  number  of  ways  in  which  after  the  first  event  has  happened 
the  second  will  not  follow,  all  these  ways  being  supposed  equally 
likely  to  occur. 

722.  In  like  manner,  if  there  be  any  number  of  independent 
events,  the  probability  that  they  will  all  happen  is  the  product  of 
their  respective  probabilities  of  happening.  Suppose,  for  example, 
that  there  are  three  independent  events,  and  that^?,  p',  p"  are  their 
respective  probabilities.  By  Art.  720,  the  probability  of  the  con- 
currence of  the  first  and  second  events  is  pp';  then  in  the  same 
way  the  probability  of  the  concurrence  of  the  first  two  events  and 
the  third  is  pp'  xp",  that  is,  pp'p".  Similarly  the  probability  that 
all  the  events  fail  is  (1  - p){\  -/X1  -p").  The  probability  that 
the  first  happens  and  that  the  other  two  fail  is  p(l  — y)(l  —p")  j 
and  so  on.  ' 

723.  "We  will  now  exemplify  the  estimation  of  the  probability 
of  compound  events. 

(1)   Required  the  chance  of  throwing  an  ace  in  the  first  only 
of  two  successive  throws  with  a  single  die.    Here  we  require  a 
compound  event  to  happen;  namely  at  the  first  throw  the  ace  is 
to  appear,  at  the  second  throw  the  ace  is  not  to  appear.  The 
t.a.  27 
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chance  of  the  first  simple  event  is     and  of  the  second  simple  event 

5  ^ 
- ;  hence  the  required  chance  is  ^ . 

(2)  Suppose  3  white  balls,  4  black  balls,  and  5  red  balls  to  be 
thrown  promiscuously  into  a  bag;  required  the  chance  that  in  two 
successive  trials  two  red  balls  will  be  drawn,  the  ball  first  dratvn 
being  replaced  be/are  the  second  trial.    Here  the  chance  of  drawing 

5 

a  red  ball  at  the  first  trial  is  r-^,  and  the  chance  is  the  same  of 
drawing  a  red  ball  at  the  second  trial ;  hence  the  chance  of  drawing 
two  red  balls  is  . 

(3)  Suppose  now  that  we  require  the  chance  of  drawing  two 
red  balls,  the  ball  first  drawn  not  being  replaced  before  tlie  second 
trial.    This  will  be  an  example  of  Art.  721.    Here  the  chance  of 

5 

drawing  a  red  ball  at  the  first  trial  is      ;  if  a  red  ball  be  drawn 

at  first,  out  of  the  eleven  balls  which  remain  four  are  'red,  and 

4 

therefore  the  chance  that  a  second  trial  will  give  a  red  ball  is  yy  ; 

5  4 

hence  the  chance  of  drawing  two  red  balls  is  —  x  — .     This  is 

the  same  result  as  we  found  in  Art.  719,  for  the  chance  of  drawing 
two  red  balls  simultaneously;  and  a  little  consideration  will  shew 
that  the  results  ought  to  coincide. 

(4)  Required  the  chance  of  throwing  an  ace  with  a  single 
die  in  two  trials.  The  chance  of  failing  the  first  time  is  g,  and  the 

5 

chance  of  failing  the  second  time  is  also  ^ ;  hence  the  chance  of 


/5\*  25 

failing  twice  is     J  ,  that  is,  ^ .   Hence  the  chance  of  not  failing 

twice  is 
ceeding. 


25  11 

twice  is  1  —  q«  ,  that  is,  ~* j  this  is  therefore  the  chance  of  suc- 
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(5)    In  how  many  trials  will  the  chance  of  throwing  an  ace 
with  a  single  die  amount  to  i?    Suppose  x  the  number  of  trials; 

then  the  chance  of  failing  x  times  in  succession  is  (^j  ,  by  Art. 

722.    Hence  the  chance  of  succeeding  is  1  -  ^  ; 


therefore 
hence 


(e)"2; 


5  y_  l 


hence  x  log  |  =  log  i , 


therefore 


log  2 


log  6  -  log  5 " 

By  using  the  values  of  the  logarithms,  we  find  x  =  3 . 8  nearly. 
Thus  we  conclude  that  in  3  trials  the  chance  of  success  is  less 
than     and  that  in  4  trials  it  is  greater  than  £. 

(6)  In  how  many  trials  is  it  an  even  wager  to  throw  sixes 
with  two  dice  ?    The  chance  of  sixes  at  a  single  throw  with  two 

dice  is  i  x  ~ ,  that  is  ~ ;  hence  the  chance  of  not  having  sixes 

35 

is  —  .    Suppose  x  the  number  of  throws  required;  then  we  have 

1  -  (i)* = r> tence'  (i)  -  J* therefore 

log  2 

X~  log  36 -log 35* 

By  using  the  values  of  the  logarithms,  we  find  x  lies  between 
24  and  25,  which  we  interpret  as  before. 

(7)  To  find  the  probability  that  two  individuals,  A  and  JB, 
whose  ages  are  known,  will  be  alive  at  the  end  of  a  year.    Let  p 

27n2  i 
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be  the  probability  that  A  will  be  alive  at  the  end  of  a  year,  p'  the 
probability  that  B  will  be ;  then  pp'  is  the  probability  that  both 
will  be  alive  at  the  end  of  a  year.  The  values  of  p  and  p'  can  be 
found  from  the  Tables  of  Mortality  In  the  manner  exemplified  in 
Art.  719. 

(8)  To  find  the  probability  that  one  at  least  of  two  indivi- 
duals, A  and  B,  whose  ages  are  known,  will  be  alive  at  the 
end  of  a  given  number  of  years.  Let  p  be  the  probability  that  A 
will  be  alive  at  the  end  of  the  "given  number  of  years,  p'  the 
probability  that  B  will  be.  Then  1  —  p  is  the  probability  that  A  . 
will  be  dead,  and  1  —p'  is  the  probability  that  B  will  be  dead. 
Hence  (1  —p)  (1  -p)  is  the  probability  that  both  will  be  dead. 
The  probability  that  both  will  not  be  dead,  that  is,  that  one  at 
least  will  be  alive  is  1  -  (1  -  p)  (1  —p%  that  is,  p  +p'-pp\ 

724.  If  an  event  may  happen  in  different  independent  ways, 
the  probability  of  its  happening  is  the  sum  of  the  probabilities 
of  its  happening  in  the  different  independent  ways. 

If  the  independent  ways  of  happening  are  all  equally  probable, 
this  proposition  is  merely  a  repetition  of  the  definition  of  proba- 
bility given  in  Art.  714;  and  if  they  are  not  all  equally  probable, 
the  proposition  seems  to  follow  so  naturally  from  that  definition, 
that  it  is  often  assumed  without  any  remark.  The  following 
method  of  illustrating  it  is  sometimes  given;  suppose  two  urns 
A  and  B ;  let  A  contain  2  white  balls  and  3  black  balls,  and  let 
B  contain  3  white  balls  and  4  black  balls;  required  the  pro- 
bability of  obtaining  a  white  ball  by  a  single  drawing  from  one  of 
the  urns  taken  at  random.    Since  each  urn  is  equally  likely  to  be 

taken,  the  chance  of  taking  the  urn  A  is  \ ,  and  the  chance  then 

2 

of  drawing  a  white  ball  from  it  is  - ;  hence  the  chance  of  ob- 

o 

12 

taining  a  white  ball  so  far  as  it  depends  on  A  is  ^  x  g .  Similarly, 
the  chance  of  obtaining  a  white  ball  so  far  as  it  depends  on  B  is 
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1  3 

x  ■= .    Hence  the  proposition  asserts  that  the  probability  of  ob- 

A  7 

taining  a  white  ball  fe^xg+gx^>  that      ^  (i  +  f )  '  ^e 

accuracy  of  this  result  may  be  confirmed  by  the  following  steps. 
First,  without  affecting  the  question,  we  may  replace  the  urn  A 
by  an  urn  A\  containing  any  number  of  balls  we  please,  provided 
the  ratio  of  the  white  balls  to  the  black  balls  be  that  of  2  to  3;  and 
similarly,  we  may  replace  the  urn  B  by  an  urn  IT,  containing  any 
number  of  balls  we  please,  provided  the  ratio  of  the  white  balls  to 
the  black  balls  be  that  of  3  to  4.  Let  then  A"  contain  14  white  balls 
and  21  black  balls,  and  let  B  contain  15  white  balls  and  20  black 
balls ;  thus  A'  and  B  each  contain  35  balls.  Secondly,  without 
affecting  the  question,  we  may  now  suppose  the  balls  in  A'  and  B 
collected  in  a  single  urn;  thus  there  will  be  70  balls,  of  which 
29  are  white.    The  probability  of  drawing  a  white  ball  will 

therefore  be  ^  ;  that  is,  — ^— ;  that  ^  2  V35+  35/  ; 

.    1/2    3\  ' 
*'U5  +  7>  ' 

725.  The  probability  of  the  occurrence  of  one  or  other  of  two 
events  which  cannot  concur  is  the  sum  of  their  separate  pro- 
babilities. For  the  complete  event  we  are  considering  occurs 
if  the  first  event  happens,  or  if  the  second  event  happens;  thus 
the  proposition  is  a  case  of  the  preceding  proposition. 

726.  The  probability  of  the  happening  of  an  event  in  one 
trial  being  known,  required  the  probability  of  its  happening  once, 
twice,  three  times,  <fca,  exactly  in  n  trials. 

Let  p  denote  the  probability  of  the  happening  of  the  event  in 
one  trial,  and  q  the  probability  of  its  failing,  so  that  q  =  1  -  p.  The 
probability  that  in  n  trials  the  event  will  occur  in  one  assigned 
trial,  and  fail  in  the  other  n—l  trials  ispf~l,  (Art  722);  and  since 
there  are  n  trials,  the  probability  of  its  happening  in  some  one  of 
these  and  failing  in  the  rest  is  npq*'1.    The  probability  that  in  n 


Digitized  by  Google 


422  PROBABILITY. 

trials  the  event  will  occur  in  two  assigned  trials,  and  fail  in  the 

other  n-2  trials,  is  p'q9'*;  and  there  are  n(n~^)  wavs  ^ 

which  the  event  may  happen  twice  and  fail  n-2  times  in  n 
trials;  therefore  the  probability  that  it  will  happen  exactly  twice 

in  n  trials  is        g^jpY"*.    Similarly  the  probability  that  the 

event  will  happen  exactly  three  times  in  n  trials  is 

»(»  -!)(«-  2)_v-.. 
1.2.3  ' 

and  the  probability  that  it  will  happen  exactly  r  times  in  n 
trials  is 

»(»-!).  .....(n-r+1) 

Similarly,  the  probability  that  the  event  will  fail  exactly  r 
times  in  n  trials  is 

»(»-*)  (n-r+1) 

E  * 

727.  Thus  if  (p  +  9)"  be  expanded  by  the  Binomial  Theorem 
in  the  series  pn  +  npn~lq  +  <fcc.,  the  terms  will  represent  respectively 
the  probabilities  of  the  happening  of  the  event  exactly  n  times, 
n—l  times,  times,  dec,  in  n  trials.    Hence  we  may  de- 

•termine  what  is  the  most  probable  number  of  successes  and 
failures  in  n  trials;  we  have  only  to  ascertain  the  greatest  term  in 

the  above  series.    Let  us  suppose,  for  example,  that  p  =  —^-^9 

q  =  g      $  n  =  m(a  +  b),  where  a,  0,  and  m  are  integers ;  then,  by 

Art.  510,  the  most  probable  case  is,  that  of  r  failures  and  n  —  r 

n  +  1 

successes,  where  r  is  the  greatest  integer  contained  in         ,  that 

?+  1 

is,  in  mo  +  r :   so  that  r  =  mb.  and  »  -  r  =  ma.    The  most 
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probable  case  therefore  is,  that  in  which  the  numbers  of  suc- 
cesses and  failures  are  proportional  to  the  probabilities  of  success 
and  failure  respectively  in  a  single  trial. 

728.  The  probability  of  the  happening  of  the  event  at  least  r 
times  in  n  trials  is 


— i     n(n  —  l)  _  »  , 


»(»-!)(»->)  (r+1)  . 

[w— r  *  Y  ' 

for  if  the  event  happen  every  time,  or  mil  only  once,  twice,  

(n  —  r)  times,  it  happens  r  times;  therefore  the  probability  of  the 
happening  of  the  event  at  least  r  times  is  the  sum  of  the  proba- 
bilities of  its  happening  every  time,  of  failing  only  once,  twice,  

7i  —  r  times;  and  the  sum  of  these  is  the  expression  given  above. 

729.  For  example;  in  five  throws  with  a  single  die  what  is 
the  chance  of  throwing  exactly  three  aces?  and  what  is  the  chance 
of  throwing  at  least  three  aces? 

Here  JP  =  ^>  #  =  g,  n  =  5;  thus  the  chance  of  throwing 

exactly  three  aces  is         |  ,  that  is,  the  chance 

of  throwing  at  least  three  aces  is 


276 
7776 < 


The  following  three  articles  contain  problems  illustrating  the 
subject. 

730.  A  and  B  play  a  set  of  games,  in  which  -4's  chance  of 
winning  a  single  game  is  p,  and  IPs  chance  is  q;  required  the 
probability  of  -4's  winning  m  games  out  of  m  +  w,  the  set  being 
supposed  to  finish  as  soon  as  A  has  won  m  games. 
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The  probability  that  A  will  win  ra  games  out  of  m  +  r  in  any 
\m  +  r 

order  is  — f  =  pmf,  by  Art.  726.  The  probability  that  A  will 
win  ra  games  out  of  ra  +  r  —  1,  and  that  B  will  win  the  (ra  +  is 

,    ,      .  -  pm<f.    Therefore  the  probability  that  A  will  win  m 
1 


games  in  exactly  m  +  r  games  is 

\m  +  r  I  m  +  r  —  1  m\m  +  r  —  1 

ra  |  r  [ra  I  r  -  1  [ra  1 r 

Now  in  order  that  -4  may  win  ra  games  out  of  ra  +  n,  he  must 

win  ra  games  in  exactly  ra  games,  or  ra  +  1  games,  ,  or  ra  +  n 

games.  Hence  the  probability  required  is  the  sum  of  the  series 
obtained  by  giving  to  r  the  values  0,  1,  2,  n  in  the  expression 

m[ra+r-l 

|ra[r      P  q' 

that  is,  the  required  probability  is 
m  m(m+l)  9  m(m  +  l)  (ra  +  w— 1)  .1 

Pm\i+™q+   vx  2  y  +  +   ^— j-i  Vj- 

If  J.  in  order  to  win  the  set  must  win  ra  games  be/ore  B  wins 
n  games,  A  must  win  ra  games  out  of  ra  +  w  —  1 ;  the  probability 
of  this  event  is  given  by  the  preceding  expression  with  the  omis- 
sion of  the  last  term.  Similarly,  the  probability  of  -8*8  winning  n 
games  out  of  ra  +  n  —  1  is 

.  ft  n(n+l)   .  n(n+l)  (n  +  m-2)  _  A 

?.Jl+wp  +  _L_J/,.+  +  J  Vt  V  «j. 

This  problem  is  celebrated  in  the  history  of  the  theory  of 
probabilities,  as  the  first  of  any  difficulty  which  was  solved ;  it 
'was  proposed  to  Pascal  in  1654. 

731.  A  bag  contains  n+1  tickets  which  are  marked  with  the 
numbers  0,  1,  2,  n,  respectively.    A  ticket  is  drawn  and 
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replaced;  required  the  probability  that  after  r  drawings  the  sum 
of  the  numbers  drawn  is  a. 

The  number  of  drawings  which  can  occur  is  (n  4-  l)r,  for  any 
one  of  the  tickets  may  be  drawn  each  time.  The  number  of  ways 
in  which  the  sum  of  the  drawings  will  amount  to  *  is  the  coeffi- 
cient of  x9  in  the  expansion  of  (x*  +  x1  +  x2  +  +  n")r ;  because 

this  coefficient  arises  from  the  different  modes  of  forming  s  by  the 
addition  of  r  numbers  of  the  series  0,  1,  2,  n.  Thus  the  pro- 
bability required  is  found  by  dividing  this  coefficient  by  (n  +  l)r. 

The  above  coefficient  may  be  obtained  by  'the  Multinomial 
Theorem;  or  we  may  proceed  thus : 

(7? + xi + ** +  + *r = (nnir}'=  <*  -  O'a  -  *r ; 

and  (i-«ry= 1  -^'+^^^'-^-^(r~2)   

n     *\-*    i  *-(r+l)     ,  r(r4l)(r  +  2) 

We  must  therefore  find  the  coefficient  of  x*  in  the  product  of  these 
two  series;  it  is 

r(r+l)  (r  +  8-l)        r(r+  1)  (r  +  g-w-2) 

ll  I  *  —  to  —  1 

,  r(r-l)   r(r+l)  (r  +  s-2n-3) 

+  1.2  *         [TTifera  &c"' 

this  series  is  to  stop  at  the  (*  +  1)*  term,  where  i  is  the  greatest 
integer  contained  in  —  *  ^;  then  the  required  probability  is  ob- 
tained by  dividing  this  series  by  (n  +  l)r. 

732.  A  box  is  divided  into  m  equal  compartments.  If  n  balls 
are  thrown  in  promiscuously,  required  the  probability  that  there 
will  be  a  compartments  each  containing  a  balls,  b  compartments 
each  containing  f$  balls,  and  so  on,  where 

oa  +  bfi  +  cy  +  =«. 
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Since  any  ball  may  fall  into  any  compartment  there  are  m* 
cases  equally  likely  to  occur.    The  number  of  ways  in  which  the 

n  balls  can  be  divided  into  a  +  b  +  c  +          parcels  containing 

a,  0,  y,  balls  respectively  is 

{b}'MW  -yw7' 

And  the  number  of  ways  in  which  the  parcels  can  be  arranged  in 
the  m  compartments  is 

m(m  - 1)  (m  -  2)  (m  -  «  +  1), 

where  *  =  a  +  6  +  c+ ... 

Hence,  the  probability  required  is 

Nm(m-l)  (m-2)  (m-s  +  l) 

For  example,  suppose  six  balls  thrown  into  a  box  which  has 
three  compartments.  The  seven  possible  modes  of  distribution 
are,  6,  0,  0;  1,  5,  0;  2,  4,  0;  3,  3,  0;  1,  1,  4;  1,  2,  3;  2,  2,  2; 
and  their  respective  probabilities  are  fractions  whose  common 
denominator  is  243,  and  numerators  1,  12,  30,  20,  30,  120,  30. 

733.  If  p  represent  a  person's  chance  of  success  in  any  trans- 
action, and  m  the  sum  of  money  which  he  will  receive  in  case 
of  success,  then  the  sum  of  money  denoted  by  pm  is  called  his 
expectation.  This  is  a  definition  of  the  meaning  we  shall  attach  to 
the  word  expectation,  and  might  of  course  be  stated  arbitrarily 
without  any  further  remark ;  it  is  however  usual  to  illustrate  the 
propriety  of  the  definition  as  follows.  Suppose  that  there  are 
m  +  n  slips  of  paper,  each  having  the  name  of  a  person  written 
upon  it,  and  no  name  recurring;  let  these  be  placed  in  a  bag,  and 
one  slip  drawn  at  random,  and  suppose  that  the  person  whose 
name  is  drawn  is  to  receive  £a.  Now  all  the  expectations  must 
be  of  equal  value,  because  each  person  has  the  same  chance  of 
obtaining  the  prize;  and  the  sum  of  the  expectations  must  be 
worth  £a,  because  if  one  person  bought  up  the  interests  of  all  the 
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persons  named,  he  would  be  certain  of  obtaining  £a.  Hence,  if 
£x  denote  the  expectation  of  each  person,  we  have  (m  +  n)x  =  a-} 

thus  x  =  - 


w  +  n 


Also,  it  is  evident  that  the  value  of  the  expectation  of  two  per- 
sons is  the  sum  of  the  values  of  their  respective  expectations;  and 
so  for  three  or  more  persons.    Hence  the  value  of  the  expectation 

of  m  persons  is   ™°^n*    Now  suppose  that  one  person  has  his 

name  on  m  of  the  slips;  then  his  expectation  is  the  same  as 
the  sum  of  the  expectations  of  m  persons,  each  of  whom  has  his 

name  on  one  slip;  that  is,  his  expectation  is  ~~»  his 

chance  of  winning  the  prize  is    ™*    ,  since  he  has  m  cases  out  of 

m  +  n 

m  +  n  in  his  favour;  thus  his  expectation  is  the  product  of  his 
chance  of  success  into  the  sum  of  money  which  he  will  receive  in 
case  of  success. 

734.  An  event  has  happened  which  must  have  arisen  from 
some  one  of  a  given  number  of  causes;  required  the  probability  of 
the  existence  of  each  of  the  causes. 

Let  there  be  n  causes,  and  suppose  that  the  probability  of  the 
existence  of  these  causes  was  estimated  at  Pv  P#  ...  Pn  respectively, 
before  the  event  took  place.  Let  pl  denote  the  probability  of  the 
event  on  the  hypothesis  of  the  existence  of  the  first  cause,  p% 
the  probability  of  the  event  on  the  hypothesis  of  the  existence 
of  the  second  cause,  and  so  on.    Then  the  probability  of  the 

Pp 

existence  of  the       cause,  estimated  after  the  event,  is  , 

where  %Pp  stands  for  Pxpx  +  Pj>9  +  . . .  +  Pn pm. 

For  the  probability  that  the  event  will  happen  as  the  result  of 
the  r*  cause  is  Prpr;  and  the  probability  that  it  will  happen 
without  reference  to  any  particular  cause  is  %Pp.  Now  let  Qr 
denote  the  probability  that  if  the  event  happens  it  will  be  the 
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result  of  the  r*  cause;  then  Qr  x  %Pp  is  the  probability  that  the 
event  will  happen  as  the  result  of  the  r*  cause ;  but  this  is  known 
tobePr|>r; 

hence  Qrx%Pp  =  Prpr; 

therefore  ^  =  i§> 

735.  The  preceding  article  will  require  some  illustration  before 
it  will  be  fully  appreciated  by  the  student.  Let  there  be,  for 
example,  two  urns,  one  containing  7  white  balls  and  3  black  balls, 
and  the  other  5  white  balls  and  1  black  ball;  suppose  that  a 
white  ball  has  been  drawn,  and  we  require  the  probability  that  it 
came  from  the  first  or  second  urn  respectively.  Instead  of  the 
given  urns  let  us  substitute  two  others  which  have  the  whole 
number  of  balls  the  same  in  each  urn,  and  such  that  each  urn  has 
its  white  and  black  balls  in  the  same  proportion  as  the  urn  which 
it  replaces.  Thus  we  may  suppose  one  urn  with  21  white  balls 
and  9  black  balls,  and  the  other  with  25  white  balls  and  5 
black  balls.  Each  urn  now  contains  30  balls,  and  the  chance 
of  each  ball  being  drawn,  is  the  same.  Since,  by  supposition, 
a  white  ball  is  drawn  we  may  suppose  the  black  balls  to  have 
been  removed,  and  all  the  white  balls  put  into  a  new  urn.  x  Thus 
there  would  be  46  white  balls ;  and  the  probability  that  the  white 

21 

ball  drawn  was  one  of  the  21  is  j^,  and  the  probability  that  it 

was  one  of  the  25  is  Now  here  Pi=Jq>  >  *^us 

p       21  p  25 

— =  tt;  ,  and  — « — ==  ~rh .  Thus  the  result  agrees  with  that 
Pi+P*    *«'       P^P,    46  ^  "» 

given  by  the  theorem  in  Art. 734,  supposing  that  Pl  andP,  are  equal. 

Next,  suppose  that  there  had  been  4  urns,  each  having  7 
white  balls  and  3  blaok  balls,  and  3  urns,  each  having  5  white 
balls  and  1  blaok  ball.  In  this  case,  by  proceeding  in  the  manner 
just  shewn,  we  may  deduce  that  the  probability  that  a  white  ball 
which  was  drawn  came  from  the  group  of  4  similar  urns  is 

4x21 
4  x  21  +  3  x  25  ; 
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and  the  probability  that  it  came  from  the  group  of  3  similar  urns  is 

3x25 
4x21  +  3x25' 

Now  let  us  apply  the  theorem  of  Art.  734  to  estimate  the  proba- 
bility that  the  white  ball  came  from  the  first  or  second  group 
respectively.    Since  there  are  7  urns,  of  which  4  are  of  the  first 

4  3 

kind  and  3  of  the  second,  we  take      =  y ,  and  Pa  =  f>  a*so 

7        ,        5  m 
Pl  =  — ,  and  p9  =  ^.  Thus 

4     7  3  5 

7  X  10  „  7  X  6 


Q*  =  i     7     3    5'      Q'~±     7     3  5' 
7  X  TO  +  7  X  6  7  x  10  +  7  x  6 

and  these  results  agree  with  those  which  we  have  already  indicated. 


736.  It  is  usual  to  call  the  quantities  PiyP#  ...  Pn  of  Art 
734  the  a  priori  probabilities  of  the  existence  of  the  respective 
causes;  and  Qlf  Qa,  ...  Qn  the  a  posteriori  probabilities.  Students 
are  sometimes  perplexed  in  endeavouring  to  estimate  Pl%  P^  ...  Pn; 
the  safest  plan  is  to  observe  that  the  product  PrPr  denotes  the 
probability  that  the  event  will  happen  as  the  result  of  tie  r*  cause ; 
and  the  correctness  of  the  product  is  the  important  part  of  the 
solution,  because  PT  and  pr  do  not  occur  separately  in  the  results. 
The  whole  proposition  may  be  best  understood  if  arranged  in  the 
following  order.  First  suppose  the  different  causes  all  equally 
probable  be/ore  the  observed  event;  let  wr  denote  the  probability 
of  the  occurrence  of  the  event  on  the  hypothesis  of  the  existence 
of  the  r*  cause;  then  the  probability  of  the  r*  cause,  estimated 

w 

after  the  occurrence  of  the  observed  event  is        .    This  seems 

nearly  self-evident,  and  if  any  doubt  remains  it  may  be  removed 
by  the  mode  of  illustration  given  in  the  first  part  of  Art  735. 
Secondly,  suppose  that  the  terms  in  can  be  arranged  in  groups ; 
suppose  there  to  be  /*,  terms  in  the  first  group,  and  that  each 
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term  is  equal  to  pj9  suppose  there  to  be  /a,  terms  in  the  second 
group,  and  that  each  term  is  equal  to  p#  and  so  on,  the  last  group 
consisting  of  fiH  terms,  each  equal  to  pH.  Then  may  be  written 
S/xp,  where  the  series  %pp  consists  of  n  terms.    Thus  the  proba- 

bility  of  the  r*  cause  is  ^ao  ***e  probability  of  ^e  A*8* 

group  of  causes  is  the  sum  of  the  separate  probabilities  of  the 

members  of  that  group,  that  is,        .    Similar  expressions  hold 

for  the  probabilities  of  the  other  groups.  Thus  we  finally  arrive 
at  the  results  givenan  Art  734,  where,  in  fact, 

737.  When  an  event  has  been  observed,  we  may  by  Art.  734, 
estimate  the  probability  of  each  cause  from  which  that  event 
could  have  arisen;  we  may  then  proceed  to  estimate  the  pro- 
bability that  the  event  will  occur  again,  or  that  some  other  event 
will  occur.  For  by  Art.  724  we  multiply  the  probability  of  each 
cause  by  the  probability  of  the  happening  of  the  required  event  on 
the  hypothesis  of  the  existence  of  that  cause,  and  the  sum  of  all 
such  products  is  the  probability  of  the  happening  of  the  required 
eveut.  • 

For  example,  a  bag  contains  3  balls,  and  it  is  known  that  each 
ball  is  either  black  or  white;  a  white  ball  has  been  drawn  and 
replaced,  what  is  the  probability  that  another  drawing  will  give 
a  white  ball? 

There  are  three  possible  hypotheses :  (1)  all  the  balls  may  be 
white,  (2)  only  two  of  the  balls  may  be  white,  (3)  only  one  of  the 
balls  may  be  white.  We  have  first  to  find  the  probability  of  each 
hypothesis  by  the  method  of  Art.  734.  On  the  first  hypothesis, 
the  observed  event  is  certain,  that  is,  the  chance  of  it  is  1 ;  on  the 

2 

second  hypothesis,  the  chance  of  the  observed  event  is  ^;  on  the 
third  hypothesis,  the  chance  of  the  observed  event  is  \ .  Hence, 


Digitized  by  Google 


PROBABILITY. 


431 


assuming  that  before  the  observed  event  the  three  hypotheses 
were  equally  probable,  we  have  after  the  observed  event, 

probability  of  first  hypothesis  =  1    |l  +  |  +  ^| =  ^ ' 

2    f      2    1)  1 
probability  of  second  hypothesis  =  ^    1 1  +  3  +  3  [  ~  3' 

probability  of  third  hypothesis  =  i    jl  -»- 1  -»- ^|  =  ^ . 

The  probability  that  another  drawing  will  give  a  white  ball  is 

1  12 

2  x  1,  so  far  as  it  depends  on  the  first  hypothesis;  it  is  g  x  - ,  so 

far  as  it  depends  on  the  second  hypothesis;  and  it  is  i  x  \ ,  so  far 

as  it  depends  on  the  third  hypothesis.  Hence  the  required  pro- 
bability is 

12     1     A-  A  .  7 

2+9  +  l8'  ttat  r 

738.  We  give  another  example.  Suppose  a  bag  in  which 
the  ratio  of  the  number  of  the  white  balls  to  the  whole  number  of 
balls  is  unknown,  and  it  is  equally  probable,  a  priori,  that  the  ratio 

is  any  one  of  the  following  quantities  x,  2x,  3#,  nx;  suppose 

a  white  ball  to  be  drawn  and  replaced ;  required  the  probability 
that  another  drawing  will  give  a  white  ball 

Here  n  hypotheses  can  be  formed.  On  the  first  hypothesis  the 
probability  of  the  observed  event  is  x,  on  the  second  hypothesis  it 
is  2x,  on  the  third  3x,  and  so  on.    Hence  the  probability  of  the 

first  hypothesis  is  g(1  +  2  J"  ftrtfr -^i^.  The 

2x2 

probability  of  the  second  hypothesis  is  ~^^f^  •  The  probability 

2x3 

of  the  third  hypothesis  is  — 7  =-r.    And  so  on.    Hence  the 

n  [n  +  1) 
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probability  that  another  drawing  will  give  a  white  ball  is  n^n+  ^ 

on  the  first  hypothesis.  — f  *  ^   on  the  second  hypothesis,       *  ^. 

Jr         'n(n+l)  Jsr     ^»(w  +  l) 

on  the  third,  and  so  on.    Hence  the  required  probability  is 

,2*     {l'+2'+  +nf}; 

n(n+  1)  1  " 

When  »  is  very  great  this  approximates  to  -5-.    If  the 

ratio  of  the  number  of  the.  white  balls  to  the  whole  number 
of  balls  is  equally  likely,  a  priori,  to  have  any  value  between 

2 

zero  and  unity,  then  nx=\,  and  the  required  probability  is  -5. 

o 

739.    The  following  problem  will  illustrate  the  subject 

A  bag  contains  to  balls  which  are  known  to  be  all  either  white 
or  black,  but  how  many  of  each  kind  is  unknown;  suppose  p  white 
balls  and  q  black  balls  have  been  drawn  and  not  replaced;  find  the 
probability  that  another  drawing  will  give  a  white  ball 

The  observed  event  here  is  the  drawing  of  p  white  balls  and  q 
black  balls.  To  render  this  possible,  the  original  number  of  white 
balls  may  have  been  any  number  from  to  —  q  to  p  inclusive,  and 
the  number  of  black  balls  any  number  from  q  to  m  —  p.  Let  us 
denote  the  hypothesis  of  to  —  q  white  and  q  black  by  27, ,  and  the 
hypothesis  of  m  —  q—l  white  and  q  + 1  black  by  H2,  and  so  on. 
Then  Hx  gives  for  the  probability  of  the  observed  event 

N  ^  (m-q){m-q-\)  (to- q-p  +  1)  1 .  2 .  3  q 

to(to— 1)  (m  —  q—p  +  1)  ' 

where  denotes  the  number  of  different  ways  in  which  p  white 
balls  and  q  black  balls  can  be  combined  in  p  +  q  trials.    Put  C  for 

 N_  9 

to  (to  -  1)  (m  —  q-p  +  1)' 
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then  27,  gives  for  the  probability  of  the  observed  event 

where      Px  =  (w  -  q)  (m  -  q  -  1)  (m-q-pi- 1), 

and  <?,  =  1 .  2 .  3  q. 

Similarly,  27,  gives  for  the  probability  of  the  observed  event, 

where  Pa=(m-q-l)  (m-q-  p)9 

G,=  2.3.4  g(g+l). 

Thus,  ifn  =  m-p-q  +  2,  we  find  for  the  probability  of  Hx, 

this  we  may  denote  by  -^x» 

Similarly  the  probability  of  27,  is  ;  and  so  on.  Now  the 
probability  of  drawing  a  white  ball  on  another  trial 

on  the  hypothesis  27.  is         x  — — ? — ?  • 
'r  1  m-p  —  q 

on  the  hypothesis  27,  it  is  ^4^* .  — — - — - — 

o  m—p—q 

and  so  on.    Thus  the  whole  probability  of  drawing  a  white  ball  is 
1 


S.  (m-p-q) 


{PiQi(m-p-q)  +  P,Qt{m-p-q-l)  +  &c}. 


The  series  in  .  brackets  is  of  the  same  kind  as  S  with  p  +  1 
written  instead  of  p,  the  number  of  terms  being  one  less  than  in& 


Now  by  Art.  665, 


T.  A.  28 
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hence  the  series  within  brackets  is 

[p  + 1  \q         +p  +  q 


p  +  q+2  n-3 


and  the  required  probability  is 

p  +  l  71  —  2  p+\ 


p+q+2    m—p-q  p+q+2' 

740.  The  mathematical  theory  of  probability  has  been  applied 
to  estimate  the  probability  of  statements  which  are  supported  by 
assertions  or  by  arguments.    We  will  give  some  examples. 

The  probability  that  A  speaks  truth  is  p9  and  the  probability 
that  B  speaks  truth  is  p what  is  the  probability  of  the  truth  of 
an  assertion  which- they  agree  in  making]  There  are  two  possible 
hypotheses ;  (1)  that  the  assertion  is  true,  (2)  that  it  is  not.  If 
it  be  true,  the  chance  that  they  both  make  the  assertion  is  pp';  if 
it  be  false,  the  chance  that  they  both  make  it  is  (1  —  p)  (1  —  p*). 
Hence,  by  Art.  734,  the  probabilities  of  the  truth  and  falsehood 
of  the  assertion  are  respectively 

pp' + (i  -P)  (i  -  jo  ana  pp' + (i  -p)  (i-Py 

Similarly,  if  the  assertion  be  also  made  by  a  third  person  whose 
probability  of  speaking  truth  is  p",  the  probabilities  of  the  truth 
and  falsehood  of  the  assertion  are  respectively 

pp'p"  ^   (i-p)(i-jQ(i-iO  . 

pp'p"  +  (i  -P)  (i     (i  -p")       pp'p" + (i  -P)  (i  -p')  (i  -p") ' 

and  so  on  if  more  persons  join  in  the  assertion. 

741.  We  will  make  a  few  remarks  on  the  preceding  article. 

When  we  say  that  the  probability  of  A'a  speaking  truth  is  p, 
we  mean  that  out  of  a  large  number  of  statements  made  by  A,  the 
ratio  of  the  number  that  are  true  to  the  number  that  are  not  true 
is  that  of  p  to  1  —  p;  thus  the  value  of  p  depends  on  the  correct- 
ness of  A'b  judgment  as  well,  as  on  his  veracity. 
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The  result  in  Art.  740  gives  the  probability  of  the  truth  of  the 
assertion,  so  far  as  that  truth  depends  solely  on  the  testimony  of 
the  witnesses  considered;  there  maybe  from  other  sources  addi- 
tional evidence  for  or  against  the  assertion.  Thus  the  person  who 
is  estimating  the  probability  may  himself  have  a  conviction  more 
or  less  decided  in  favour  of  the  assertion  which  is  independent  of 
the  testimony  he  receives  from  the  witnesses.  It  has  been  proposed 
to  combine  this  conviction  with  the  testimonies  which  are  con- 
sidered in  the  problem.  Thus,  if  there  be  two  witnesses  with  pro- 
balities  p  and  p'  respectively  of  speaking  the  truth,  and  a  third 
person  estimates  the  probability  of  the  truth  of  the  assertion  at  p" 
from  his  own  independent  sources  of  belief,  then  to  him  the  odds 
in  favour  of  the  truth  of  the  assertion  are, 

ppyto  (i -*>)(! -p)(\-Py 

Still  the  result  is  considered  unsatisfactory  by  some  writers; 
who  object  with  great  reason  to  the  solution  on  the  ground  that  it 
omits  all  consideration  of  the  circumstance  that  it  is  the  same 
occurrence  to  which  the  several  testimonies  are  offered.  In  the 
following  problem  this  circumstance  is  expressly  considered. 

742.  Two  persons,  whose  probabilities  of  speaking  the  truth 
are  p  and  p  respectively,  assert  that  a  specified  ticket  has  been 
drawn  out  of  a  bag  containing  n  tickets;  required  the  probability 
of  the  truth  of  the  assertion. 

The  observed  event  here  is  the  coincident  testimony  of  A  and 
B  in  favour  of  a  specified  ticket. 

Here  i  is  the  a  priori  probability  that  the  specified  ticket  would 

be  drawn.  The  probability  of  the  event  on  the  hypothesis  that'  the 

specified  ticket  was  drawn  is  then  ^  .    The  probability  of  the 

event  on  the  hypothesis  that  it  was  not  drawn  might  at  first  be 

supposed  to  be  (1  —  jp)  (1  -p)  — —  ;  but  if  the  persons  have  no 

inducement  to  select  the  specified  ticket  among  those  really  un- 

28-2 
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drawn,  this  expression  must  be  multiplied  by  ^  —  ^ ,  which  is 

the  probability  of  their  selecting  the  same  number  among  the 
undrawn  numbers.    Thus  the  probability  of  the  event  on  the 

second  hypothesis  is  -       —       .    Thus  the  odds  for  the  truth 
Jr  n(n-l) 

of  the  assertion  are 

—  to  - — f/x        ,  or  pp  to  - — — — . 
n  n(n-l)  ^  w-1 

743.  The  question  in  Art.  740  is  respecting  the  truth  of 
concurrent  testimony;  we  may  now  consider  the  truth  of  trar 
dtiionary  testimony.  A  says  that  B  says  that  a  certain  event 
took  place ;  required  the  probability  that  the  event  did  take  place. 
Let  p  and  p  be  the  probabilities  of  speaking  the  truth  of  A 
and  B  respectively.  The  event  did  take  place  if  they  both  speak 
truth,  or  if  they  both  speak  falsehood;  and  the  event  did  not 
take  place  if  only  one  of  them  speaks  truth.  Thus  the  odds  that 
the  event  did  take  place  are 

PP'  +  (1  ~P)(l  -  JO  to  JPfl  ~P)  + JPX1  -  J* 

744.  If  there  be  n  witnesses  of  equal  truthfulness  p,  each  of 
whom  has  transmitted  a  statement  of  an  occurrence  to  the  next* 
the  probability  of  the  truth  of  the  statement  is  to  the  probability 
of  its  falsehood  as  the  sum  of  the  odd  terms  of  the  expansion  of 
(p  +  qf  is  to  the  sum  of  the  even  terms,  q  being  put  equal  to  1  —  p 

'  after  the  expansion  has  been  effected.  For  the  statement  is  true 
if  all  the  witnesses  speak  truth,  or  if  two,  or  four,  or  any  even 
number  speak  falsehood. 

745.  Suppose  that  certain  arguments  are  logically  sound, 
and  that  the  probabilities  of  the  truth  of  their  respective  premises 
are  known ;  required  the  probability  of  the  truth  of  the  conclusion. 
For  example,  suppose  that  there  are  three  arguments,  and  let 
Pt  P't  P"  denote  the  respective  probabilities  of  their  premises.  The 
conclusion  is  valid  unless  all  the  arguments  faiL  The  chance  that 
they  all  fril  is  (1         -Pyi  -p");  hence  the  chance  that  they 
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do  not  fail  is  1  -(1  -p)(l  ~p")>  vldch  is,  therefore,  the 

required  probability. 

746.  Of  such  an  extensive  subject  as  the  Theory  of  Proba- 
bilities only  an  outline  can  be  given  in  an  elementary  work  on 
Algebra.  The  student  who  is  prepared  for  further  investigation 
will  find  a  list  of  the  necessary  books  in  the  article  Probability  in 
the  Penny  Cyclopaedia;  to  that  list  may  be  added  the  work  of 
Professor  Boole  on  the  Laws  of  Thought.  For  an  elementary 
discussion  of  the  first  principles  of  the  subject  the  student  may 
consult  De  Morgan's  Formal  Logic,  Chapters  ix.  and  x. 


EXAMPUSS  ON  PROBABILITY. 

1.  The  odds  against  a  certain  event  are  3  to  2;  and  the 
odds  in  favour  of  another  event  independent  of  the  former  are 
4  to  3.  What  are  the  odds  for  or  against  their  happening 
together? 

2.  •  Supposing  that  it  is  8  to  7  against  a  person  who  is  now 
30  years  of  age  living  till  he  is  60,  and  2  to  1  against  a  per- 
son who  is  now  40  living  till  he  is  70;  find  the  probability 
that  one  at  least  of  these  persons  will  be  alive  30  years  hence. 

3.  A  party  of  23  persons  take  their  seats  at  a  round  table; 
shew  that  it  is  10  to  1  against  two  specified  individuals  sitting 
next  to  each  other. 

4.  The  chance  that  A  can  solve  a  certain  problem  is  j ;  the 

2 

chance  that  B  can  solve  it  is  g ;  what  is  the  chance  that  the  pro- 
blem is  solved? 

5.  What  is  the  chance  of  drawing  two  black  balls  and 
one  red  from  an  urn  containing  five  black,  three  red,  and  two 
white? 
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6.  What  is  the  probability  that  an  ace  and  only  one  will  be 
thrown  in  two  trials  with  one  die? 

7.  What  is  the  probability  of  throwing  one  ace  at  least  in 
two  trials  with  one  die? 

8.  What  are  the  odds  against  throwing  one  of  the  two  num- 
bers 7  or  11  in  a  single  throw  with  two  dice? 

9.  Two  purses  contain  the  same  number  of  sovereigns  and 
a  different  number  of  shillings;  one  purse  is  taken  at  random 
and  a  coin  is  drawn  out;  shew  that  it  is  more  likely  to  be  a 
sovereign  than  it  would  be  if  all  the  coins  had  been  in  one 
purse? 

10.  There  are  four  men  A,  B,  Cf  D  whose  powers  of  rowing 
may  be  represented  by  the  numbers  6,  7,  8,  9  respectively;  two  of 
them  are  placed  by  lot  in  a  boat,  and  the  other  two  in  a  second 
boat.  Find  the  chance  which  each  man  has  of  being  a  winner  in 
a  race  between  the  boats. 

11.  In  one  throw  with  a  pair  of  dice  what  is  the  chance  that 
there  is  neither  an  ace  nor  doublets? 

12.  If  from  a  lottery  of  30  tickets  marked  1,  2,  3,  

four  tickets  be  drawn,  what  is  the  chance  that  1  and  2  will  be 
among  them? 

13.  A  has  3  shares  in  a  lottery  where  there  are  3  prizes 
and  6  blanks ;  B  has  1  share  in  another  where  there  is  but  1  prize 
and  2  blanks.  Shew  that  A  has  a  better  chance  of  getting  a  prize 
than  B  in  the  ratio  of  16  to  7. 

14.  Two  bags  contain  each  4  black  and  3  white  balls;  a 
person  draws  a  ball  at  random  from  the  first  bag,  and  if  it  be 
white  he  puts  it  into  the  second  bag  and  then  draws  a  ball  from 
it;  find  the  chance  of  his  drawing  two  white  balls. 

15.  A  coin  is  thrown  up  n  times  in  succession;  what  is 
the  chance  that  the  head  will  present  itself  an  odd  number  of 
times? 
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16.  When  n  coins  are  tossed  up  what  is  the  chance  that  one 
and  only  one  will  torn  up  head? 

17.  Supposing  the  House  of  Commons  to  consist  of  m  Tories 
and  n  Whigs,  find  the  probability  that  a  committee  of  p  +  q 
selected  by  lot  may  consist  of  p  Tories  and  q  Whigs. 

18.  What  is  the  chance  that  a  person  with  two  dice  will 
throw  aces  at  least  four  times  in  six  trials? 

19.  Find  the  chance  of  throwing  an  ace  with  a  single  die 
once  at  least  in  six  trials. 

20.  if  on  an  average  9  ships  out  of  10  return  safe  to  port, 
what  is  the  chance  that  out  of  5  ships  expected  at  least  3  will 
arrive? 

21.  In  three  throws  with  a  pair  of  dice  what  is  the  proba- 
bility of  having  doublets  one  or  more  times? 

22.  What  is  the  chance  of  throwing  sixes  once  or  oflener  in 
three  throws  with  a  pair  of  dice? 

23.  In  a  lottery  containing  a  large  number  of  tickets  where 
the  prizes  are  to  the  blanks  as  1  to  6,  what  is  the  chance  of 
drawing  at  least  2  prizes  in  5  trials? 

24.  If  four  cards  be  drawn  from  a  pack,  what  is  the  proba- 
bility that  there  will  be  one  of  each  kind? 

25.  If  four  cards  be  drawn  from  a  pack,  what  is  the  proba- 
bility that  they  will  be  marked  one,  two,  three,  four? 

26.  If  -4's  skill  at  any  game  be  double  that  of  B,  the  odds 
against  A'b  winning  4  games  before  B  wins  2  are  131  to  112. 

27.  Two  persons  A  and  B  engage  at  a  game  in  which  A'a 
skill  is  to  Bb  as  2  to  3.  Find  the  chance  of  A'b  winning  at  least 
2  games  out  of  5. 

28.  Three  white  balls  and  five  black  are  placed  in  a  bag,  and 
three  persons  draw  a  ball  in  succession  (the  balls  not  being  re- 
placed) until  a  white  ball  is  drawn.  Shew  that  their  respective 
chances  are  as  27,  18  and  11. 
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29.  In  each  game  that  is  played  it  is  2  to  1  in  favour  of  the 
winner  of  the  game  before.  What  is  the  chance* that  he  who  wins 
the  first  game  shall  win  three  or  more  of  the  next  four? 

30.  A  certain  stake  is  to  be  won  by  the  first  person  who 
throws  ace  with  a  die  of  n  faces.  If  there  be  p  persons,  find 
the  chance  of  the  r*  person. 

31.  There  are  3  jxarcels  of  books  in  another  room  and  a  par- 
ticular book  is  one  of  them.  The  odds  that  it  is  in  one  particular 
parcel  are  3  to  2;  but  if  not  in  that  parcel  it  is  equally  likely  to 
be  in  either  of  the  others.  If  I  send  for  this  parcel  giving  a 
description  of  it,  and  the  odds  I  get  the  one  I  describe  are  2  to  1, 
what  is  my  chance  of  getting  the  book  I  want? 

32.  In  a  purse  are  ten  coins,  all  shillings  except  one  which  is 
a  sovereign ;  in  another  are  ten  coins  all  shillings.  Nine  coins  are 
taken  out  of  the  former  purse  and  put  into  the  latter,  and  then 
nine  coins  are  taken  from  the  latter  and  put  into  the  former.  A 
person  is  now  permittee!  to  take  whichever  purse  he  pleases; 
which  should  he  choose? 

33.  One  urn  contained  5  white  balls  and  5  black  balls;  a 
second  urn  contained  10  white  balls  and  10  black  balls;  a  ball  of 
which  colour  is  not  known  was  removed  from  one  urn,  but  which 
is  not  known,  into  the  other.  A  drawing  being  now  made  from 
one  of  the  urns  chosen  at  random,  what  is  the  chance  that  it  will 
give  a  white  ball? 

34.  What  is  the  chance  of  throwing  15  in  one  throw  with  3 
dice? 

35.  What  is  the  chance  of  throwing  17  in  one  throw  with  3 
dice? 

36.  What  is  the  probability  of  throwing  not  more  than  10 
with  3  dice? 

37.  When  2n  dice  are  thrown,  prove  that  the  sum  of  the 
numbers  turned  up  is  more  likely  to  be  7n  than  any  other 
number. 
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38.  When  2n  4- 1  dice  are  thrown,  prove  that  the  chance 
that  the  sum  of  the  numbers  turned  up  is  7n  +  4  equals  the 
chance  that  the  sum  of  the  numbers  turned  up  is  7n  +  3,  and 
that  the  chance  is  greater  than  the  chance  that  the  sum  is  any 
other  number. 

39.  Out  of  a  set  of  cards  numbered  from  1  to  10  a  card  is 
drawn  and  replaced ;  after  ten  such  drawings  what  is  the  proba- 
bility that  the  sum  of  the  numbers  drawn  is  24? 

40.  Counters  numbered  0,  1,  2,  n,  are  placed  in  a  box; 

after  one  is  drawn  it  is  put  back,  and  the  process  is  repeated. 
What  is  the  probability  that  m  drawings  will  give  the  counter 

,  marked  «1 

41.  There  are  10  tickets  5  of  which  are  blanks  and  the  others 
are  marked  1,  2,  3,  4,  5;  what  is  the  probability  of  drawing  10  in 
three  trials,  the  balls  being  replaced? 

42.  Required  the  probability  in  the  preceding  question  if  the 
balls  are  not  replaced. 

43.  From  a  bag  containing  n  balls  p  balls  are  drawn  out  and 
replaced,  and  then  q  balls  are  drawn  out.  Shew  that  the  proba- 
bility of  exactly  r  balls  being  common  to  the  two  drawings  is 

\p\q\n-p\n-q 
\n  \r  \p  —  r  [q  —  r  \n-p  —  q  +  r ' 

44.  Eight  persons  of  equal  skill  at  chess  draw  lots  for  part- 
ners and  play  four  games;  the  four  winners  draw  lots  again  for 
partners  and  play  two  games;  and  the  two  winners  in  these  play 
a« final  game;-  find  the  chance  that  two  assigned  persons  will  have 
played  together. 

45.  In  a  bag  are  m  white  and  n  black  balls.  Shew  that 
the  chance  of  drawing  first  a  white,  then  a  black  ball,  and  so 
on  alternately  until  the  balls  remaining  are  all  of  one  colour  is 

|  m  +  n  * 
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If  m  balls  are  drawn  at  once,  what  is  the  chance  of  drawing 
all  the  white  balls  at  the  first  trial? 

46.  In  a  bag  are  n  balls  of  m  colours,  pl  being  of  the  first 
colour,  pa  of  the  second  colour,  ...  pm  of  the  m*  colour.  If  the 
balls  be  drawn  one  by  one,  what  is  the  chance  that  all  the  balls 
of  the  first  colour  will  be  first  drawn,  then  all  the  balls  of  the 
second  colour,  and  so  on,  and  lastly  all  the  balls  of  the  m*  colour? 

47.  A  bag  contains  n  balls;  a  person  takes  out  one  and  puts 
it  in  again;  he  does  this  n  times;  what  is  the  probability  of  his 
having  in  his  hand  every  ball  in  the  bag? 

48.  In  a  game  of  skill  played  between  two  persons  it  is  found 
that  A  can  give  B  p  points,  and  can  give  C  r  points ;  also  that  B 
can  give  C  q  points.  How  many  points  make  the  game?  Discuss 
the  case  in  which  p  +  q  =  r. 

49.  If  three  persons  dine  together,  in  how  many  different 
ways  can  they  be  seated?  When  they  have  dined  together  exactly 
so  many  times,  taking  their  places  by  chance,  what  is  the  proba- 
bility that  they  will  have  sat  in  every  possible  arrangement? 

50.  N  is  a  given  number ;  a  lower  number  is  selected  at  ran- 
dom, find  the  chance  that  it  will  divide  N. 

51.  A  handful  of  shot  is  taken  at  random  out  of  a  bag; 
what  is  the  chance  that  the  number  of  shot  in  the  handful  is 
prime  to  the  number  of  shot  in  the  bag?  For  example,  suppose 
the  number  of  shot  in  the  bag  to  be  105. 

52.  If  n  =  a",  and  any  number  not  greater  than  n  be  taken 

at  random,  the  chance  that  it  contains  a  as  a  factor  s  times  and  no 

.11 
more  is  —  — -rr . 
a*  a*+ 

53.  Two  persons  play  at  a  game  which  cannot  be  drawn, 
and  agree  to  continue  to  play  until,  one  or  other  of  them  wins 
two  games  in  succession ;  given  the  chance  that  one  of  them  wins 
a  single  game,  find  the  chance  that  he  wins  the  match  described. 
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For  example,  if  the  odds  on  a  single  game  be  2  to  1,  the  odds  on 
the  match  will  be  16  to  5. 

54.  A  person  has  a  pair  of  dice,  one  a  regular  tetrahedron, 
the  'other  a  regular  octohedron;  what  is  the  chance  that  in  a  single 
throw  the  sum  of  the  marks  is  greater  than  6? 

55.  There  are  three  independent  events  of  which  the  pro- 
babilities are  respectively  plf  pa,  pa;  find  the  probability  of  the 
happening  of  one  of  the  events  at  least ;  also  of  the  happening  of 
two  of  the  events  at  least. 

56.  A  certain  sum  of  money  is  to  be  given  to  one  of  three 
persons  A,  JB9  C,  who  first  throws  10  with  three  dice;  supposing 
them  to  throw  successively  in  the  order  named  until  the  event  has 
happened,  shew  that  their  chances  are  respectively 


57.  Find  the  chance  of  a  one,  two,  and  a  three  lying  together 
in  a  pack  of  cards  which  consist  of  m  suits,  and  has  n  cards  num- 
bered 1,  2,  3,  in  each  suit. 

58.  A  undertakes  with  a  pair  of  dice  to  throw  6  before  B 
throws  7  j  they  throw  alternately,  A  commencing.  Compare  their 
chances. 

59.  A  person  is  allowed  to  draw  two  coins  from  a  bag 
containing  4  sovereigns  and  4  shillings.  What  is  the  value  of  his 
expectation? 

60.  If  six  guineas,  six  sovereigns,  and  six  shillings  be  put 
into  a  bag,  and  three  be  drawn  out  at  random,  what  is  the  value  of 
the  expectation? 

61.  Ten  Russian  ships,  twelve  French,  and  fourteen  English 
are  expected  in  port.  What  is  the  value  of  the  expectation  of  a 
merchant  who  will  gain  £2100  if  one  of  the  first  two  which  arrive 
is  a  Russian  and  the  other  a  French  ship? 
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62.  From  a  bag  containing  3  guineas,  2  sovereigns,  and  4 
shillings,  a  person  draws  3  coins  indiscriminately;  what  is  the 
value  of  his  expectation? 

63.  What  is  the  worth  of  a  lottery-ticket  in  a  lottery  of 
100  tickets,  having  four  prizes  of  £100,  ten  of  £50,  and  twenty 
of  £51 

64.  A  bag  contains  9  coins,  5  are  sovereigns,  the  other  four 
are  equal  to  each  other  in  value ;  find  what  this  value  must  be  in 
order  that  the  expectation  of  receiving  two  coins  out  of  the  bag 
may  be  worth  24  shillings? 

65.  From  a  bag  containing  4  shilling  pieces,  3  unknown  sil- 
ver coins  of  the  same  value,  and  one  unknown  gold  coin,  four  are 
to  be  drawn.  If  the  value  of  the  drawer's  chance  be  15  shillings, 
what  are  the  coins? 

66.  A  and  B  subscribe  a  sum  of  money  for  which  they  toss 
alternately  beginning,  with  A,  and  the  first  who  throws  a  head  is 
to  win  the  whole.  In  what  proportion  ought  they  to  subscribe? 
If  they  subscribe  equally,  how  much  should  either  of  them  give 
the  other  for  the  first  throw? 

67.  There  are  a  number  of  counters  in  a  bag  of  which  one  is 
marked  1,  two  2,  Ac.  up  to  r  marked  r;  a  person  draws  a  number 
at  random  for  which  he  is  to  receive  as  many  shillings  as  the  num- 
ber marked  on  it;  find  the  value  of  his  expectation. 

68.  A  bag  contains  a  number  of  tickets  of  which  one  is 
marked  1,  four  marked  2,  nine  marked  3, ...  up  to  n*  marked  n; 
a  person  draws  a  ticket  at  random  for  which  he  is  to  receive  as 
many  shillings  as  the  number  marked  on  it ;  required  the  value  of 
his  expectation. 

69.  A  man  is  to  receive  a  certain  number  of  shillings,  he 
knows  that  the  digits  of  the  number  are  1,  2,  3,  4,  5,  but  he  is 
ignorant  of  the  order  in  which  they  stand ;  determine  the  value  of 
his  expectation. 
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70.  From  a  bag  containing  a  counters  Tsome  of  which  are 
marked  with  numbers,  b  counters  are  to  be  drawn,  and  the  drawer 
is  to  receive  a  number  of  shillings  equal  to  the  sum  of  the  num- 
bers on  the  counters  which  he  draws ;  if  the  sum  of  the  numbers 
on  all  the  counters  be  n9  what  will  be  the  value  of  his  chance? 

71.  There  are  two  urns  and  it  is  known  that  one  contains 
8  white  balls  and  4  black  balls,  and  that  the  other  contains 
12  black  balls  and  4  white  balls ;  from  one  of  these,  but  it  is  not 
known  from  which,  a  ball  is  taken  and  is  found  to  be  white, 
find  the  chance  that  it  was  drawn  from  the  urn  containing  8  white 
balls. 

72.  Five  balls,  any  one  of  which  may  be  either  white  or  black, 
are  in  a  bag,  and  two  being  drawn  are  both  white;  find  the  pro- 
bability that  all  are  white. 

73.  A  purse  contains  n  coins  which  are  either  sovereigns  or 
shillings;  a  coin  drawn  is  a  sovereign,  what  is  the  probability  that 
this  is  the  only  sovereign? 

74.  A  bag  contains  4  white  and  4  red  balls;  two  are  taken 
out  at  random,  and  without  being  seen  are  placed  in  a  smaller 
bag;  one  is  taken  out  and  proves  to  be  white,  and  replaced  in  the 
smaller  bag;  one  is  again  taken  out  and  proves  to  be  again  white, 
what  is  now  the  probability  that  both  balls  in  the  smaller  bag  are 
white? 

75.  Of  two  purses  one  originally  contained  25  sovereigns,  and 
the  other  10  sovereigns  and  15  shillings.  One  purse  is  taken  by 
chance  and  4  coins  drawn  out  which  prove  to,  be  all  sovereigns; 
what  is  the  probability  that  this  purse  contains  only  sovereigns, 
and  what  is  the  value  of  the  expectation  of  the  next  coin  that  will 
be  drawn  from  it? 

76.  A  bag  contains  three  bank  notes,  and  it  is  known  that 
each  of  them  is  either  a  £5,  a  £10,  or  a  £20  note;  at  three 
successive  dips  in  the  bag  (the  note  being  replaced  after  each 
dip)  a  £5  was  drawn.  What  is  the  probable  value  of  the  contents 
of  the  bag? 
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77.  It  is  3  to  1  that  A  speaks  the  truth,  4  to  1  that  B  does, 
and  6  to  1  that  G  does;  what  is  the  probability  that  an  event 
took  place  which  A  and  B  assert  to  have  happened  and  which  0 
denies  ) 

78.  A  speaks  truth  3  times  out  of  4,  B  4  times  out  of  5 ;  they 
agree  in  asserting  that  from  a  bag  containing  9  balls,  all  of  dif- 
ferent colours,  a  white  ball  has  been  drawn ;  shew  that  the  proba- 

96 

,  bility  that  this  is  true  is  ^ . 

79.  Suppose  thirteen  witnesses,  each  of  whom  makes  but  one 
false  statement  in  eleven,  to  assert  that  a  certain  event  took  place; 
shew  that  the  odds  are  in  favour  of  the  truth  of  their  statement, 
even  although  the  a  priori  probability  of  the  event  be  as  small  as 

1 

10" +r 

80.  One  of  a  pack  of  52  cards  has  been  removed;  from  the 
remainder  of  the  pack  two  cards  are  drawn  and  are  found  to  be 
spades;  find  the  chance  that  the  missing  card  is  a  spade. 

81.  If  two  persons  walk  on  the  same  road  in  opposite  direc- 
tions during  the  same  interval  of  time  a  +  b  +  c,  the  one  completing 
the  distance  in  a  time  a,  and  the  other  in  a  time  b,  what  is  the 
chance  of  their  meeting? 

82.  Find  how  many  odd  numbers  taken  at  random  must  be 
multiplied  together,  that  there  may  be  at  least  an  even  chance  of 
the  last  figure  being  5. 

Given  log102  =  .30103. 
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LIV.    MISCELLANEOUS  EQUATIONS. 

747.  Equations  may  be  proposed  which  require  peculiar  arti- 
fices for  their  solution;  in  the  following  collection  the  student 
will  find  ample  exercise;  he  should  himself  try  to  solve  the 
equations,  and  afterwards  consult  the  solution  here  given. 

,     x*  +  2x+2    x'  +  Sx+20    x*+4x+6    x2  +  6x+\2 

1.   =         +  s  +  . 

x+\  a?  +  4  x+2  x  +  3 

14  2  3 

x+  1  +  T  +  X  +  4:  +  j=X+2+  s  +  £c+3  + 


£e+l  «+4  x+2  x+Z' 

1         4    =    2         8  . 
x  +  l    a  +  4    x+2    x  +  3' 


x  +  l    x  +  2    x  +  3    £c  +  4> 
x  x 


af+3x  +  2~  x'+7x+l2' 
x*+3x+2  =  x*  +  1x  +  l2, 
ix  =  -lO; 
x  =  -2\. 

1  1 


x  =  0. 


or, 


(x  +  a)2 -ba    (x  +  b)2-a'~x'-(a  +  6/    x*-(a-  b)a  ' 

1  f      2s      )  1  1 

x  +  a+'b  W-(a-&),^^^,-(fl  +  5)^  +  ^-(a-6),, 

1        a;  -  (a  +  b)  1  m 

x  +  a  +  b  x*-(a-b)'  ~~  x*- (a  +  6)* ' 

x-(a  +  b)  1 
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.-.  {*-(*  +  &)}'  =  *•  -(a -by, 

2x(a  +  b)  =  (a+b),+  (a-b)t; 
«•+&• 


x  = 


a  +  b 


3  *  +  i8 

3-  3+F 


3  (W§)  =  10y, 


y      3      9  9' 


'  =  Z  or  3'' 


.\  x*-12  =  6x  or  ix; 
x  =  6  or  -2  or  3*^/(21). 


(5a;4  4-  IPs'  +  1)  (5a4  +  10a'  +  1) 
4*  (a;4+10iBa  +  5)(a4+10a,  +  5) 

5x*  +  10a^+  1  _  a5  +  10a8 4-  5a 
''•  a5  4^0^  4- 5a  ~  5a4  +  10a* +1  ' 

adding  and  subtracting  the  numerator  and  denominator  of  each 
fraction 


(x  +  l\a  /l  4-  a\> 
\x-l)-\l-a)  ; 

a?  +  1  _  1  +  a 


1 

a?  = 
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5.  (aj-l)«+(2*  +  3)»  =  27*'  +  8. 

Sinoe  (*-l)  +  (2a;+3)  =  3a;  +  2, 

2 

divide  both  sides  by  3x+  2,  which  gives  x  =  -  g  for  one  value  of 
2;  and  we  have 

(x- iy -(x- l)(2a?  +  3)  +  (2*  +  3)f  =  9**-  &b  +  4, 
3«*  +  9*  +  1 3  =  9x*  -  &b  +  4, 
6V-15*  =  9, 

5x    25    25    3  49 
^~T  +  16~16+2~16; 

5       7  *  1 

aj-i=±jj      x=Z  or -3. 


1   ,  j  1   ,  1 

•'**+l+*  +  4    x  +  2    x  +  3' 

1         11  1_ 

x  +  1    x+2    x  +  3~  x+i' 
T.A.  29 
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(*+         2)  =  (*  +  3)(<c  +  4), 
3s+2  =  7x+12, 
4x  =  -10, 
a>  =  -2£. 

r(flB+l)(g-8)    1  (s-*-3)(g-5)     2  (x+5)(x-1)  92 
5  (*+2)(x-4)  +9  (x+4)(a;-6)    13  («+6)(«-8)  ~  585  ' 

It  ia  clear  that  the  numerator  and  denominator  of  each  fraction 
involves  the  expression  x*-2x,  put  therefore  («-l)t==y;  then 
the  equation  beoomes 

1  y-4    1  y-16     2  y-36  _  92 
5  y-9+  9  y-25    13  y-49  ~  585' 

1    1_2  _  92 
Wow  5  +  9    13  ~  585  ' 

Subtracting  corresponding  terms  we  have 

1    5      19        2  13 

5  y-9  +  9  y-25    13  y-49~~U' 

1  1  2 

y-9  +  y-25  y-49~U' 

1  11  1 

y-9    y-49    y-49  y-25' 

-40^  24 
y-9  ~y-25j 

...  3(y-9)  +  5(y-25)  =  0, 

8y  =  152; 

y=19  and  «=  1*^/(19). 
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a£  x  +  3a        c  +  3a; 
a  +  3*  "  a-i  aj  +  3c' 

a?*  +  3flg*  c*+3c*a?t 
a*+3a*aj  a*+3ac* 

adding  and  subtracting  we  have 

(a;*-*1)8  (^-a;*)8' 
a;*  +  a*  _  cUg^ 


,\  a;  =  db  ^/(ac). 

v      i    x-  J(2ax)  +  a  0 

.'.  {x  +  J(2ax)  +  ay~2{x  +  J(2ax)  +  a}+l  =  0, 
x  +  a  +  J{2ax)  =  1, 
(aj  +  a)8-2(a;-f-a)  +  l  =  2oa?, 
«*-2aj+l  =  2a-a*;t 
.%  a  =  1  *  ,y(2a  -  a*). 


29—2 
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(z  +  a)(z  +  2a)(x  +  3a)(z  +  ia)  =  c4, 
(z  +  a)(z  +  4a)  x  (a?  +  2a)(a?  +  3a)  =  c4, 
(^  +  0oa?+4a^(af +  5a»  +  6a*)  =  c4; 
+  5aa;  =  ya*, 

(y  +  4)<y  +  6)  =  £j 
y*+ 10y  + 25  =  j4+l; 

.•.  a^  +  0aaj  =  *(a4  +  c4)* -5a*; 

6** -\x  +  2  + 12**  -17*  +  6  =  W  ~  6x  +  *' 
-  l)(3x  -  2)  +  (3*  -  2X4*  -  3)  =     ~  W4"  ~  ^ 

853s *  (2*-6r)(4t-3) = (*"  -  J)^  - 1); 

.-.  2  =  (2a-l),(4*-l)(4as-3) 

=  (2*  - 1)'  {2  (2*  - 1)  + 1}  {2  (2*  - 1)  - 1 
y  =  2*  - 1, 

y*(V-l)  =  2; 

"  y     4    64  ~  64  +  4  ~  64 ' 
Jf»-£(W«8); 
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to        /*+6\  /x-4\*   /*-6\  /a?+9\»    0a?*  +  36 

a?+6  /a?-4\'   a -6  Ac  4-  9\'  _  aM-6    a;-  6 


«-6      3(te      «4-6  16a? 
x 


a?  4-6    (a;-9),~'a>-6(a>  +  4),, 

x  =  0  is  one  value,  and 

/x-6\a  _  16  fx  -  9\' 
"36  U  + V  ' 

«b-6  2a?-9 


a?4-6       3aj  +  4' 
3(a^-S*-34)  =  *2(^-3*-ff4); 
these  quadratics  can  now  be  solved  in  the  ordinary  way. 


13. 


or, 


x*  4-  2ax  +  ac  ax 
x*  4-  2ex  4-  ac  ~~  (a:  4-  a)  (a:  4-  c) " 

Let  (o54-o)(a54-c)  =  asy, 

+  2oas  +  ac  _  a  m 
x*  +  2cx  +  ac~  y  9 

2(x* +ax+  cx  +  ac)  _  g4-y 
2a? (a -  c)       ~  a-y9 

(x  +       +  «4-y 
x  (a  -  c)       a-y ' 

y  =  «+y. 

a  — c  a-y* 
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el 

y  =  -g  *  g       +  4ac  -  4a")  =  a  suppose, 
x*  +  x(a  +  c)  +  ac  =  xa, 
aj*  +  fic(a  +  c  —  a)=-ac; 

...  x  =  *^N/{(a  +  c-a)s-4ac}. 


or, 


14.      2(«4.a)(a?4.c)  +  (a-c)'  =  -7|^l-,, 

x       '     x      7     c{(a?  +  a)  +  («  +  c)} 


Let 


From  (a) 


(x  +  a)  =  y(x  +  c) 
y"  +  l  =  : 


*(y+i) 

»+c+a-c  =  y  (x  +  c); 

a—  e 


x  +  c  = 


y-l> 


(ft)  becomes 
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15  (s  +  a  +  ft)*  +  (flg  +  c  +  tfy_m  m 

(*  +  a  +  c)4  +  (*  +  6  +  d)4"~  »  I1* 

Let        a  +  i=a  +  £)       .%  a=$(a  +  6  +  c  +  <f), 
c  +d  =  a-0J;         P  =  i(a  +  b-c-d), 

let         a  +  c  =  a,  +  /H  Oj  =  J  (a  +  6  +  c  +  rf)  =  a, 

Hence  by  assuming  a?  +  a  =  y,  (1)  may  be  put  into  the  shape 

(y  +  P)$  +  (y  -  P)$  _™> 

y8  +  KV/S*  +  5yfi*  w 

or,     y4  (n  -  m)  +  10/  (n/8*  -  mft")  =  5        -   (2), 

which  is  a  common  quadratic  equation. 

f    (a  +  b-c-d)' 
(2)  takes  the  form  y*  =  5/3,^1f; 

or,      »  =  y-a==i[51<s/{(«-^),-(ft---«),}--(a  +  J  +  c  +  ^]- 

16.        x9  +  a'  +  tf  +  b'**J2{x(a  +  y)-b(a-y)}, 
9?-a*-*f  +  V  =  J2{x{a-y)  +  b(a  +  y)}; 
adding  and  subtracting 

x*  +  b%  =  J2(ax  +  by)  (a), 

jf  +  a*  =  (xy-ab) 

multiplying  together 

(«,  +  &,)(y,  +  ai)  =  2(ax  +  by)(xy-ab), 
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or,     (ax  +  by)'  +  (xy-aRf  =  2  (ax  +  by)  (ay  -  ab) ; 

ax  +  by  =  xy  —  ab; 

x  +  b 
9  x-b 

Substituting  in  (a) 

^ + J ' = V(2) « |*  + -_j  j « V2 ; 

•*.  (neglecting  the  impossible  root),  x  —  b  =  a  ; 

.\  x  =  a  ,J(2)  +  b9 

17.        («•  + y* +  (!*)*  + (* -y  +  c)*  =  2  (4ay)*  (1), 

i=l+I  (2). 

y     x     c  N  7 

Since,   (a?  -  y  +  c)*  =  af  +  y*  +  C*  -  2ay  +  2a?c  -  2y<?, 

and  from  (2)  xc-xy-yc  =  0  (a); 

.'.  (x-y  +  cyt=a?  +  y*  +  <f; 

,\  (1)  becomes  (a;  -  y  +  c)f  =  4ay  =  4c(x~  y)  from  (a) ; 

/.  (*-y-c)f  =  0; 

.%  y  «  x  -  c, 

but,  y  «       ;    .•.  «*-c,  =  caj, 

y  =  |(-l*^> 
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la         2(«f  +  xy  +  yt-a^  +  ,JS(^-yt)  =  0  0)» 

•    2(a?-xe  +  zt-b')+lJ&(a?-*?)=0  (2)» 

y*-S  +  3(yzt-<f)  =  0   (3). 

Multiplying  (1)  by  2  it  becomes 

3  (*  +  y)'  +  (x  -  yY  +  2  J3  (**  -  y^  =  4a*, 
,/3(as  +  y)  +  a;-y  =  *2a. 

Similarly  from  (2),        VM*  ~  *)  +  (*  +  *)  =  *  2b' 
Subtracting     J3{y  +  z)-(i/  +  z)  =  ±2(a-b); 

,..  y  +  *  =  *  (a  -  6)  =  *  { V(3)  +  1}  («  -  »> 

Prom  (3)  2y*  +  6y«*  =  8c", 

(y  +  *)*  +  (y-*)'  =  8c*; 

.-.  (y-«)"  =  8c*  =»•»»», 
where  ♦»  =  {^(3)  + 1}  (a  -  6), 

y-*  =  (8c»T  >»*)*; 
...  y  =  +  (8c*- «*•)*}» 

-(8c* -«**)*}, 
*y(3)  +  l}  =  *2a-y{N/(3)-l} 

=  *  2a  -  {*  *» +  (8c*  -  «**)!} 

2 

=  *  (a  +  j)  _atf&zi  (8c* -»»•)*; 


2 

 ft  2-Vj 

'7(3)" 
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19.  3a?+3y-»=3  (1), 

*  +         =  — j—'.  (2), 

From  (1)  3(a  +  y  +  *)  =  4«  +  3  (a), 

(2)  +  ^  +  +  08), 

17*4-44 

From  (3)    2(af  4.^  +  3»--3sys)  =      *   (y); 

then  multiplying  (a)  and  (J3)  together  and  subtracting  (y),  we  have 

=  8*i-12*,  +  6*-l; 
or  (aJ  +  y  +  «)»  =  (2«-l)8; 
.'.  x  +  y  =  z-l. 

From  (1)         ficr*-  y  =  |  +  1 ; 


»- 1  =g+  1;  .\  «  =  3; 


«  +  y  =  2, 
x9  +  if  =  z*  + 


14-9*  5 


2  ~2' 
2(a-4-^-(aj  +  y/  =  (>-4  =  l, 

«-y  =  «kl;  .%  a?  =  l£  or  i, 
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(ac  +  l)(s»+l)_(«'  +  l)(*y+l) 

,(2> 

^=^^-;  h 

(2) 

Subtracting  denominators  from  numerators,  we  have 


(ac+l)(a?*+l) 

(a'  +  l)(ay+l) 

a?  +  1 

y  + 1 

(oc  +  lXy'  +  l) 

y+ 1 

05+1 

a;  +  l  af+l 

y  + 1  ac  +  1 

_  y  +  1  c*  +  1  m 

ay  +  1 

"  x  +  1  ac+1 ' 

(^+1)^+1) 

~     (ac+1)'  ' 

(x—y)9  _  (a  — c)*  #  a-y  _^  a  — c 
(:cy  +  l)8 ~"  (ac  + 1/ '      oy  +  l~  ac+1 


(ft; 


%  (aj-y)  =  (^+l)^~-,  or(ay+l)^-^: 


a  —  c 


•*.  using  the  first  value  and  calling  ^  ^  | 


a?  —  m 


we  have  y(l  +  mx)  =  x-m;      y  =  j 

Now  from       (a)   r  =  — — r-  .   : 

x/    05+1     y +  1    ac  +  1' 

x*  —  tnx  ^  ^ 

a?  + 1  _  a*  +  j    1  +  mmc         q'+l  o^+l 
05+1  ~  ac  +  1 "  x  —  m  +  ^  ~  ac  + 1  *  1  +  wwc  +  a;-m 1 
1  +  «MB 

(ac+l)(l+7iwj  +  aj-m)  =  (af+l)(a:+l); 
or  1  +ac  +  x(a-c)  +  x(l  +ac)-{a-c)  =  (a*  +  1)  +  a(af+  1) ; 
••.  x(a-c)-ax(a-c)  =  a(a-c)  +  (a-c) ; 
,\  x(l  -  a)  =  (1  +  a) ; 
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1  +  a 


.*.  x  = 


1-a' 
1+a  a-e 


x—m       1  —  a    1  +ae 
V==l+mx  =  ,    (1  +  a)(a-7)' 
(l-a){l+ac) 

_  1  +  e  • 

Similarly,  if  we  use  negative  sign  in  we  have  the  cor- 
responding values  of  *  and  y, 

1-a  1-c 
1+a'  1+e' 

21.    (2y 1)  (x*  +  iz  +  3)1 -(2x-l)(tf  +  iy+ 3)* 

=  (x-y)(x  +  y-2xy  +  i)  (1), 

"  \/(fcr) "  Iti  (2)* 

From  (1)  (2y- 1) (x*  +  ix  +  3)1  -  (2*- 1)  (y*  +  4y  +  3)1 

=  as*  -  y*  -  2**y  +  2ay*  +  4*  -  4y 
=  y,(2aj- 1)  -  as,(2y  - 1)  +  2(2*  - 1)  -  2(2y  - 1) 
=  (y*  +  2)  (2x  - 1)  -  (a*  +  2)  (2y  - 1) ; 
•••  (2y-l){x*  +  2  +  J(x'  +  4x+  3)}  =  (2*-l){y»+  2  +  J(y*+iy  +  3)}, 

»»  + 2 +  „/(;»;«  + 4s +3)    y*+2  +  N/(y4  +  4y-i-3) 

2*  - 1  2y~3I  W 

Now  xi  +  4as  +  $=(x'  +  2tc+l)(xt-2x  +  S)  =  ito 
if  «=«*  +  2a!+l  and  v  =  x*-2x+3; 

u  +  v  =  2(«*  +  2)  and  («  -»)  =  2(2as- 1). 
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Hence  (a)  assumes  the  form 

(JW")'_CsAW*,)f 

u  —  v  u\~~v\  y 

where  ux  =  y*  +  2y  +  1,  and  vx  =  y8  -  2y  +  3  ; 

Ju-Jv    Jux-Jvx'    "  v  vx' 
a?  +  2x  4- 1  _  y*  +  2y  +  1 

adding  and  subtracting  numerator  and  denominator 

g8  4-2  _  ^4-2 
2;c-l~2y-l; 

2y»*  +  4y  -    -  2  =  2a^  +  4a>-  y*  -  2 ; 

2yo;(a;-y)-(iB"-yi)-.4(a;-y)  =  0; 

.\  »  =  y;  or  2a5y  =  a5  +  y  +  4,  so  that  y  =  • 

Substituting  the  value  y  =  as  in  (2),  we  have 

x/(ra)=2'OT^  •••-!*}. 

.    .  +  4  y  +  1     3(a?+l)  3 

Again,  if  y  =  ^-I,  then^=-(^  =  — , 

,and^- 


2*-l    (2»  - 1)9 '        a+l  2«-l# 
Hence  equation  (2)  becomes 

\/(a7T^)~2a7^=2a7^1,  0r  \Z(a7Tl)  =  2o7^T ; 

^  =  ^=17'  or4rf-lfa  =  ll, 

4a,-16«+ 16  =  27;  .\  2s-4  =  ±3N/3;  .\  3  =  £(4±3,/3); 

034-4     1/4*  V3\ 
y"2a-l""2Vl*/s/3>/- 
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LV.    MISCELLANEOUS  PROBLEMS. 

748.  We  have  already  given  in  previous  chapters  collections 
of  problems  which  lead  to  simple  or  quadratic  equations;  we  add 
here  a  few  examples  of  somewhat  greater  difficulty  with  their 
solutions. 


1.  Each  of  three  cubical  vessels  A,  B,  C,  whose  capacities  are 
as  1  :  8  ::  27  respectively,  is  partially  filled  with  water,  the 
quantities  of  water  in  them  being  as  1  :  2  ::  3  respectively.  So 
much  water  is  now  poured  from  A  into  B  and  so  much  from  B 
into  0  as  to  make  the  depth  of  water  the  same  in  each  vessel. 
After  thifl  128^  cubic  feet  of  water  is  poured  from  C  into  B,  and 
then  so  much  from  B  into  A  as  to  leave  the  depth  of  water  in  A 
twice  as  great  as  the  depth  of  water  in  B.  The  quantity  of  water 
in  A  is  now  less  by  100  cubic  feet  than  it  was  originally.  How 
much  water  did  each  of  the  vessels  originally  contain  1 

Let   x  =  number  of  cubic  feet  in  A  originally ; 

2x  =  B   

3x  =  C   

Now  when  the  fluid  is  the  same  depth  in  all,  it  is  clear  that 
the  quantities  vary  as  the  areas  of  the  bases  of  the  vessels,  that  is, 
are  as  1  :  4  :  9. 

6a?  Sx 


.*.  (since  6x  is  the  total  quantity)  the  quantity  in  A  = 


9+4+1     7  ' 


and  the  quantities  in  B  and  C  are       ,  . 

Again,  when  the  depth  in  A  is  twice  that  in  B,  A  contains  half 
as  much  as  B. 
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Now  A  contains  (*- 100) ;      B  contains  2(» - 100),  and  G 


contains  ^-126>; 


27a? 


.-.  3(*-100)  +  ^-128T  =  6«; 


.-.  y  =  300  +  128*; 

...  »  =  350  +  ^x|  =  500; 
7  o 

the  quantities  in  A,  B,  C,  at  first  were 
500,  1000,  1500  oubio  feet  respectively, 

2.  Three  horses  A,  B,  C  start  for  a  race  on  a  course  a  mile 
and  a  half  long.  When  B  has  gone  half  a  mile,  he  is  three  times 
as  far  ahead  of  A  as  he  is  of  C.  The  horses  now  going  at 
uniform  speeds  till  B  is  within  a  quarter  of  a  mile  of  the  winning 
post,  C  is  at  that  time  as  much  behind  A  as  A  is  behind  B,  but 

the  distance  between  A  and  B  is  only     *°f  what  it  was  after  B 

had  gone  the  first  half  mile.   O  now  increases  his  pace  by  ^  of 

what  it  was  before,  and  passes  B  176  yards  from  the  winning  post, 
the  respective  speeds  of  A  and  B  remaining  unaltered.  What  was 
the  distance  between  A  and  C  at  the  end  of  the  race  1 
Let 

11a?  =  distance  (in  yards)  between  B  and  O  at  end  of  first  £  mile, 

33a:  =   Band  A  

when  B  has  gone  l\  miles 

B  is  3x  ahead  of  A, 
and  6x  ahead  of  C; 
while  B  went  £  mile  or  1320  yards, 

A  went    1320  +  30*  yards, 

G  went    1320  +  5x  yards. 


Digitized  by  Google 


464  MISCELLANEOUS  PROBLEMS. 

Hence  after  G  increases  his  pace,  the  speeds  of  A,  B,  G  will  be 

54 

proportional  to  1320  +  30a;,  1320,  and  ^  (1320  +  5x)  respectively. 

Now  since  C  passes  B  when  he  is  176  yards  from  the  post; 
while  B  was  going  440  - 176  =  264  yards, 
C  went  264  +  6a?; 

1320  :  §(1320  +  5*)  ::  264  :  (264  +  6*), 

1320  +  30a?  =  ~  (1320  +  5*). 

a?  (1590 -270)  =  1320; 
a?  =  1 ; 

also  it  will  be  found  that  (7's  increased  pace  is  equal  to  A's; 
therefore  there  will  be  the  same  distance  between  them  at  the  end 
of  the  race  as  there  is  when  B  is  £  mile  from  winning  post,  viz. 
3a;  or  3  yards. 

3.  A  fraudulent  tradesman  contrives  to  employ  his  false 
balance  both  in  buying  and  selling  a  certain  article,  thereby 
gaining  at  the  rate  of  11  per  cent,  more  on  his  outlay  than  he 
would  gain  were  the  balance  true.  If,  however,  the  scale-pans  in 
which  the  article  is  weighed  when  bought  and  sold  respectively, 
were  interchanged,  he  would  neither  gain  nor  lose  by  the  article. 
Determine  the  legitimate  gain  per  cent,  on  the  article. 

Let  10  and  w1  be  the  apparent  weights  of  the  same  article 
when  bought  and  when  sold. 

Let  p  =  prime  cost  of  a  unit  of  weight, 

a?=  legitimate  gain  per  cent.; 

then  an  article  which  cost  pw  is  sold  for  wx  (p  +  > 
by  the  question  wx  (p  +  ^  -wp  =  felj^g?..'  (1). 
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Again  in  the  supposed  case  cost  of  article  -pwJ  and  selling 
price  =pw(l  +  ^y, 

•••        (1  +  m)  <2>- 

from  (2),       u>(l     iSo)  =  ^  * 


(■♦A)"- 


1+W 


.\  aP+  100a:  =  1100, 
(x  +  50/  =  3600; 
aj  +  50  =  *60; 
••.  as  -  10  per  cent. 

4.  A  person  buys  a  quantity  of  corn,  which  he  intends  to 
sell  at  a  certain  price;  after  he  has  sold  half  his  stock  the  price 
of  corn  suddenly  falls  20  per  cent.,  and  by  selling  the  remainder 
at  this  reduced  price,  his  gain  on  the  whole  is  diminished  30  per 
cent;  if  he  had  sold  f  ths  of  his  stock  before  the  price  fell,  and 
the  diminution  in  the  price  had  been  in  the  proportion  of  £20 
on  the  prime  cost  of  what  he  before  sold  for  £100,  he  would 
have  gained  by  the  whole  as  many  shillings  as  he  had  bushels  of 
corn  at  first.  Find  what  the  corn  cost  him  per  bushel,  and  what 
he  hoped  to  gain  per  cent 

Let  x  =  cost  price  (in  pounds)  per  bushel, 

y  =  gain  per  cent  he  expected; 

•\  x  ^1  +        =  price  per  bushel  for  which  he  sold  half  his  corn; 

,\  +        =  price  the  other  half; 

t.a.  30 
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•\  average  price  per  bushel  =  ^  ^1  +  ; 

,\  his  gain  per  bushel        ^1  +  .j^q) 

Now  had  he  sold  the  whole  as  he  sold  the  first  hal£  the  gain 
vx 

per  bushel  would  have  been  j~  ; 

.  . .    9x  /-      y  \  7  yx 

* the  «ue8tlon  lo  V1  +  Too)  ~  *  =  To  loo' 

200 

Now  the  prime  cost  of  what  he  at  first  sold  for  100  =  -g-  ,  and 
if  he  were  to  lose  £20  on  this,  the  loss  .per  cent  would  be 
20  x  100 

3 

Now  in  the  supposed  case  the  average  selling  price  of  a 
bushel  is 


x  /9  21 


_*/9    21  \ 
"It  \2  +20>/; 


...    x    111  31a? 
•\  gain  on  a  bushel  =  JX  20  f » 

and  this  by  the  question  equals  one  shilling; 

31*  _  1  4 

0.  A  and  B  having  a  single  horse  travel  between  two  aftile* 
stones,  distant  an  even  number  of  miles,  in  2gf>  hours,  riding 
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alternately  mile  and  mile,  tfnd  each  leaving  the  horse  tied  to  a 
mile-stone  until  the  other  comes  up.  The  horse's  rate  is  twice 
that  of  B;  B  rides  first,  and  they  come  together  to  the  seventh 
mile-stone.  Finding  it  necessary  to  increase  their  speed,  each 
man  after  this  walks  half  a  mile  per  hour  faster  than  before,  and 
the  horse's  rate  is  now  twice  that  of  A,  and  B  again  rides  first. 
Find  the  rates  of  travelling,  and  the  distance  between  the  extreme 
mile-stones. 

Let  2x  =  distance  they  travelled  in  miles. 

Now  at  first  A  walks  4  and  rides  3  miles  | 
while       B  walks  3  and  rides  4  miles  y 

or,  A  walks  4  while  B  walks  3  and  rides  1 ; 

that  is  (since  horse's  rate  is  double  of  B*&),  while  B  walks  3£  miles] 

.\  A'b  and  2?b  rate  at  first  may  be  represented  by  8y  and  7y 
respectively. 

Again,         A  walks  x  -  3  and  rides  x  -  4, 
while      B  walks  a  — 4  and  rides  «  — 3; 
.*.  A  walks  x  —  3  while  B  walks  a?- 4  and  rides  1, 

that  is,  while  B  walks  (a-  4)  and  A  walks  £; 

7 

.*.  A  walks  x  -  ^  while  2?  walks  (as  -  4), 

but  A  walks  8y  +  ^  while  B  walks  7y  +  \ ; 

7  1 

x~2    8y+2  1 
_=  fromwWchy  =  __. 

7y  +  2 

Now  the  total  time  A  took  is 

4      3      a>-3  «-4 
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5    3x- 10    188  1 
7+4a;-14~  63  *  4*7^30' 

41a; -140    94   1_ 

4a:- 14  ~  9  X2a?-15; 

9  (82a"-  895a:  +  2100)  =  376a:  -1316, 

738a* -8431a +  20216  =  0, 

from  which  x  =  8;  .\  y  =  i; 

.-.  distance  =  16  miles;  rates  of  travelling  at  first  =  4  and  3£ 
miles  per  hour  respectively. 

6.  A  and  B  set  out  to  walk  together  in  the  same  direction 
round  a  field,  which  is  a  mile  in.  circumference,  A  walking  faster 
than  B.  Twelve  minutes  after  A  has  passed  B  for  the  third  time, 
A  turns  and  walks  in  the  opposite  direction  until  six  minutes 
after  he  has  met  him  for  the  third  time,  when  he  returns  to  his 
original  direction  and  overtakes  B  four  times  more.  The  whole 
time  since  they  started  is  three  hours,  and  A  has  walked  eight 
miles  more  than  B,  A  and  B  diminish  their  rate  of  walking  by 
one  mile  an*  hour,  at  the  end  of  one  and  two  hours  respectively. 
Determine  the  velocities  with  which  they  began  to  walk. 

Let  x  =  number  of  miles  per  hour  of  A  at  the  first, 

y=    of-S  

In  3  hours -4  has  gone  x  +  2  (x  -  1)  =  3a?  -  2  miles, 

  B   2y  +  (y-l)  =  3y-l   ; 

.\  by  the  question  3a?-2  -  (3y- 1)  =  8;   .\  x-y  =  3, 

that  is,  the  relative  speed  of  J.  and  B  is  3  miles  per  hour ;  therefore 
A  will  gain  a  circumference  on  B  in  £  of  an  hour,  and  will  therefore 
be  passing  B  for  the  third  time  at  the  end  of  the  first  hour. 
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Also  since  the  relative  speed  of  A  and  B  is  the  same  in  the 
last  hour  as  in  the  first,  and  sinoe  A  passes  B  for  the  fourth  time 
at  the  end  of  the  third  hour,  therefore  he  will  pass  him  all  the 
four  times  within  the  last  hour;  the  first  time  being  exactly  at 
the  commencement  of  the  third  hour. 

Now  in  12  minutes  after  the  first  hour  the  distance  between 
1  2 

A  and  B  is  —  (s-y- 1)  =  ~  miles;   .\  time  of  first  meeting 
2 

=  g--5-  (x  +  y-1)  j  and  time  of  meeting  totce  more  =  2  -5-  (as  +  y  -1). 

In  6  minutes  the  distance  between  them  =  ~  (x  +  y  - 1);  .*.  if  A 
now  turn®,  the  time  of  overtaking  B 

=-r^n-==2o^+y-1)i 

2 

1         5  2         11,         1V  , 

5       +  as  +  y-1    10    20 v     *  7 

or  calling   x  +  y  -  1  =  u, 

12  _1  1  _7^. 
5  u    20* 10 ; 

.%  t*,-14t*  =  -48;  i*-7  =  *l; 

/.  w=8  or  6;      /.  *  +  y  =  9  or  7, 

and  x  —  y  =  3; 

.\  a?  =  6  or  5  )  * 

A  >  miles  per  hour. 
y  =  3  or  2  J  r 

749.  The  equations  in  the  preceding  chapter  and  their  solu- 
tions, and  the  dotations  in  the  present  chapter,  are  due  to  the 
Rev.  A.  Bower,  lata  .  Fellow  of  St  John's  College.  Should  any 
student  desire  more  exercises  of  this  kind,  he  is  referred  to  the 
collection  of  algebraical  equations  and  problems  edited  by  Mr 
W.  Rotheram  of  St  John's  College. 
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76(X  We  will  olose  with  two  articles,  which  form  a  supple- 
ment to  the  chapter  on  Permutations  and  Combinations.  They 
are  due  to  EL  M.  Jeffery,  Efcq.,  of  Cheltenham. 

751.    To  find  the  number  of  combinaHons  of  n  things  taken 

1,  2,  3,  n  at  a  time,  token  there  are  p  of  one  sort,  q  of  another, 

t  of  another,  and  so  on. 

Let  there  be  n  letter*,  and  suppose  p  of  them  to  be  a,  q  of 
them  to  be  6,  r  of  them  to  be  c,  and  so  on.    The  product 

{1+00  +  flV  +  +  oV)(l  +  bx  +  6V  +  +  V&) 

(1  +  «b  +  cV  +  +  cV)  

contains  the  combinations  of  the  n  letters  taken  1,  2,  3,  n  at 

a  time,  namely  in  the  coefficients  of  x,  x*,  x9,  x*  respectively. 

The  number  of  the  combinations  in  each  case  is  found  by  equating 

a,b,  c,   to  unity.    Thus  the  number  of  combinations  of  the 

n  letters  taken  &  at  a  time,  is  the  coefficient  of  ;e*  in  the  ex- 
pansion of 

(1      +       ...  +  af)(l  +  *  +  fie,+  ...  +  a^(l  +a>  +  af  +  ...  +af)  

The  number  of  combinations  when  the  letters  are  taken  &  at  a 
time,  is  the  same  as  the  number  when  they  are  taken  n — h  at  a 
time;  this  may  be  shewn  as  in  Art.  496. 

The  total  number  of  possible  combinations  is  found  by  equating 
x  to  unity  in  the  above  expression,  and  subtracting  one  from  the 
result,  since  the  first  term  in  the  expansion  of  the  expression  does 
not  contain  x,  and  therefore  does  not  denote  the  number  of  any 
combination.    Thus  the  total  number  is 

(p+l)(q+l)(r  +  l)  -1. 

The  expression  to  be  expanded  may  be  written  thus 
l-x*+l  l-a**1 
l-s  '  1-a  '  1-*  9 ' 

that  is,        (l-a^Xl-a^Kl-aT1)  (I-*)"*, 

where  /i  is  the  number  of  different  sorts  of  letters. 

For  example,  take  the  letters  in  the  word  notation.  It  will  be 
found  that  the  numbers  of  the  combinations  when  the  letters  are 
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taken  1,  2,  8  at  a  time,  are  respectively  5,  13,  22,  26,  22, 

13,  5,  1. 

752.    To  find  the  number  of  permutations  of  n  things  taken 

1,  2,  3,           n  erf  a  time,  when  there  are  p  of  one  sort,  q  of 

another,  r  ©/"  another,  and  so  on. 

Let  there  be  n  letters,  and  suppose  p  of  them  to  be  a,  q  of 
them  to  be  b,  r  of  them  to  be  c,  and  so  on. 

From  the  product  of  the  following  series; 
1  +  Pax  + 

l  +  Pbx  + 


1.2 

♦  H  +... 

■-♦  fc  • 

i»6V 

P*Vx* 

1.2 

♦    ^  +... 

•-♦  ii  • 

>cV 

PVa' 

1.2 

+    g  +... 

■-♦  t  • 

1  +  Pc»  + : 

<fec.  <fec 


the  product  has  been  formed  and  arranged  according  to 
powers  of  Pa:,  change  P  into  1,  change  P8  into  [2,  change  P8 
into  [3,  and  so  on;  then  the  coefficient  of  of  in  the  result  will 
consist  of  the  permutations  of  the  n  letters  taken  h  at  a  time* 
The  truth  of  this  conclusion  may  be  seen  by  examining  the  mode 
of  formation  of  each  coefficient  in  particular  oases;  for  example, 

suppose  w  =  4,  and  p,  q,  each  =;  1;  or  suppose  n  =  4,  p=2t 

q  =  1,  r  =  1.    The  number  of  the  permutations  will  be  found  by 

making  a,  b,  c,          each  equal  to  unity;   this  may  be  done 

before  the  product  of  the  above  series  is  formed. 

For  example,  take  the  letters  in  the  word  notation.  It  will  be 
found  that  the  numbers  of  the  permutations  when  the  letters  are 

taken  1,  2,  8  at  a  time,  are  respectively,  5,  23,  96,  354, 1110, 

2790,  5040,  5040. 
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ALGEBRA.  ANSWERS. 


I.  1.  23.  2.  35.        3.  63,  4.  88.  5.  92. 

6.  26.  7.  15.       &  6.  9.  5.  10.  2. 
11.  9.  12.  10.      13.  0.  14.  26.  15.  43. 
16.  38.  17.  76.  536.  18.  9. 

II.  1.    9a-76  +  4c.  2.    10a*- 4a;+ 13. 
3.    12af +  6a#-y*+3a;  +  4y.       4.    4a8  +  a*x. 

5.    2a&  +  22*+2aa;  +  2fctf.  6.    3a-6  +  c-6a\ 

7.  2ajs  +  a.       8.    2a8-oa;.       5.  a-i+c-a*. 

10.  26a?  +  2ty.      11.    a-6  +  c-a*.  12.  a-6+c+rf. 

13.  a  -lb.  14.    5a.  15.  2a- 6- a*. 

16.  12a>-8y.      17.    3a.  18.  a. 

19.  2a  +  *-26  +  y  =  9.  20.  dx9. 

III.  1.  3pq^2pi-2f.      2.  7a8  +  16a86-a&8-10&8. 
3.  a4-a8&8  +  2a68-ft4.  4.  a4  -  aft"  +  4a68  -  464. 

5.  a4  +  4a8a;  +  4aV-a;4.  6.  a4-8aV  +  16a;4. 

7.  aab+{a-byx-2ax*-x\    8.  60a;4+42a*a-107a^a8+10a»8+14a4. 

9.  6a4  -  96.  10.  ix*  -  22x*y  +  42a?/  -  27^. 

11.  12s8- 17^+3^+2^.        12.  x'-xY+rftf-y*. 
13.  af- 4^+12^ -9**.  14.  6«4-f»8y+2^y8-13ay +  4y4. 

15.  x*  +  x*(y  +  z)  +  x*tf  +  yz  +  ^  +  xyz(y  +  z)+y'ii?. 

16.  a84-68  +  c8-3a6c.  17.  x*  +  y*  +  3ay - 1. 
18.  a5+ 151a- 264.              19.  a5- 41a; -120. 

20.  4a;8  -  5^+  8a;4-  10af- Ac8-  5a;  -4.         21.  a?8  +  10a;  -  33. 

22.  x7 -7af  +  21a;5 -17a;4  +25^  +  8^ -2a; -4. 

23.  a8  +  2a8  +  3a4  +  2a8  +  1.  24.  a4  -  a;4. 
25.  a:4-10a;8  +  9.  26.  a;8  +  a;4  +  l. 

27.  a;8-  x°aa+  2x5ab  -  (68+  2o«)a;4+  2a«c -  (c"+  26a*)a^+  2aarf-  d8. 

30.  abc  +  (o6  +  be  +  oa)  a;  +  (a  +  6  +  c)  x*  +  a;8. 

31.  a;4-a^(a  +  6  +  c  +  «?)  +  a^(a6  +  ac  +  a^  +  6c  +  6c?  +  crf) 

-  a;  (bed+aed  +  o6o*+  a&c)  +  a6cc£ 

32.  2&V  +  2cV  +  2a868-a4-64-c\  33.  V-d*. 
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34.  i(a9+b9  +  <f  +  d*).  36.  2 (a8  +  V  +  c8).         37.  8s\ 
38.  2(a4  +  64  +  c4).  39*  4 (6V  +  cV  +  aV). 

43.  a8  -  22a;4  +  60a;8 -55a^  + 12a; +  4. 

44.  aj8-2aj7a  +  2«4a8-2a?V  +  2«»a4-2a»7  +  as. 

45.  a5-a4ft-2a8684.2aV+a&4-&5. 

IV.    1.  af-a+l.  2.  9af-6a#  +  4y8. 

3.  a8-o&-ft8.  4.  ^-3o5. 

ft  32ajs+16a?4y+^*/  +  4«'j/  +  ^4  +  y3. 
6.  a4-a9b  +  aV-ab*  +  b\  7.  af  +  y8  8.x9  +  Zx+2. 

9.  16a;4  -  8afy  +  4afy*  -  2xtf  +  y4.  10.  x*-xy  +  y*. 

11.  a^-a;+l.  12.  af-2o6  +  36f.  13.  a8- 2a86  +  2a&8  -  ft8- 
14.  16a8  -  24a86  +  36a&8  -  2768.  15.  x4  4-  2a8  4-  3aj*  +  2s  +  1. 

16.  aj*-5aj"  +  4.  17.  a8-2a&  +  368.  18.  a^-Saf+ie. 
19.  (^  +  aj-l)(«  +  2)(aj44.a^-3).  20.  (2a^  +  3)  (a;  -  4). 
21.  a  +  x.             22.  («-a)(a;  +  a).  23.  a  +  6  +  c. 

24.  3x*-2abx-2aV.       25.  (aj-1)".        26.  3a8  +  4a5  +  68. 
27.  rf-xy  +  if  +  x  +  y+l.  28.  a8 +  68  +  c8- 6c- ca-a6. 

29.  6(2a8  +  3af6-a68  +  468).  30.  aft-ac  +  ftc. 

31.  6  +  c-a.  32.  (b  +  c)(c  +  a).  34.  a84aa;  +  a;8. 

35.  («  + 2«)  y8  +  (o^  -  2s")  y-a»  («  +  «).       36.  ab  +  bc  +  ca. 
37.  «"-(a  +  6)a;  +  a6.         38.  x-b.         39.  afc-ac  +  ^-c8. 
40.  a8  +  6'+c8.       41.  a  +  x.      42.  (a  +  6-c-a*)(a-6  +  c-c0. 
43.  x9-ax  +  a9.  45.  The  quotient  is  7oy  (a?  +  y). 

46.  Each  is  ofo  -  op9  -b<f-cr*  +  2pqr. 

47.  (a  -x)(a  +  x)(a*  +  af)(a4  +  a;4)(a8  +  x9). 

48.  (a  +  6  +  c)(6  +  c  -  a)  (a  -  6  +  c)  (a  ±  b  -  c). 

49.  (6  +  c  +  c?-  a)  (a  +  c  +  a*  -  b)  (a  +  6  +  rf-c)  (a+  6  +  c  -  a*). 

VI.  1.  x-2.  2.  a? +  3.  3.  x9  +  2x  +  3.  4.  *+l. 
5.  3a?+4o.  6.  a;-y.  7.  3a;-7.  a  a>-l.  9.  x-2. 
10.  a?8  +  aJ4-l.  11.  aj  +  2.  12.  aj-3.  13.  2a;- 1. 
14.  af +  (a  +  y)a?  +  y8.          15.  x9  +  2x  +  3.        16.  a  (2a  -3a?). 

17.  2a;- 9.  18.  aa;-6y.  19.  x-  y.  20.  (a;+l)8. 
21.  2af-4a;8+a;^l.          22.  x- 2a. 

VII.  1.  (2a^+3a;-2)(3a;+l).       2.  (3a;-2)(4a;8-4a;8-a;+l). 
3.  (a*-l)(a:  +  2).  4.  (x* - 9a8  +  23a; - 15) (x - 7). 
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5.  (aj+jy^-l).  6.  (x+fy)(x*-2x*y-xif+2tf). 

7.  16a;4- 1.  8.  a?(a*-l).  9.  (af^o8)8. 

10.  (a?-l)(aj-2)(«-3)(aj-4). 

11.  (x*  +  2ax*  +  ia'x  + 8a^(of -2aa? +  4a*x-8a*). 

12.  (ai  +  c)(2a:-36)(ajsl  +  aaj-^. 
1 3.,  3  6  (a4  -  ft4)  (a"  -  J8)8  (a8  -  ft8). 


5. 
8. 
11. 
14. 


VIIL    1.  x  -3. 

3a?  +  2 
a;+  1  * 
a?  — 5 


6. 


a;  +  5- 

aj*~3aj+r 
7  (a^+ay  +  y*) 
5 

19. 


9. 


2.  a  +  6. 

2a; +  3 
3a?-4- 

aj8-2aj-3* 

i2. 


1 


4. 


3a;- 1 


x+V       "  2x-V 
3a?+9 

1 


10. 


15. 


18.  i        19.  ^ 
2a>-3 


22. 
26. 
30. 


2a 
20.  — 
n 

ax-V 


(^-l)(S0  +  3)' 


a*-*8  # 


13. 

16.  l  +  a6c. 
24. 


aj*-2aj+  2' 
1 


b-2x' 


17  *±*" 

U#  a8-*8- 


(aj-l)(aj  +  2),# 


1 


a? +  2* 


2o68 
a4-*4" 
81a- 46 
84  ' 


27. 


x*  -ixy-y* 
31.  0. 


28. 


4oft 


(a-6)8' 
32.  0. 


29. 


25.  0. 
4a 


a  +  a: 
33.  0. 


^  a86  +  68c  +  c"a  -  Va  -  c86  -  a8c  _  _  ^ 
(6  -  c)  (c  —  a)  (a  -  b) 

37.  0.  38. 

1-y 


35. 

aw 


42. 


46. 


x(a  +  b)' 

ax 


39. 


x 


43. 


47.  -1  +  ^  +  1. 
a  a* 


y^+y*)' 


40.  ^ 


4g  a  (2a  +  5a?)  (2a*  +  1 9ax  +  42tg*) 
x(a-x)(a'  +  2ax  +  '2xt) 


51.  2<"-»>' 
36*  (a +6)' 


52. 


2y 


48.  ^+1  + 

50.  JfezSt. 
*  (a  +  a) 


x*-xy  +  if' 


53. 


54. 


4y' 
45.  2. 
1 

*  +  y 


as'  +  y**  y 
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55.  1.         56.  1. 
«*  +  «+! 


59. 


62.  a'~b'  +  J-2ac. 
ac  —  bd 


65. 


ac  +  bd' 


2ab(a-b)' 


ANSWERS. 

57.  ar-*  +  -j. 

a:  sr 

60.  a*-6,  +  c»+2ac. 
as*  +  3«e  -  2a' 


63. 


x  +  6a 


66. 


72.  w. 


73. 


Wx 


76. 


<»<(/■+ ae 
6#"  +be  +  qf 


a'  +  x* 

~^x~' 

71  (*  +  *>  +  <>)' 
74,       263  ' 


58. 
61. 
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64 


as 
«  +  * 

X-jf 

x*-2a? 


67. 


2ax 
6c  +  ea  +  ab 
bc  +  ca  —  ab 


70. 


xy 


75. 


3(iB+l) 


IX. 

1.  1.      2.  20. 

3.  3.      4.  11. 

R  6 

6.  13. 

7.  9. 

8.  4. 

9.  7. 

11.  13. 

12.  3. 

13.  5. 

14.  2a 

15. 

2. 

16.  2. 

17.  3. 

ia  10. 

19.  1J. 

20.  2£. 

21. 

5. 

22.  J. 

23.  13. 

24.  a 

25.  4. 

26.  4. 

27. 

9. 

28.  4. 

29.  1. 

30.  J. 

31.  56. 

32.  7. 

33. 

7. 

34.  8f. 

35.  4j. 

36.  2&. 

37." 

38.  3. 

39. 

2. 

40.  12. 

41.  12. 

42.  2. 

43.  3. 

44.  -2. 

45. 

1. 

46.  1. 

47.  5. 

48'  29' 

49.  3|. 

Aft  *» 
60*  25- 

51. 

cd-ab 

52. 

a*(b-a) 

a+b  —  c  —  d' 

6(6  +  o)  * 

b(ar  —  1) 

frer    a6(a  +  5  —  2c) 

00.    ,  \,  

a*  +  6 -ac-ftc 


54. 


a'c  +  6*a+  c*6 -a  -  6 -c 


59.  2. 


60.  20. 


61.  5. 


ac  +  6c  +  ab  —  1 
ab 


57. 


a  +  6 " 


58. 


a-6 
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X.    1.  £1290,  £2580.  2.  £120,  £300.  3.  £5. 

4.  £140.  5.  28,  18.  6.  38  children,  76  women,  152  men. 
7.  £720.  8.  £144,  £240,  £210.  9.  £350,  £450,  £720. 
10.  A  £162,  ££118,  C  £104.  11.  3456,  2304. 

12.  126  quarts.  13.  £2.  15*.  14.  £3.  10* 

15.  £600,  £250.        16.  400  inches.         17.  30. 
18.  6  shillings.  19.  3.  20.  8,  6, 3,  2;  24  kings  in  all. 

21.  42.       22.  £3600.       23.  8,  9.       24.  11  oxen,  24  sheep. 

25.  5  shillings  taken  by  each ;  there  were  20  shillings  in  the  purse. 

26.  240.  27.  90  by  180,  and  100  by  230.  28.  48  minutes. 
29.  £8750.       30.  20.       31.  40.       32.  10  from  A,  4  from  B. 


33.  11,  22,  33.         34.  .         35.  6A  or  4&  past  one. 

m  +  n 

36.  ~  .         37.  2*.  Sd. 
o  +  c 

XI.  l.*=5,y=7.      2.#  =  4,y=l.      3.  = 

4.  a  =  60,  y  =  36.  5.  a;  =  12,  y  =  20.  6.  a;  =  18,  y=6. 

7.  x  =  2,  y  =  13.  8.  *  =  8,  y=l,  9.  «  =  -6,  y  =  12. 

10.  *=10,  y  =  20.       11.  a>=7,  y  =  ll.       12.  a  =18,  y  =  12. 

13.  *  =  '4,  y='l.  14.  x-y- ^»  15.  x  =  y =th  +n. 

16.  a  =  3a,  y^-26.       17.  a;  =11,  y  =  4.       18.  x=  16,  y  =  7. 

1A        nc  +  bd        me -ad  OA        ,0  ^ 

19.  «  =  -T  ,^  =  -t  •  20.  a=  12,  y  =  6. 

21.  a>  =  2,  y  =  -  1.        22.  a?=3,  y  =  2.  2a  as  =  3,  y  =  4. 

24.  a?=12,  y  =  3.  25.  a;  =  2,  y  =  7.  26.  x  =  2,  y=  6. 

27.  a?  =  3,  y  =  5.  28.  a;  =  4,  y  =  3. 

XII.  1.  x  =  7,  y  =  5,  *  =  4.  2.  ^=2,  y  =  3,  *=4, 
4.4                ,  1 


3.  »=o>  y  =  4>  4.  x  = 


(a  —  b)(a-c)' 


7  7  21 

5.  a  =  2a,  y  =  26,  «  =  2c.  6.  z  =  jy  y  =  - ^  '  *  =  l0" 

7-  »  =  — 7  rf?  r.  8.  a;  =  6  +  c  -  a. 

a  (a  —  b)  (a  -  c) 
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XIII.    1.  J.         2.  250,  320.         3.  ~.         4.  5,  6. 

5.  42a,  26*.  6.  75*.  and  35*.  7.  5  and  7. 

8.  7, 10.  9.  300, 140,  218.         10.  1,  3, 5. 

11.  Tea,  5*.  per  pound;  sugar  4c£  12.  50. 

13.  £3000,  £4000,  £4500,  at  4,  5,  6  per  cent  respectively. 

14.  140  miles;  original  rate  20  miles  per  hour. 

15.  8  and  12.  16.  £540 ;  17  pence. 

17.  £70.    An  ox  costs  £10  and  a  lamb  £^. 

lo 

18.  A  26,  B  14,  (78.  19.  A  wins  21  games,  B  13  games. 
20.  411*.,  £38*.,  C  33*.,  D  32a,  E  36*.  21.  90  miles. 

22.  A  could  do  the  work  alone  in  80  days,  B  in  48  days;  A  must 

11  21 
receive     of  the  money,  and  B     of  the  money. 

23.  A  in  five  minutes,  B  in  six  minutes. 

24.  2£,  2 ;  distance  5  miles.  25.  600  yards. 

27.  A  in  — —  days.  B  in  ■  ^>m  days. 
1  +  J^        m-n  J 

28.  ^  ^*       miles  per  hour.  29.  4  yards  and  5  yards. 

30.  27.  31.  36. 

32.  Coach  goes  10  miles  an  hour;  train  goes  30  miles. 
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XVIL  1.  af-x+1.  2.  x*-2x-2.  3.  2s»+3a;-l. 
4.  2x*-x+l.  5.  2x*  -  Zax  +  4a*.  6.  &e*  -  Sax  +  4a*. 
7.  (*-<*)'.    8.  a'+b*.    9.  (a'  +  ^fa'+a**)-     10.  a'-  &•+  ^-d*, 

ii  a     1  i  a     _«     *      2  ,  _    a"     a  £ 

11.  x-2  — .  12.  ar-—  +- .  13.     +  . 

*  2    x  2    x  a 

14.  a'+(2b-e)a  +  f.     15.  (a-  2b) x* -ax+  2b -3.  16.114. 

17.  2x*-3x+l.  18.  2^  +  4«e  - 3c*.  19.  2x*-Zcx+4J. 
20.  5-51.         21.  9009.         22.  22-22.        23.  111111111. 

24.  x-±.         26.  It  =  {a!,  +  y•  +  ^,-3xi«}^ 

XVIII.  1.  x*.      2.  a~».     3.  4.1.  s(ff"- 

6.  +  aM -?<*-*&*.  7.  xi  +  xiy-xyi-yi.  8.  a«-l. 
9.  o+  a1- 1  +  a"*  +  a"'.       10.  - ia-^-'  +  9a~*b.       11.  x+y. 

12.  s'-aM  +  a*.       13.  a'  +  l+a—.       14.  2xt-Zxy+2y*. 

18.  2a* -36*  + 4c*.  19.  16*?-16a;i  +  12-4a!-i  +  aj-J. 

XIX.  1.  ai  +  a,bi  +  aibi  +  at,  +  aibi  +  b\ 

2.  2l  +  2».3i  +  2f.3*  +  2.3  +  213l  +  3*. 

3.  Si-i.5i  +  Si5i-^.  5.  -2679492. 

&  3^-4  +  3^.  9.  a-2aibi-b. 

11.  2-^/3.  12.  J5  +  J2.  13.  ^(10) +  2^/2- 

14.  3^7-2^/3.  15.  J»  +  v/|. 

16  y|(a  +  cK6  +  c)|  +  y|(a-oy-C)| 

19.1^3-2.  20.1.  21.  1  +  J2  +  JZ. 
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22.  23.^6  +  ^3-^5-1. 

24.1  +  ^2.       25.  1  +  ./5.       26.  V3-V2.  V.Jt-JS. 

XX.  1.1,4.  2.  J,  J.  3.  *  =  1,3.  4-*,-g. 
5.  3,  ±.  6.  17,  | .         7.-4,-6.         8.  5,-y. 

9.3,11.        10.  H.J.-J.         12.  |,  -J. 

13-^n-    Rn»A-  15-4'-L  168'4 

17.  4,  J.  18.6,-1.  19.  5, -|.         20.  8,  |. 

11.J.J.  4*2.3,-^.  23.10,-2.  IL-J.-JJ. 

25.  |4.  26.*V6-  27.-l,|.         28.  T.-{. 

29.  3,  -  30.  2, 16.  31.  -2,-16.      32.  3,-5. 

33.  5,  -  3.  34.  29,  - 10.  •  35.  10,  -  29.     36.  3,  -  J. 

37.  1,  g .  38.  24,  ^ .       39.  8,  -  &        40.  10,-10. 

41.2,-3.  42.  2,  i.  43.3,-^.      44.  3,  -J. 

45.  3,- 1.  46.  J,  1.  47.^,1.  48.0,4. 

49.  0,|.  50.  51.  2  +  »/3,  and -(2  +  ^3)  2. 

52.  a*6.         53.  54.  a^J^-V). 

a-o  a+b  ^v  7 

55.  J{a  +  6  +  c* v/(o*  +  i,  +  c,-o6-Sc-co)}.  56.  0  +  6  +  & 
57.-a,-6.  58.  *  +  V*W-*V+^\. 

Kf%  A  2a6-ac-fcj  .A  2a-J  3a+2A 

o9.  0,  t — s —  .  '  oU.   *  *  . 

'    a  +  6-2c  ac  6c 
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61.  ^^[ab  +  U+ca±J^ 
a  (1  +  e) 

62-  ~a>  fab' 

In  the  following  chapters  the  irrational  roots  and  the  impos- 
sible roots  have  not  always  been  given;  and  some  of  the  roots  given 
are  not  applicable;  see  Arts  329,  330. 

XXL   1.  1,  i.  2.  1,  -2.  3.  ITfc  9. 

4.  14-,  (-l)*.  5.2,3.       *        6.  2",(-l)". 

7.  {  Ja  *  ,/(a  -  e)}\  8.  *  11.  9.  2*  (- |)= 

10.  8,      .  11.8,  12.  *  2,  *  ,/10. 

15.  ",  j.  H.4,j.  -    W.  (-")*• 

16.  (- 1)»,  (J)'-      17.  4,  - 1.      18.  2",  1 .       19.  9,  -  £ . 


'2*'       *'*  "'5 
20.  *  5.         21.  *J(4^-y)>       22.  16,0.        23.18,  3: 

24.  2*  =  8  or  -10;  .-.  <r=3.  25.  0,  a{1  - ^~8)Y . 

26.0,t^a.  27.  ^  =  or  1=1. 

2  n-2  n+1 

28.  a?  =  -ab*^,J{3a*+Sb*-6a,b'). 

29.  {J{x+2)+J{xt+2x)}'=(a-x-Jx)\  a  quadratio  in^as, 

-(2  +  a)*)s/(2a'-t-3a')  c»-2 

^*  2T2S         '  *°'l*<£71?' 

31.  Multiply  up  and  arrange 

*       -x)-J(a  +  x)}  =  J  a  {J(a* -*•)-«}> 

square,  Ac.  as  =  0,  32.  2a,  -2a. 

25  1 
33.  1,-T.  34.  1,^.  35.  *2a,  *2aN/(-l> 
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^^.O-r^j^j.       37.  38. 

39.  40.  *^3.         «.  -8- 

45.  *»  =  46.  *  =  ^! .       47.  {e  *      - 1) A 

48.  0,g.  49.  *  2a,  *<»,/(- 6).  50.  |,  |. 

.     4(a  +  6)(a,  +  y)  _  M  -  23 

ri  53  +  20  J6  (Ja  +  Jby  +  i 

54.  p-.         55. 1,  -  19  +  M.       «6.  1,  ^/a_^)«_4 • 

5     „  ...      (*-l)*  1/11-8«V. 

57.  *  =  j.   Proceed  thus,  ±x_y  =  -j  ( — g — ) ,  «o. 

58.  0,-1.      59.  0,  $  {a  +  b  +  e  *  ^(a'+y +c*-26c  -  2«o  -  2ai)}. 

62.  0,  *  ^{"w*  +  a  (m- »)}.  63.  0,  a  ^1  *  2  • 

64.  Transpose  and  square;  we  get 

2*(2*  + 1)       +  2)  =  2  (»»  + 1)  (2»  +  1). 
The  only  solution  is  «= -  £. 

65.  1.        66.  4,-9.        67.  0,  2.       68.  0,-5,  g,  -  j. 
69.  1,  -  4,  ~3*/109  •      70.  1,  \.      71.  5,  -2,  i  {3  *  ^241}. 

72.  a  +  2,  73.  2,  -1.        74.  1,  -2. 

75.     +  Sax  =  -  5a*  *  «/(<**  +  c*);  whence  x. 
19 

"76.  x'  +  3x=j  or  -j-;  whence  x. 

78.  •  +  Quadratic  in  (as--^)'. 

T.  A.  31 
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79.  (s» -*)*-(**-*)  =  «•  80.  4,  -3. 

81.  {J*  +      +  7)}'  +  Jx  +  V(*  +  7)  =  42.    as  =  9  or 

82.  (aj-4v/a!),  +  2(iB-4sAt)  +  l  =  0.  a^7*4^3. 

83.  {2  J(x)  +  1}{Jx  +  J(a  +  x))-b;  multiply  both  codes  by 
J(a+x)-Jx;         .-.  a{2J(x)+l}  =  by(a  +  x)-jx},  Ac. 

84.  (x,  +  xy  +  4(x*  +  x)  +  i  =  16xt.       85.  («•  +  a*)'  =  2af \x - a)\ 

86.  /»  +  ±)\a(x  +  -Z-)  +  b-^  =  0. 
\     ax  J       \      ax)  a 

0l  fx    a\%   0/a?    a\  ,  -    A         00        1     10  16 

87.  (-  )  -  2  (  )  +  l  =  0.        88.  0+-  =  -=-or--5-. 

\a    xj       \a    xj  x     3  3 

89.  ~  ~)  "  2  (x  "  ^)  +  1  =  0  afler  ^^ging  1). 

90.  1+^3*^/(3  +  2^3), 

91.  («+l)(«a-a?  +  l)  =  0.  92.  («+l){l +*(*•-«+ 1)}  =  0. 
93.  a;  =  5  ia  obviously  one  solution.       94.  a  =  6  is  obviously  one 

solution.        95.  x  =  5  is  obviously  one  solution. 

96.  x  =  0  is  obviously  one  solution.           97.  (0*  -  4)  (0  +  1)  =  0. 

98.  0  =  a  obviously  one  solution. 

99.  80*-l  +  8(2a-l)  =  0;   .-.  x  =  £  is  one  solution. 

100.  ^-1  =  1^  +  1);   .\  0  =  -  -|  is  one  solution. 

101.  x  =  -mis  obviously  a  solution.       102.  x  =  a,b,  or -(a +  6.) 
103.  #+4»-l  is  a  factor.  104.  0(p-l)  +  1  isa&otor. 
105.  sc"  =  1  is  obviously  a  solution. 

XXIL    l.S(0-0)^0  +  |).  2.  (0+6O)(0  +  13). 

3.  2(0  +  2)^0-|).  4.  (0-62)(0-26).  5.  a^- 140  + 48  =  0. 
6.  0*-90  +  2O  =  O.       7.  0*  +  0-2=*O.      8.  0*-20-4  =  O. 

9.  42,  36,  117.  10.  «i  =  8.  11.  t??,  l>(pf-3?). 

12.  c0*  +  ft0  +  a  =  O. 


XXTTI.   1.  0  =  *3;  y  =  *4.        2.  0  =  60,40;  y  =  40,  60. 

L6        ft  5 
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5.  a?  =  7,  5;  y  =  -  5,  -  7.  6.  *  =  2,  5;  y  =  6,  3. 

5  3 

7.  «  =  *7,  *4j  y  =  *4»  *7.  8.  «  =  -!,  -gj  y  =  -l, 
9.  «  =  l;y  =  l.  10.  as  =  *3,  *8;  y  =  *5. 

11.  *  =  5,  -gg-;  y  =  9,  -gy.         12.  *  =  3,  *36;  y  =  ff, 

13.  as  =  *3,*-^j  y  =  *2,*-^. 

15.  *  =  *3, -A;  y  =  *l, 

15  3 

16.  «  =  *4*SJ3;  y='*5,*,/3.     ^  *  =  ,,,;y21'  f  =  *j2l' 

20.  *  =  *6,  y  =  *3,  *3.         21.  ^  =  ^3^2;  y^  +  JZ,  *  J2. 

22.  *  =  0,  -1;  y  =  0,  ™.  23.  *  =  0,  4;  y  =  0,  5. 

24.  a;  =  0,  15;  y  =  0,  45.      25.  a?  =  0,  2,  *,/2;  y  =  0,  2,  2T<s/2. 

26.  *  =  0,  4,  -2;  y  =  0,2,-4.  27.  *  =  5,  ^;  y  =  3,  ^. 

28.  «  =  4,  2;  y=2,  4.  29.  x=2;  y=0. 

30.  4;  y  =  4,  1.  31.  «  =  1,  10;  y  =  10,  1. 

32.  aj  =  3,  2;  y  =  2,  3.  33.  a?=8,  4;  y  =  4,  8. 

34.  «  =  17,  1;  y=l,  17.  35.  *=4,  2;  y=  2,  4. 

36.  *=4;  y=l.  37.  *  =  1,  4;  y=4,  1. 

38.  a?  =  2,  3;  y  =  2,  3.    39.  a?  =  *2,  y=*2;  or*  =  *2,  y=*2. 

40.  a  =  3,y=l;  »=1,  y  =  3.         41.  a  =  5,-2;  y  =  2,  -5. 

42.  a  =  *2,  *1;  y  =  *l,  *2.   43.  3=1(9*^73),  y=i(9TA/73). 

44.  a  =  *3,  *2;  y  =  *2,*3.       45.  a;  =  *5,  ±3;  y  =  *3,  *5. 

46.  a  =  *3,  *2;  y  =  *2,  *3. 

47.  «j  =  0,*^(-3),*n/3;  y  =  0,3^N/(-3),*2N/3- 
The  first  equation  may  be  written  thus 

«y(y  +  «-3)  =  3  (4«  +  y  -  xy). 

31—2 
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48.  x=S,  2;  y  =  2,  8.  49.  ajf=9,.4;  y  =  4,  9. 

50.  #  =  8,  64;y  =  64,  8.         51.  *  =  5,  13;  y=4,  12. 
52.  x  =  i,  9;  y  =  9,  4.  53.  «s  =  2,  8;  y  =  2,  8. 

54.  Jx  =  2±J6,  t{±J(l5)-5);Jy  =  -2*J6,  l{±J(l5)  +  5}. 

55.  *  =  5,  y=3.         56.  *  =  *1,  y  =  3.         57.  «  =  |,  y  =  |. 

58.  =       *       +  «%     =  i  {"  «*  * 

59.  «y  =  i  {26*  *  «/(2&4  +  2a4)} ;  -whence  we  may  proceed. 

62.  ^  =  T,  y«=x. 

63.  x  =  2(a  +  h),  y  =  2ab. 

64.  4o«y  =  (1  -  xy)';  this  gives  a  quadratic  in  xy. 

M  x±y^ay  x  =  ,  &a 

«-y     c  '  ay-c 
a"  i  6  (26* -a*)     -  a* 
66-  —    4(a'-6')    *  S^-I- 

67.  =  6'  {2  ±  ^3} ;  y*  =  »*  {2 1-  V3}- 

68.  Add;  thus  a?  {x-Vf +  yt(j/-l)t  =  a  +  b;  also 

x(x-l)  +  y(y-l)  =a> 
.:  x(x-l)  =  J{a±7(2a  +  26-a*)};  y(y-l)=i{a=P,/(2«+2&-a,)}. 

69.  *  =  0,  2a;  y  =  6,  -ft;  «=c,  -c. 
_        1   .5  1   15  1  15 
70  x  =  2'26''  y~3'13;  *"4'44- 

71.  Three  simple  equations  for  finding  xy,  yz,  zx. 
72  1    1  _L 

73.  From  the  1st  and  2nd  by  subtraction  x  —  y  or  as  +  y  =  s;  then 
nse  the  third  to  complete  the  solution. 

5 

74.  Form  a  quadratic  in  z;  then  *  =  6  or  -  ^  ;  with  the  first  value 
we  get  x  =  4  and  y  =  5;  from  the  second  a:  =       ,  y  =  . 
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1     7  aj  +  v  7 

75.  By  eliminating  z  we  get  x  +,y  +  —  =  ^  and  ity  +        =  ^  ; 

.-.  (x  +  y)  (l  -  ^  =a?>^" 1 ,  <fcc.  2,  1,  |  are  the  values 
of  x,  y,  z;  which  values  may  be  arranged  in  6  ways. 

76.  Form  a  quadratic  in  x  +  y  +  z  which  gives  9  for  one  value,  this 
leads  to  a  cubic  in  xy,  of  which  the  roots  may  be  seen  to  be 
6,  8, 12;  hence  for  the  values  of  x,  y,  *  we  get  2,  3,  4,  which 
may  be  arranged  in  6  ways. 

77.  We  may  deduce  xyz  =  0;  thus  one  or  more  of  the  three  x,  y,  z 
must  be  zero.  The  results  are  0,  0,  1,  which  may  be  ar- 
ranged in  3  ways.  78.  x  =  a*  +  ±  J{a*  +  V  +  c8). 


79. 


x  =  ^  or  else  9#*  («-«)  =  a9.  Similarly  for  the  other  quantities. 


XXTV;  1.  15  and  24.  2.  3.  4.5;  that  is  60;  3.120 
and  121  yards.       4.  Five  miles  per  hour.       5.  66  on  one  side, 

22  on  the  other.       6.  28  acres.    .  7.  14.       8.  j  (1  +  J5)  is 

the  produced  part ;  a  being  the  given  line.  9.  50  and  15* 

10.  18.        11.  Ninepence.        12.  30  Austrian;  36  Bavarian. 

13.  5  and  4.  14.  The  first  worked  24  days  at  4*.  per  day; 

the  second  18  days  at  3*.  per  day.       15.  15  persons;  each  spent 

5  shillings.     16.  100  shares  at  £15  each.      17.  x'+x3=9(x+\); 

x*-9'}  the  number  is  3.  18.  7  per  cent,  and  6  per  cent. 

7  *  • 

19.  Bate  of  train  is  ^  that  of  coach.    20.  A  40  hours;  B  60  hours; 

21.  70  miles.  22.  150  miles.  23.  5  hours  and  3  hours. 
24.  15  hours  and  10  hours.  25.  36  workmen,  and  each  carried 
77 lbs.  at  a  time;  or  28  workmen,  and  each  carried  45 lbs.  at  a  time. 

XXVL    1.  1  2.  ^.  3.  18  and  27. 

9  15 

5.  Short  road  from  A  to  B  is  26  miles;  from  B  to  C  52  miles. 
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XXVIL   1.  3.       2.  6400.        3.  57.        4.    '   '  . 

xy 

9,  Suppose  ad  =*  be  and  a  the  greatest ;  then  d  is  the  least ; 
.'.  a  —  d  is  >  b  —  c ;  .%  (a  —  d)*  +  ±ad  is  >  (6  —  c)*  +  4&? ; 
,\  a  +  «?is  >  6  +  c. 

10.  In  the  first  the  wine  is  £  of  the  whole;  in  the  second  §. 

11.  A  has  £72  and  B  has  £96 ;  each  stakes  ^  of  his  money. 

12.  Female  criminals  \  of  the  male. 

XXVIIL    1.  4.    2.  a  =  56.     3.  4.    4.  1.    6.  f.    7.  10. 

8.  27a"  =  4/.        9.  y  =  2*  +  -.  10.  16.  13.  10. 

x 

14.  (r8  +  16.  2  (n  - 1)  hours.  18.  4  hours. 

XXIX    1.  450,  1214  product  613260.  2.  321420111. 

3.  15<1.        4.  278.        5.  1105*.        6.  624.         7.  2223. 

8.  1022634.  9.  17-6.  10.  1341-111.  11.  3015333- 
12.  1099-39.  13.  124-96.  14.  75346-1.  15.  1589-349609375. 
16.  588;  1114.  17.  22441;  20846*.  18.152.  19.11111. 
20.  44-4,  in  scale  3  it  is  301*2.       21.  62444261,  sq.  root  is  7071. 

I  OA  1  9 

22.  1101111.         23.  tg.         24.  i.        25.  02,  i.e.  ~. 

26.  Eight.  27.  Six.  28.  Eleven.  29.  Five.  30.  Six. 
31.  Fire.  35.  210  +  2P  +  27  +  26+  2*  +  2*  +  2  +  1. 

36.  3«+35+34-38+l.  37.  V-V-B-l.  38.  3f-3s-3,-3+l. 
39.  Three  feet  eleven  inches.  40.  Twenty-three  inches  and  a  third. 

XXX.  1.  800.  2.  4.  *  3.  -333.  4.  -26 J.  5.  -2. 
6.  61|.         7.5..        8.425.         9.0.         10.  w(8  +  n). 

11.  _L  n  (13  —  »).  12.  Common  difference  -  3.  13.  9. 

12  i 

14.  4  or  - 11.        15.  2n  -  1.        16.  Number  of  terms  is  10  or 

12;  last  term  3  or  —  1.  17.  Common  difference  7. 

18.  The  number  of  terms  ism  +  n-1  orm  +  w;  in  the  former 

case  the  last  term  is  1;  in  the  latter  case  it  is  zero. 

20.  nVj  {2+4(w-l)}  or  n{2n-l).     21.  1111.     22.  20. 
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23.  i  (n  -  1)  n  (2n  -  1)  yards.  24.  1,  1334         25.  Nine 

means  3,  5,  7,  19.  26.  Number  of  terms  19  or  -  2. 

27.  5  or  - 10.     2&  4  or  7.  31.  4  or  9.     32.  p+q+(m- l)2q. 

36.  5,  9,  13, 17,  21,  25.  37.  17.           38.  100  or  -  107. 

39.  Number  of  terms  7;  middle  term  41.  n\  42.  -»(-l)\ 
43.  i{l  -<2»+lX-l)"}.  50.  J  (19-n);  51.  ±,  ft,^,^. 
52.  25  months.  53.  n(n**)  peeks,  calculated  to  last  weeks. 
54.         hours.  55.  432  guineas. 

"xi .•¥{(!)'-'}•  »..{.-©•}. 
<•!{>-©}•  »¥•  ■*{?•  « 

9.  |g.        10.  9.        11.  10.        18.  1.        13.  4  + 

4  ..1  .fll  25/2  3\ 

14.  j.  Iff.  g.  16.  ?.  •  ".^(y+yj. 

18— SI.  8m  Art  473.    33.81.     34.  £108,  £144,  £192,  £256. 

25-  *t~t        1)"-  !}•     28.  J£3-  4a     32.  Common  ratio  -X:. 
a*+ 1  1    v    '     '  ^>+l 

33.  ^fr""1) — 2fL.        38.  r  =  2,  a  =  3;  r  is  found  by  an 
(r  —  If      r  -  1  • 

eugr  oabie.  39.  *(4^'-1? .  42.  £108,  £144,  £192,  £256. 
43.  8,  4,  8,  12;  or  ^  ^,  |,  | .         44.  2,  5,  8. 

XXXH.  lJ,J,J  3.  Let, 

denote  it,  then -=-  +  (*- lWT I .  6.  The  common  differ* 
ence  in  the  arithmetical  progression  formed  by  the  reciprocals  is 
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.  8.  2  and  4.  11.  2,  3,  6.  12.  The  terms  are  —  and  l  ; 
then  the  series  can  be  continued.       14.  We  may  shew  that 

A  =  ^  ^=  2a-l  '        M  ^       ^  ^  known,  we  can 

find  the  two  quantities.          19.  a8  4-  ab,  a8  -  5s,  af  -  a6. 

XXXIV.     L  1120.  5.  453600.  3.  454053600. 

<u**n         a  a  ^      Llg.  »  20.19  19.18 

4.  34650.         5.  5.  6.  -j^,       7.  -j^-, 

195        [95  [60  - 

PTE'  Lffil'       DI2I'  t  ' 

12. LjlzL    13.  ^ [io - ^    u.  !^,!™, 

16,  n=2r+l;  r=8.       17.  ,  ,^     x  ,  x  \s  +  r.    Or  if 

[r[m-r    [g  [w  — 8  1  

|*  +  r 

the  m  things  are  exactly  alike,  and  also  the.  n  things,  j^j^ 4 

18.  »(»+|)(»  +  *).      20.  4080;     21.  86400.      22.  [5x  [3; 

if  the  <Ar6«  letters  are  to  retain  -an  invariable  order,  tne  answer 
is  \5.  24.  90.  25.  36.  26.  I.  8.7.6.5  cases 

7  6    1 4 

without  repetition.    II.  -r-^  x  ~  cases  in  which  a  occurs  twice ; 

also  as  many  in  which  i  occurs  twice ;  and  as  many  in  which  n 
|4 

occurs  twice.    III.  t     •  cases  in  which  a  and  teach  occur  twice ; 
Lfl* 

also  as  many  in  which  £  and  ft   each  occur  twice;  and  as  many 

in  which  a  and  n  each  occur  twice.    Total  2454.  29.  120. 

o0  "("-I)    P(P-V  tl     oi  n(n-l)(n-2)  ^(^-l)Qp-2) 
30.  _rT--^_+l.    51.  ^  ^3  . 

_L24_ 


32.  Increase  the  preceding  result  by  unity.         34.  f. 

(12)  tlHf 

35.  [7 ;  if  however  each  set  may  be  in  order,  either  from  left  to 
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right,  or  from  right  to  left,  the  answer  is  8  x  [7.  36.  3  x  |4  x  \i. 
38.  |4x.lllll  *15.  ~~ 

XXXV.    1.1*1**«»JP,  j. 

,  12. 11. 10.  ft  2002.2001  5  „ 
3.   ^  a"*'.  4.  —  a»*~. 

5.  625  -  2000* + 24000'  - 1280**  +  206*4. 

[4  [5 
9.^|«V.  10.  ^(aV  +  «V). 

11.  64a*  -  96a4  +  36a* -2.  12.  10c*. 

14.  This  follows  directly  j  or  thus,  (1  +  <e)"+,(l - aj)=(l  +x)'(l-af). 

1 2n+l 

16.  From  2nd  to  ffth  terms  of  (3  +2)*.     18.  ^J^^.^  (-1)"". 

|2n+l(-ly-l<Bto-,r+,  |2»+l(-l)'!e*'-"-' 
M  i  lo  5— »     i     i   5-  J    the  middle 


r-1  |2n-r  +  2    '     |r-l  |2w-r  + : 
iy  1 2n  +  1 


terms  are 


[n  |n  +  l 

20.  (*•  +  a*)"  =  {* + a  V(- 1)}"  {*  -  a  J(r  1)}* 

«    +  B  J{- 1)}  {4  -  B  J(- 1)}       +  B>. 

XXXVI.  l&fc±lffi±fl*. 

(tt-l)(2n-l)(3*^l)  {(r-l)*-!}^ 

nr  [r 

!5.     (p-l)(2y-l)(3p-l)  {(r-l)p-l}x, 

i6.  lm^l1)(-i)v.  n. 

7.9.11      (2,  +  g)g,  1.5.9  .  (2,-3)^ 

,1*1  .  Ie 
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27.  2ndand3rdtennsjx|  =  l     28.  3rdterm  =  ^4? 

loo  1 . 2  O  20 

3.4.5.6  /5\4  9375 


/5\4  9375 
W  "  2401 ' 


29.  5th  and  6th  terms  = 

30.  3rd  term  (33)'.        81.  If  w=l  the  2nd  and  3rd 

terms  are  the  greatest ;  if  n  =  2  the  2nd  term  is  the  greatest ; 
and  for  all  other  values  of  n  the  first  term  is  the  greatest. 

32.  jjj'18.  33.  Sixth  term.  36.  5il(2»,  +  4»+3). 
37.  Coefficient  of  &  is  liii^^Lll).  ooefndent  of  is 

obtained  by  dividing  this  expression  by  a. 
40.  (l  -|)  i  that  is  ^2.  41.  ^ 


XXXVIL    1.  6.  2.  10a,V  +  20<w»/  +  5a,4. 

3.  3«+  2*.  3'  +  2'.  3  +  2'.  3'  =  1905.  4.  3. 

5.  -2*345  +  2'.3,.5-2,5. 

CI  2  2*  2*         2*  i 

«•  L1J{|g14+|r|61|+  l2LJl  +  |2lJl7  +  lill}- 

7.  J.JP-tf.S.fi'.T  +  JVff.T*.        8.-64.  9.-20. 
1ft     15    35    63      37       „     1     •  ,„  -         35  _ 

is.  (^-7_^l9)^.  u.5o.  i5.  gfe±afigafe±g-^. 

16.  The  expression  is  {(1  +  as)(l  -as)-'}'.    Hence  the  required 
coefficient  is 

7.6.5.4    7.6.5        7.6  14.15    7  14.15.16  14.15.16.17 

17.  r+1.        *  ~ 

18.  VfaW*^**)      t»(^l)...(i^4)       n(«-l)...(i^5)y  , 

li  |2|3       28+       [4  |J  
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+  n(n-lXn-2)ff;.,gA.       31  _ 23       22  £  _  | 

23.  ro     ~  |j>     ~  2>  a,1  +  w  frt  - 1) a,a.+  ma,.       24.  20. 
20.  -210.  26.  1160.  27.  12600. 

28.  a'+tn'-\b+c)+  a—(b+ef+n^~1^n~^ 

XXXVIII.   1.4.         2.2.         3.  1;-1.  4.5. 
5.  3;  -2.        6.  -698970-2;  -732393.        7.  -778151-3. 
10.  I  {log  10  -  3  log  2}.         15.  20.         20  About  125  years. 

XXXTX.    1.  This  is  an  example  of  equation  (1),  Art.  545, 
m  =  (as  +  1)(«-  1)  and  n  =  se*. 

2.  log(*  +  2A)*-log(x  +  A)»  =  log{l  3.  See  Ex.  1. 

5.  log(3  +  3a!  +  a^)a;-31og(l+aS)  =  log|l-^Tl^i}. 

6.  We  nave  to  find  a  series  for 


thatis,ibrlog(l+l)+|^log(l-i), 

1  +- 

thftt  h  for  2^i  M1  -p) + wri  l0«77f  • 

XL.    1.  Divergent  if  a  >  1,  convergent  if  a  <  1.    If  a  =  1  we 

may  suppose  m  =  np-;  then  compare  with  t  +  1  +  i  +  and  we 

1    J  3 
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see  it  it  divergent.        2.  Series  =  -  f  ~  —  +  — ~3  Ac!- 

convergent     3.  Divergent  if  x  >  1,  convergent 

2w  +  1  1 
the  general  term  is  n*+i  *  ▼hich  is        and  series  is  divergent. 

4.  Divergent.  5.  Divergent  if  x>\,  convergent  if  x<  1. 

Ifx  =  l  the  series  is  obviously  divergent    6.  Same  result  as  Ex.  5. 

7-  Series  >  1  +  -  -  -  +        +  5—7  >  *c.»  and  divergent 
1+2    1+3    1+4*     '  e 

8.  Divergent  if  x  >  1,  convergent  if  a?  <  1 ;  if  a?  =  1,  obviously  di- 
vergent 10.  Divergent  if  x>  1,  convergent  if  «<1;  if  x=l 
it  is  a  series  discussed  in  the  text 

XLL   2.  £900.         3.  .        4.  2£.        5.  40  :  41. 

6.  Between  48  and  49.         7.  Nearly  32. 


XLIIL  1.  £24  10«.  2.  Cent  per  cent  3.  4  per  cent 
4.  £6400.         5.  3£.        6.  £7297.98.        7-  £225}Sff 

8.  **  *f  "V**8  «  a  little  more  than  9. 
log 5  -log 4 

9.  -^r, .  ^ —  where  -4  is  the  first  payment;  m  most  be  less 


than  J?.         10  11.  2»^!!±2y. 


XLIY.  1. 1+  1     1     11        2.    11   -L  _L  _L  1. 

3+6+7+9  1  +  2+1  +  1+1+55 

,  J_  J_  J_  J_  _1_  J  L_  I 

2+4+3+2+1+2+  170+  1' 

4  1  +  J--L  J__L_L_L  J_  I 
'       4  +  1+1+1+2+3+1+3' 

322365  17     8  39 

1'  7  '  113*  4'  29'  33'  161' 
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1     1     1      a  2g'+l   4aV3a  8a4+8a'+l 
2a+  2a+ 2a+'"l'     2a   '  4af+l  '    8aa+4a  ' 
1111        a-1  a   2af-a-l   2a'- 1 


1+  2(a-l)+  1+  2(a-l)V   1   'I'  2a  -  1  »  ~2a~  ' 

1111a    2a+l    4a*+3a  8a9+Sa+l 
13'  "+2+20+2+  2a'  "I'     2    '  laTT '     fia  +  4  ' 

_ .      -    1   1       1   1 

a-1    go-l    4a,-5a+l  Sa'-Sa+l 

1  '     2    '    4a-3  1     8a-4  # 

256  1520  485  211 

15.  16.  -g^.       27.  ggg.       38  -gg-.       32.  ^ 

33.  Positive  root  of«,+  2<e- 2  =j0. 

36.  Positive  root  of  59^  -319«  +  431  =  0. 

XLVI,    1.  a>  =  2,  y  =  1.  2.  *  =  4,  y  =  5. 

3.  x=l  or  6,  y  =  20or  1.  4.  y=l  +  7*,  *  =  41-10*. 
5.  x=25-  7t,  y  =  25  +  3f.  6.  »=90-19*,  y  =  13*. 
7.  a?  =  8,  y  =  3.       8.  «  =  7,  y  =  5.        9,  #=11,  y=18. 

12.  19  or  20.  13.  4  or  5.  14.  2.  15.  2.  16.  5. 
17.  3  guineas,  21  half-crowns.  18.  3  sovereigns,  20  francs. 

19.  185, 15 ;  119,  81 ;  53, 147.  20.  28  crowns,  20  half-crowns. 
22.  245.  23.  104+3.5.7.*.  24.  97.  28.  allowing  zeros, 
5  solutions;  excluding  them,  3.  29.  6  crowns,  4  half-crowns, 
2  florins.  30.  allowing  zeros,  £2.  11*.  6ct;  excluding  them, 

£%.  15*.  31.  100.  32,  205,5.02.  33.  974. 

34.  5567.  35.  80  ducks,  19  oxen,  1  sheep ;  or  100  sheep. 

36'      V  15'  37'  48>*2'37' 

XLVII.    1.  x  =  2,  y  =  4;  x  =  3,  y=l. 
2.  a?  =  4,  y  =  21;  a?  =  5,  y  =  7.  3.  a?=18,  y  =  5. 

4.  x  =  10,  y=l.  5.  360.  6.  1684  square  yards. 
9.  »  =  0,  y=3;  <e=2,  y=L      10.  a?=l,  y  =  3;  a-53,  y  =  15. 
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XLVIIL  *{»(-v-i©>- 

4.  Jl.{\-p*}x*.        S.  (n+l)af.  6.  (7»  +  5)  (3*)". 

7.  (»+!)•*•.  ifc^JL--^-). 

1     /  1         1       _1  ,    _J  \ 

(l-a/Vl+as    l+ax~l+aTx+ l+ax+1x)' 

4  — 11a! 

XLIX.    1.  1_ga."fte.  general  term  (3*)"  +  3  (2x)\ 
general  term  2  (7*)"-  (3*)". 


l-lOx+21** 

3-  l-fo^  «^  term  i(l  +  2— )^ 

4.  a;  leas  Chan  }.         S.  2""  (5n  +  6).          6.  3"  -  »- 1. 

7-  F-FJ  47'        &  1Tr^r *  (-l)VK-2n  +  2). 
I*.   3.  1-,—  ;  1.  4.  S 


1+n'  *  96~2(»  +  l)(n  +  2) 

3  11 


(»+l)(n+2)(»+3)    4(7»  +  l)(n+2)(*+3)(»+4)'  96* 

.1/1    1    1  _  J  1  1\  11 

3\l  +  2  +  3    n  +  1    n+2    n  +  $)'  18* 

.  1|1  1         1    J_  5        3g  +  5  5 

b*  8(4  2(a;+l)(*  +  2)J'  32*  7<  6  ~(*  +  2)(x+3)'  6' 
.  ra(n+l)(»  +  2)  .  ar{n(x-l)-iy  +  ar+l-(x+l) 

*•  6  *  ^l)5  * 


12.  ^(a  +  ft)-. 


13.  Expand  and  we  ^(I-^f|l+II_^+(r-^i+  j. 

14.  y(l  +  wo  +  ^±l),'  +  +n(n+l)     (n  +  m-l)^ 

I  1.2  |wt—  1  ) 
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LIII.    1.  27  to  8  against       2.  ~.  4.  f         5.  J. 

&  4r  •         7.  14-*        &  7  to  2.        10.  jTs  chance  of  losing 
lo  3o  ** 

is  §,  and  of  winning  is  £ ;  JD's  chance  of  winning  is  §,  and  of 

neither  winning  nor  losing  is  £  ;  B  and  G  have  each  the  chance 

5  2 

£  of  winning,  £  of  losing,  £  of  neither.  11.  ^ .  12.  ^ . 
u    3         1/s  1        1A  n  18586         1Q  31031 


20.  gg.       11.1-fiV.       22.  1  -  (||y.       23.  mi 


12500'  W  \36yT  75 

138  x  6  I* .  * 

24.     *  .         25.  L 


51  x  50  x  49  *  52.  51 . 50.  49 ' 

32.  The  first ;  odds  10  to  9  in  favour  of  it               33.  4. 
34.^,       35.  p.       36.  4.       39.^^  g-J. 

4ai-(^T)"  4L-°33- 

..1    6  111,6  2 /IV  ... 
44.  = +=.7;.=.  s+ =.  o  ( o )  •  45.  The  same  result. 


7    7'  2'  2*3    7"  3  \2, 
49.6;|.  «.}«. 

55.  A+  J>9+  ft- ftft - PtPs-PtP^P&tPs ;  ftft^,ft+ftft~2ftftft. 

57.  1X.         58.  I?  and  1^.  59.  21  shillings. 

»(w*n-l)  61        61  ° 

60.  42  shillings.        61.  £400.         62.  35*.  8<L        63.  £10. 

64.  A  florin.  65.  3  florins,  1  sovereign.  66.  2  to  1 ; 

1  of  the  stake.  67.^.  68.  3*fo+l\ 

•  3    #  2  (2w  + 1) 
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69.  33333  shillings.      70.  - n  shillings.      71.  72.  J. 

73.  — 7 — 7T\»         74.  -r  .         75.  i  oo/»  >  ^  FTT7  •         76.  J&  ^i- . 

»(n  +  l)  o  1286'     5144  46 

77.  f.         80  " 

3  50  (a  +  c){b  +  c) 


THE  END. 


ERRATA  IN  THE  EXAMPLES. 

p.  146,  Ex.  15,  for     read  A 
p.  147,  Ex.  S3,  for  V2  read  6>/2. 
p.  157,  Ex.  26,  for  10>/2  read  ll>/2. 
p.  173,  Ex.  25,  for  2  read  }. 
p.  176,  Ex.  71,  for  -ftr  read  +  &r. 
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1854— Problems  and  Riders.  By  W.  WALTON,  M.'A.  of  Trinity  College,  and 
C.  F.  MACKENZIE,  M.A.  of  Caius  Col~ 
lege.   10*.  6<f. 

1 857— Problems  and  Riders.  By  W.  M.  CAMPION,  M.A.  of  Queen>  College, 
and  W.WALTON,  M.A.  of  Trinity  College. 
8*.  6d. 

CAMBRIDGE  PITZWILLIAM  MUSEUM.-A  Hand-Book 

to  the  Pictures  in  the  Fitzwilliam  Museum,  Cambridge.  Crown  8vo.  sewed, 
li.  6d. ;  or  in  cloth  elegant,  2*.  6rf. 

CAMBRIDGE.— Cambridge  Mathematical  JonrnaL   Vol.  I. 

Second  Edition,  8vo.  cloth,  18*. 

CAMBRIDGE —Cambridge  and  Dublin  Mathematical  Journal 

The  Complete  Work,  in  Nine  Vols.  8vo.  cloth,  71.  4*. 

OMLY  A  PEW  COPIES  OP  THE  COMPLETE  WORK  REMAIN  OK  HAND. 

CAMPBELL— The  Nature  of  the  Atonement  and  its  Rela- 
tion to  Remission  of  Sins  and  Eternal  Life.  By  JOHN  M°LEOL> 
CAMPBELL,  formerly  Minister  of  Row.   8vo.  cloth,  10*.  6<*. 

CICERO.— Old  Age  and  Friendship. 

Translated  into  English.  Two  Parts,   12mo.  sewed,  2s.  6rf.  each. 

C0LENS0 .— The  Colony  of  Natal.  A  Journal  of  Ten  Weeks' 

Tour  of  Visitation  among  the  Colonists  and  Zulu  Kafirs  of  Natal.  By  the 
Right  Rev.  JOHN  WILLIAM  COLENSO,  D.D.  Lord  Bishop  of  Natal, 
with  a  Map  and  Illustrations.  Fcap.  8vo.  cloth,  5s. 
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COLENSO  — Village  Sermons. 

Second  Edition.  Fcap.  8vo.  cloth,  2s.  Sd, 

COLENSO.— Four  Sermons  on  Ordination,  and  on. Missions. 

18mo.  sewed,  1*. 

•COLENSO.— -Companion  to  the  Holy  Communion,  containing 

the  Service,  and  Select  Readings  from  the  writings  of  Mr.  MAURICE, 
Edited  by  the  Lord  Bishop  of  Natal.  Fine  Edition,  rubricated  and  bound  in 
morocco,  antique  style,  6«. ;  or  in  cloth,  2s.  6d.   Common  Paper,  limp  cloth,  1*. 

COTTON.— Sermons :  chiefly  connected  with  Public  Events 

of  1854.  By  G.  E.  LYNCH  COTTON,  M.A.  Master  of  Marlborough  College, 
formerly  Fellow  of  Trinity  College,  Cambridge.  Fcap.  8vo.  cloth,  S#. 

CROSSE.— An  Analysis  of  Paley's  Evidences, 

By  C.  H.  CROSSE,  M.A.  of  Caius  College,  Cambridge.  12mo.  boards, 
3s.  6d. 

DAVIES  — St.  Paul  and  Modern  Thought:  . 

Remarks  on  some  of  the  Views  advanced  in  Professor  Jowett's  Commentary 
on  St. Paul.  By  Rev.  J.  LL.  DAVIES,  M.A.  Fellow  of  Trinity  College,  Cam- 
bridge,  and  Rector  of  Christ  Church,  Marylebone.  8vo.  sewed,  2s.  6d. 

DEMOSTHENES.— Demosthenes  de  Corona. 

The  Greek  Text,  with  English  Notes.  By  BERNARD  DRAKE,  M.A.  late 
Fellow  of  King's  Coll.  Cambridge,  Editor  and  Translator  of  the  "  Eumenides 
of  iEschylus."  Crown  8vo.  cloth,  5«. 

DEMOSTHENES— Demosthenes  on  the  Crown. 

Translated  by  J.  P.  NORRIS,  M.A.  Fellow  of  Trinity  College,.  Cambridge, 
and  one  of  Her  Majesty's  Inspectors^  Schools.  Crown  8vo.  cloth,  3#. 

DRAKE.— Notes,  Critical  and  Explanatory,  on  Jonah  and 

Hosea.  By  WILLIAM  DRAKE,  M.A.  formerly  Fellow  of  St.  John's  College, 
Cambridge.  8vo.  cloth,  9s. 

DREW— A  Geometrical  Treatise  on  Conic  Sections,  with 

Copious  Examples  from  the  Cambridge  Senate  House  Papers.  By  W.  H. 
DREW,  M.A.  of  St.  John's  College,  Cambridge,  Second  Master  of  Black- 
heath  Proprietary  School.  Crown  8vo.  cloth,  is.  6d. 

EVANS— Sonnets  on  the  Death  of  Wellington. 

By  SEBASTIAN  EVANS,  of  Emmanuel  College,  Cambridge.  8vo.  sewed,  1#. 

FARRAR— The  Influence  of  Classical  Studies  on  English 

Literature  in  the  Reigns  of  Elizabeth  and  James  I.  By  F.  W.  FARRAR, 
Fellow  of  Trinity  College,  Cambridge,  and  Assistant  Master  of  Harrow 
School.  8vo.  sewed,  U.  6d. 
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FARRAR.— The  Truth  shall  make  you  Free. 

A  Sermon  preached  on  April  26,  1857.   Crown  Svo.  sewed,  Gd. 

FLOWERS  OP  THE  FOREST,  A  War  Ballad  for  1855. 

By  M.  £.  H.   Crown  8vo.  sewed,  6rf. 

FROST.— The  First  Three  Sections  of  Newton's  Principia. 

With  Notes  and  Problems  in  illustration  of  the  subject.  By  PEItCIVAL 
FROST,  M.A.  late  Fellow  of  St.  John's  College,  Cambridge,  and  Mathe- 
matical Lecturer  of  Jesus  College,  Crown  8\ro.  cloth,  10*.  6d, 

GILL.— The  Anniversaries.  Poems  in  Commemoration  of 

Great  Men  and  Great  Events.  By  T.  H.  GILL.   Fcap.  8 to.  cloth,  5*. 

GODFRAY.— An  Elementary  Treatise  on  the  Lunar  Theory. 

With  a  brief  Sketch  of  the  History  of  the  Problem  up  to  the  time  of  Newton, 
By  HUGH  GODFRAY,  M.A.  of  St.  John's  College,  Esquire  Bedell  in  he 
University  of  Cambridge.   8vo.  cloth,  5*.  64. 

GRANT.— Plane  Astronomy. 

Including  Explanations  of  Celestial  Phenomena,  and  Descriptions  of  Astrono- 
mical Instruments.  By  A.  R.  GRANT,  M.A.,  one  of  Her  Majesty's  In- 
spectors of  Schools,  late  Fellow  of  Trinity  College,  Cambridge.  Svo.  boards,  6s. 

GRIFFIN.— The  Theory  of  Double  Refraction. 

By  W.  N.  GRIFFIN,  B.D.  Vicar  of  Ospringe,  Faversham.   Svo.  sewed,  2r. 

HALE.— The  Transportation  Question;  or,  Why  Western 

Australia  should  be  made  a  Reformatory  Colony  instead  of  a  Penal  Settle- 
ment. By  the  Right  ReV.  MATTHEW  B.  HALE,  D.D.  Lord  Bishop  of 
Perth.  Crown  8yo.  sewed  2t.  6d. 

HALLIFAX.  -Analysis  of  the  Civil  Law,  being  a  comparison  * 

of  the  Roman  and  English  Law.  By  BISHOP  HALLIFAX,  with  Additions, 
by  J.  W.  GELD  ART,  LL.D.  of  Trinity  Hall,  Cambridge.  8vo.  boards,  8*.  6d. 

HAMILTON.— On  Truth  and  Error :  Thoughts,  in  Prose  and 

Verse,  on  the  Principles  of  Truth,  and  the  Causes  and  Effects  of  Error. 
By  JOHN  HAMILTON,  Esq.  (of  St.  Ernan's),  M.A.  St.  John's  College,  Cam- 
bridge. Crown  8vo.  cloth,  10*.  6d. 

HARE.— Charges  delivered  during  the  Tears  1840  to  1854* 

With  Notes  on  the  Principal  Events  affecting  the  Church  during  that  period. 
3j JULIUS  CHARLES  HARE,  M.A..  sometime  Archdeacon  of  Lewes,  and 
Chaplain  in  Ordinary  to  the  Queen.  With  an  Introduction,  explanatory 
of  his  position  in  the  Church  with  reference  to  the  parties  which  divide  it, 
8  vols.  8vo.  cloth,  1/.  11*.  6rf.  * 

HARE.— Miscellaneous  Pamphlets  on  some  of  the  Leading 

Questions  agitated  in  the  Church  duigng  the  Years  1345—51.  8vo.  cloth,  12*. 
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HARE.— The  Victory  of  Faith. 

Second  Edition.  8vo.  cloth,  5#, 

HARE.— The  Mission  of  the  Comforter. 

Second  Edition.  With  Notes.  8vo.  cloth,  12*. 

HARE.— Vindication  of  Lather  from  his  .English  Assailant** 

Second  Edition,  8vo.  cloth,  it. 
HARE.— Parish  Sermons. 

Second  Series.  8vo.  cloth,  12*. 

SARE.— Sermons  Preacht  on  Particnlar  Occasions, 

8vo.  cloth,  12*. 

*»*  The  two  following  Books  are  included  in  the  Three  Volumes  of  Charges,  and 
may  still  be  had  separately. 

HARE.— The  Contest  with  Rome. 

With  Notes,  especially  in  answer  to  Dr.  Newman's  Lectures  on  Present  Position 
of  Catholics.  Second  Edition.  8vo.  cloth,  10*.  64. 

HARE.— Charges,  delivered  in  the  Tears  1843,  1845,  1846. 

Never  before  published.  With  an  Introduction,  explanatory  of  his  position 
in  the  Church  with  reference  to  the  parties  which  divide  It.  6«.  64, 

HARE.— Portions  of  the  Psalms  in  English  Verse. 

Selected  for  Public  Worship.   18mo.  cloth,  2s.  6d. 

HARE.— Two  Sermons  preached  in  Herstmonceux  Church, 

on  Septuagesima  Sunday,  1805,  being  the  Sunday  after  the  Funeral  Of  the 
Venerable  Archdeacon  Hare.  By  the  Rev.  H.  VENN  ELLIOTT,  Perpetual 
Curate  of  St.  Mary's,  Brighton,  late  Fellow  of  Trinity  College,  Cambridge, 
and  the  Rev.  J.  N.  SJMPKINSON,  Rector  of  Brington,  Northampton, 
formerly  Curate  of  Herstmonceux.  8vo.  Is.  Qd. 

HARDWICK.— Christ  and  other  Masters. 

A  Historical  Inquiry  into  some  of  the  chief  Parallelisms  and  Contrasts 
between  Christianity  and  the  Religious  Systems  of  the  Ancient  World.  With 
special  reference  to  prevailing  Difficulties  and  Objections.  By  CHARLES 
HARDWICK,  M.A.,  Christian  Advocate  in  the  University  of  Cambridge. 
Part  I.  Introduction.  Part  II.  The  Religions  of  India.  Part  III. 
The  Religions  of  China,  Amebica,  and  Oceanic*.  8vo.  cloth.  7t,6d, 
each  part. 

HARDWICK.— A  History  of  the  Christian  Church,  from 
Gregory  the  Great  to  the  Reformation.  (AD.  590-1600.) 

Two  vols,  crown  8vo.  cloth,  21*. 

Vol.  I.  contains  The  History  from  Gregory  the  Great  to  the  Excommunica- 
tion of  Luther.  With  Maps. 
VoL  II.  contains  The  History  of  the  Reformation  in  the  Church, 

Each  volume  may  be  had  separately.  Price  10*.  64, 
*#*  These  Volumes  form  part  of  the  Series  of  Theological  Manuals, 
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HARD  WICK— Twenty  Sermons  for  Town  Congregations. 

Crown  8vo.  cloth,  6#.  Gd. 

HARD  WICK— The  Universities  and  the  Church  of  England. 

8to.  sewed,  Gd. 

HEMMING.— An  Elementary  Treatise  on  the  Differential 

and  Integral  Calculus.  By  G.  W.  HEMMING,  M.A.  Fellow  of  St.  John's 
College,  Cambridge.  Second  Edition.  8vo.  cloth,  9s. 

HENSLEY.— A  Sermon  Preached  on  Commemoration  Day, 

1855,  in  Trinity  College  Chapel.  By  L.  HENSLEY,  M.A.  Vicar  of  Hitchin, 
Herts.   8vo.  Is. 

HERVEY.— The  Genealogies  of  our  Lord  and  Saviour  Jesus 

Christ,  as  contained  in  the  Gospels  of  St.  Matthew  and  St.  Luke,  reconciled 
with  each  other  and  with  the  Genealogy  of  the  House  of  David,  from  Adam  to* 
the  close  of  the  Canon  of  the  Old  Testament,  and  shown  to  be  in  harmony  with 
the  true  Chronology  of  the  Times.  By  Lord  ARTHUR  HERVEY,  M.A. 
Rector  of  Ickworth.  8vo.  cloth,  10#.  Gd. 

HERVEY.— The  Inspiration  of  Holy  Scripture. 

Five  Sermons  preached  before  the  University  of  Cambridge.  8vo.  cloth,  It.Gd. 

HERVEY.  -  A  Suggestion  for  supplying  the  Literary  Institutes 

of  England  with  Lecturers  from  the  Universities.   8vo.  sewed,  Gd. 

HOWARD.— The  Pentateuch;  or,  the  Five  Books  of  Moses. 

Translated  into  English  from  the  Version  of  the  LXX.  With  Notes  on  its 
Omissions  and  Insertions,  and  also  on  the  Passages  in  which  it  differs  from 
the  Authorised  Version.  By  the  Hon.  HENRY  HOWARD,  D.D.  Dean  of 
Lichfield.  Crown  8vo.  cloth.  Genesis,  1  vol.  8*.  Gd. ;  Exodus  and  Leviticus, 
1  vol.  10«.  Gd. ;  Numbers  and  Deuteronomy,  1  vol.  10«.  Gd. 

HUMPHREYS.— Exercitationes  Iambicae;  or,  Progressive 

Exercises  in  Greek  Iambic  Verse.  To  which  are  prefixed  the  Rules  of  Greek 
Prosody,  with  copious  Notes  and  Illustrations  of  the  Exercises.  By  E.  R. 
HUMPHREYS,  LL.D.  Head  Master  of  the  Cheltenham  Grammar  School. 
Second  Edition.  Fcap.  cloth,  5s.  Gd. 

INGLEBY.— Outlines  of  Theoretical  Logic. 

Pounded  on  the  New  Analytic  of  Sir  William  Hamilton.  Designed  for  a 
Text-book  in  Schools  and  Colleges.  By  C.  MANSFIELD  INGLEBY,  M.A. 
of  Trinity  College,  Cambridge.  In  fcap.  8vo.  cloth,  8#.  Gd. 

JEWELL— An  Apology  of  the  Church  of  England,  and  an 

Epistle  to  Seignior  Bcipio  concerning  the  Council  of  Trent,  translated  from  the 
original  Latin,  and  illustrated  with  Notes,  chiefly  drawn  from  the  Author's 
".Defence  of  the  Apology."  By  A.  T.  RUSSELL.  Fcp.  8vo.  bds.  5« 
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JUSTIN  MARTYR.— 8.  Jnstini  PhilosophI  et  Hartyrii 

Apologia  Prima.  Edited,  with  a  corrected  Text,  and  English  Introduction 
with  explanatory  Notes,  by  W.  TROLLOPE,  M.  A.  Pembroke  College,  Cam- 
bridge. 8vo.  bds.  7#.  6«*. 

JUVENAL.— Juvenal,  for  Schools. 

With  English  Notes.  By  J.  E.  B.  MAYOR,  M.A.  Fellow  and  Classical 
Lecturer  of  St.  John's  College,  Cambridge.  Crown  8vo.  cloth,  10s.  6rf, 

KENNEDY.— The  Influence  of  Christianity  on  International 

Law.  By  C»  M.  KENNEDY,  or  Caius  College,  Cambridge.  Crown  8vo. 
clotb,  4«. 

KINGSLEY.— Two  Years  Ago. 

By  CHARLES  KINGSLEY,  F.S.A.  Author  of  "  Hypatia."  Second 
Edition.  8  vols,  crown  8vo.  cloth,  1/.  11*.  6<f. 

KINGSLEY.—"  Westward  Ho !"  or,  the  Voyages  and  Adven- 
tures of  Sir  Amyas  Leigh,  Knight  of  Burrough,  in  the  County  of  Devon,  in 
the  Reign  of  Her  Most  Glorious  Majesty  Queen  Elizabeth.  Third  Edition. 
Crown  8vo.  cloth,  7#.  6d. 

KINGSLEY— The  Heroes:  or,  Greek  Fairy  Tales  for  my 

Children.  With  Eight  Illustrations  by  the  Author.  In  8vo.  beautifully 
printed  on  tinted  paper,  and  elegantly  bound  in  cloth, .with  gilt  leaves,  7#.  6d. 

KINGSLEY.— Glaucus;  or,  the  Wonders  of  the  Shore. 

Third  Edition,  corrected  and  enlarged.  With  a  Frontispiece.  Fcap.  8vO. 
elegantly  bound  in  cloth,  with  gilt  leaves,  3*.  6rf. 

KINGSLEY— Alexandria  and  Her  Schools:  being  Four  Lec- 
tures delivered  at  the  Philosophical  Institution,  Edinburgh.  With  a  Preface. 
Crown  8vo.  cloth,  5$. 

KINGSLEY— Phaethon;  or  Loose  Thoughts  for  Loose 

Thinkers.  Second  Edition.  Crown  8vo.  boards,  2t. 

LECTURES  to  Ladies  on  Practical  Subjects. 

By  Rev.  F.  D.  MAURICE. 
Rev.  C.  KINGSLEY. 
Dr.  GEORGE  JOHNSON. 
Dr.  SIEVEKING. 
Rev.  J.  LL.  DAYIES. 
Dr.  CHAMBERS. 
*  Third  Edition.  7*.  6d. 

LUDLOW— British  India;  its  Races,  and  its  History,  con- 
sidered with  reference  to  the  Mutinies  of  1857.  A  Series  of  Lectures.  By 
JOHN  MALCOLM  LUDLOW,  Barrister-at-Law.  2  vols.  fcap.  8vo.  cloth,  9*. 


By  F.  J.  STEPHEN,  Esq. 
Archdeacon  ALLEN. 
Dean  TRENCH. 
TOM  TAYLOR,  Esq. 
Rev.  J.  S.  BREWER. 
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LUSHINGTON.— La  Nation  Bontiqui^re :  and  other  Poems, 

chiefly  Political.  With  a  Preface.  By  the  late  HENRY  LUSHINGTON, 
Chief  Secretary  to  the  Governor  of  Malta.  Points  Of  War.  By 
FRANKLIN  LUSHINGTON,  Judge  in  the  Supreme  Courts  of  the  Ionian 
Isles.   In  1  vol.  fcap.  8vo.  cloth,?*. 

MACKENZIE.— The  Christian  Clergy  of  the  first  Ten  Cen- 
turies, and  their  Influence  on  European  Civilization.  By  HENRY 
MACKENZIE.  B.A.  Scholar  of  Trinity  College,  Cambridge.  Crown  8vo, 
cloth,  6«.  6«Z. 

MACLEAR— Incentives  to  Virtue,  Natural  and  Revealed. 

By  G.  F.  MACLEAR,  B.A.  Scholar  of  Trinity  College,  Cambridge.  Crown 
8vo.  sewed,  Is.  6d. 

MANSFIELD.— Paraguay,  Brazil,  and  the  Plate. 

With  a  Map,  and  numerous  Woodcuts.  By  CHARLES  MANSFIELD,  M.A. 
of  Clare  College,  Cambridge.  With  a  Sketch  of  his  Life,  By  the  Rev. 
CHARLES  KINGSLEY,   Crown  8vo.  cloth,  \2s.  6<f. 

M'COY.— Contributions  to  British  Palaeontology;  or,  First  De- 
scriptions of  several  hundred  Fossil  Radiata,  Articulata,  Mollusca,  aud  Pisces, 
from  the  Tertiary,  Cretaceous,  Oolitic,  and  Palaeozoic  Strata  of  Great  Britain. 
With  numerous  Woodcuts.  By  Frederick  McCoy  F.G.S.,  Professor  of 
Natu»l  History  In  the  University  of  Melbourne,  8vo.  cloth,  9s, 

MASSON.— Essays,  Biographical  and  Critical;  chiefly  on  the 

English  PoetS.  By  DAVID  MASSON,  M.A.  Professor  of  English 
Literature  in  University  College,  London.  8vo.  cloth,  12#.  6d. 

MAURICE.— Expository  Works  on- the  Holy  Scriptures:— 
I.— The  Patriarchs  and  Lawgivers  of  the  Old  Testament. 

Second  Edition.  Crown  8vo.  cloth,  6«. 
This  volume  contains  Discourses  on  the  Pentateuch,  Joshua,  Judges, 
and  the  beginning  of  the  First  Book  of  Samuel. 

II.  — The  Prophets  and  Kings  of  the  Old  Testament. 

.  Second  Edition.   Crown  8vo.  cloth,  10*.  64. 

This  volume  contains  Discourses  on  Samuel  I.  and  IT.,  Kings  I.  and  II. 

Amos,  Joel,  Hosea,  Isaiah,  Micah,  Nahum,  Habakk.uk,  Jeremiah, 

and  Ezekiel. 

III.  — The  Unity  of  the  New  Testament. 

8vo.  cloth,  lit. 

This  Volume  contains  Discourses  on  the  Gospels  of  St.  Matthew, 
St. Mark,  aud  St.  Luke;  the  Acts  of  the  Apostles;  the  Epistles  of 
St.  James,  St.  Jude,  St.  Peter,  and  St.  Paul.  9 

IV  —The  Gospel  of  St  John;  a  Series  of  Discourses. 

Second  £dition.  Crown  8ro.  cloth,  10*.  6d. 

V.— The  Epistles  of  St.  John ;  a  Series  of  Lectures  on 

Christian  Ethics.  Crown  8vo.  cloth,  7*.  64. 
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MAURICE,— Expository  Works  on  the  Prayer-Book. 
I.— The  Ordinary  Services. 

Second  Edition.  Fcap.  8vo.  cloth,  5s.  M. 

II.— The  Church  a  Family.  Twelve  Sermons  on  the 

Occasional  Services.  Fcap.  8vo.  cloth,  it.  6d. 

MAURICE.— LectureB  on  Ecclesiastical  History. 

By  Frederick  Dxjtisox  Mauaicx,  M.A.,  Chaplain  of  Lincoln's  Inn. 
8vo.  cloth,  10*.  6rf. 

MAURICE.— Theological  Essays. 

Second  Edition,  with  a  new  Preface  and  other  addition!.  Crown  8vo, 
cloth,  10s.  6rf. 

MAURICE.— The  Doctrine  of  Sacrifice  deduced  from  the 

Scriptures.  With  a  Dedicatory  Letter  to  the  Young  Men's  Christian  Associa- 
tion. Crown  8?o.  eloth,  7s.  6d, 

MAURICE.— Christmas  Day,  and  other  Sermons. 

8vo.  cloth,  10s.  6<f. 

MAURICE.— The  Religions  of  the  World,  and  their  Relations 

to  Christianity.  Third  Edition.  Fcap.  8vo.  cloth,  5*  • 

MAURICE— On  the  Lord's  Prayer. 

Third  Edition.  Fcap.  8vo.  cloth,  2s.  Gd, 

MAURICE— On  the  Sabbath  Day:  'the  Character  of  the 

Warrior;  and  on  the  Interpretation  of  History.  Fcap.  8vo.  cloth,  2s.  Gd, 

MAURICE.— Learning  and  Working.— Six  Lectures  on  the 

Foundation  of  Colleges  for  Working  Men,  delivered  in  Willis's  Rooms, 
London,  in  June  and  July,  1854.  Crown  8vo.  cloth,  5s. 

MAURICE.— The  Indian  Crisis.  Five  Sermons, 

Crown  8vo.  eloth,  2s. 

MAURICE.— Law's  Remarks  on  the  Fable  of  the  Bees. 

Edited,  with  an  Introduction  of  Eighty  Pages,  by  FREDERICK  DENISON 
MAURICE,  M. A.  Chaplain  of  Lincoln's  Inn.  Fcp.  8vo.  cloth,  4s.  Qd. 

MAURICE.— Miscellaneous  Pamphlets:— 
I.— Eternal  Life  and  Eternal  Death. 

Crown  8vo.  sewed,  Is.  Gd. 

II—  Death  and  Life.  A  Sermon.   J*  mmmUm  c.  B.  jk. 

8vo.  sewed,  Is. 
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MAURICE.— Miscellaneous  Pamphlets,  continued:— 

III— Plan  of  a  Female  College  for  the  Help  of  the  Rich 

and  of  the  Poor.  8vo.  6d. 

IV.— Administrative  Reform. 

Crown  8vo.  3d.  * 

V— The  Word  "Eternal,"  and  the  Punishment  of  the 

Wicked.  Fifth  Thousand.  8vo.  1*. 

VI— The  Name  "Protestant:"  and  the  English  Bishopric 

at  Jerusalem.  Second  Edition.  8vo.  3«. 

VII.— Right  and  Wrong  Methods  of  Supporting  Pro- 
testantism. 8vo.  It, 

VIIL— Thoughts  on  the  Oxford  Election  of  1847. 

8to.  1*. 

IX— The  Case  of  Queen's  College,  London. 

8to.  1*.  6d. 

X.— The  Worship  of  the  Church  a  Witness  for  the 

Redemption  of  the  World.  8vo.  sewed,  1«. 

MAYOR— Cambridge  in  the  Seventeenth  Century. 

2  vols.  fcap.  8vo.  cloth,  1S#. 

Vol.  I.  contains  The  Lives  of  Nicholas  Ferrar. 

Vol.  II.  contains  The  Autobiography  of  Matthew  Robinson. 
By  JOHN  £.  B.  MAYOR,  M. A.  Fellow  and  Assistant  Tutor  of  St.  John's 
College,  Cambridge. 

•»*  The  Autobiography  of  Matthew  Robinson  may  be  had  separately,  price  5#.  Qd. 

MINUCIUS  FELIX— The  Octavius  of  Minucius  Felix. 

Translated  into  English  by  LORD  HAILES.  Fcap.  8vo.  cloth,  St.  6d. 

MORSE.— Working  for  God;  Four  Sermons  Preached  before 

the  University  of  Cambridge.  By  FRANCIS  MORSE,  M.A.  Incumbent  of 
St.  John's,  Ladywood,  Birmingham.  Crown  8vo.  sewed,  2s.  6d. 

NAPIER.— Lord  Bacon  and  Sir  Walter  Raleigh. 

Critical  and  Biographical  Essays.  By  MACVEY  NAPIER,  late  Editor 
of  the  Edinburgh  Rniew  and  of  the  Entftlopadia  Briianniea.  Post  8vo. 
cloth,  7s.  6a*. 

NIND.— Sonnets  of  Cambridge  Life.  By  Rev.  W.  NIND,  M.A. 

late  Fellow  of  St.  Peter's  College.  Post  8ro.  boards,  2*. 

NIND.— The  German  Lyrist;  or,  Metrical  Versions  from  the 

principal  German  Lyric  Poets.  Crown  8vo.  cloth,  3«. 

NIND.— The  Odes  of  Klopstock  Translated. 

Fcap.  8vo.  cloth,  6*. 
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NIND.— Italy  and  Vienna  in  1851. 

A  Series  of  Letters.   Fcap.  8vo.  cloth,  5*.  6d. 

NORRIS.— Ten  School-Boom  Addresses. 

Edited  by  J.  P.  NORRIS,  M.A.  Fellow  of  Trinity  College,  and  one  of  Het 
Majesty's  Inspectors  of  Schools.  1 8mo.  sewed,  8d. 

NORWAY  AND  SWEDEN.— A  Long  Vacation  Ramble  in 

1856.  ByXandY.  Crown  8vo.  cloth,  6#.  6d. 

PARKINSON.— A  Treatise  on  Elementary  Mechanics. 

For  the  Use  of  the  Junior  Classes  at  the  University,  and  the  Higher  Classes  in 
Schools.  With  a  Collection  of  Examples.  By  S.  PARKINSON,  M.  A.  Fellow 
and  Assistant  Tutor  of  St.  John's  College,  Cambridge.  Crown  8vo.  cloth,  9s.  6d. 

PARMINTER.— Materials  for  a  Grammar  of  the  Modern 

English  Language.  Designed  as  a  Text-book  of  Classical  Grammar  for  the 
use  of  Training  Colleges,  and  the  Higher  Classes  of  English  Schools.  By 
GEORGE  HENRY  PARMINTER,  of  Trinity  College,  Cambridge;  Rector 
of  the  United  Parishes  of  SS.  John  and  George,  Exeter.  Fcap.  8vo.  cloth,  3*.  6d. 

PAYN.— Poems. 

By  JAMES  PAYN.  Fcp.  8vo.  cloth,  St. 

PAYNE.— Decaeus;  or,  the  Dawn  of  To-morrow,  and  The 

Bondchild.  Two  Sacred  Allegories.  By  ISABEL  J.  PAYNE.  18mo. 
cloth,  U. 

PEACE  IN  WAR.  3n  fi&tmniam  ft.  St< 

Crown  8vo.  sewed,  1*. 

PER0WNE.-"A1-A4jrumiieh." 

An  Elementary  Arabic  Grammar.  By  J.  J.  S.  PEROWNE,  B.D.  Fellow  of 
Corpus  Christi  College,  Cambridge,  and  Lecturer  in  Divinity  in  King's 
College,  London.  8vo.  cloth,  5s. 

PERRY.— Sermons  Preached  before  the  University  of  Cam- 
bridge. By  the  Right  Rev.  CHARLES  PERRY,  Lord  Bishop  of  Melbourne, 
formerly  Fellow  and  Tutor  of  Trinity  College,  Cambridge.  Crown  8vo. 
cloth,  8*. 

PHEAR  —  Elementary  Hydrostatics. 

Second  Edition.  Accompanied  by  numerous  Examples,  with  the  Solu- 
tions.  Crown  8vo.  cloth,  5*.  6d. 

PLAIN  RULES  ON  REGISTRATION  OF  BIRTHS  AND 

DEATHS.   Crown  8vo.  sewed,  Id. ;  9d.  per  dozen ;  5*.  per.  100. 
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PLATO.— The  Republic  of  Plato. 

Translated  into  English,  with  Notes.  By  Two  Fellows  of  Trinity  College, 
Cambridge,  (J.  LI.  Davies  M.A.,  and  D.  J.  Vaughan,  M.A.)  Second 
Edition.  8vo.  cloth. 

PRINCIPLES  of  ETHICS  according  to  the  NEW  TESTA- 

MENT,  Crown  8vo.  sewed,  2s. 

PROCTER— A  History  of  the  Book  of  Common  Prayer:  with 

a  Rationale  of  its  Offices.  By  FRANCIS  PROCTER,  M.A.,  Vicar  of  Witton, 
Norfolk,  and  late  Fellow  of  St.  Catherine's  College.  Third  Edition, 
revised  and  enlarged.   Crown  8vo.  cloth,  10*.  6d. 
*»*  This  forms  part  of  the  Series  of  Theological  Manuals. 

PUCKLE,— An  Elementary  Treatise  on  Conic  Sections  and 

Algebraic  Geometry.  With  a  numerous  collection  of  Easy  Examples  pro- 
gressively arranged,  especially  designed  for  the  use  of  Schools  and  Beginners. 
By  G.  HALE  PUCKLE,  M.A.,  Principal  of  Windermere  College.  Second 
Edition,  enlarged  and  improved.  Crown  8vo.  cloth,  It,  64, 

PURCHAS.— The  Priest's  Dream. 

By  JOHN  PURCHAS,  M.A.  of  Christ's  College,  Cambridge.  8ro.  sewed,  1«« 

PURTON.— Corporate  Life. 

A  Sermon  Preached  before  the  University  of  Cambridge.  By  J.  S.  PURTON, 
B.D.  Fellow  and  Tutor  of  St.  Catherine's  College.  8vo.  sewed,  U, 

RAMSAY.— The  Catechiser's  Manual;  or,  the  Church  Gate* 

chism  illustrated  and  explained,  for  the  use  of  Clergymen,  Schoolmasters, 
and  Teachers.  By  ARTHUR  RAMSAY,  M.A.  of  Trinity  College, 
Cambridge.   18mo.  cloth,  3*.  6cf. 

REICHEL —The  Lord's  Prayer  and  other  Sermons. 

By  C.  P.  REICHEL,  B.D.,  Professor  of  Latin  in  the  Queen's  University ; 
Chaplain  to  his  Excellency  the  Lord-Lieutenant  of  Ireland ;  and  late  Don- 
nellan  Lecturer  in  the  University  of  Dublin.  Crown  8vo.  cloth,  7s.  6d, 

ROBINSON— Missions  urged  upon  the  State,  on  Grounds 

both  of  Duty  and  Policy.  By  C.  K.  ROBINSON,  M.A.  Fellow  and  Assistant 
Tutor  of  St.  Catherine's  College.  Fcap.  8vo.  cloth,  St. 

RUTH  AND  HER  FRIENDS.  A  Story  for  Girls. 

With  a  Frontispiece..  Fcap.  8vo.  cloth,  St. 

SALLUST.— Sallust  for  Schools. 

With  English  Notes.  By  CHARLES  MERIVALE,  B.D.;  late  Fellow  and 
Tutor  of  St.  John's  College,  Cambridge,  &c,  Author  of  the  "History  of 
Rome,"  Arc.  Crown  8vo.  cloth,  6«, 
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SEDGWICK  AND  M'COY'S  British  Falseozoic  Fossils, 

Classified  and  Described.  By  Adam  Sedgwick,  F.R.S.,  Professor  of  Geology 
in  the  University  of  Cambridge,  and  Frtedebick  M°Coy,  F.G.S.,  Professor  of 
Natural  History  in  the  University  of  Melbourne.  With  numerous  Plates. 
Two  Vols.  4/b.  cloth,  £2  2*. 

SELWYN— The  Work  of  Christ  in  the  World. 

Sermons  preached  before  the  University  of  Cambridge.  By  the  Right  Rev. 
GEORGE  AUGUSTUS  SELWYN,  D.D.  Bishop  of  New  Zealand,  formerly 
Fellow  of  St.  John's  College.  Third  Edition.  Crown  8vo.  2*. 

SELWYN.— A  Verbal  Analysis  of  the  Holy  Bible. 

Intended  to  facilitate  the  trans! at I6n  of  the  Holy  Scriptures  into  Foreign 
Languages.  Compiled  for  the  use  of  the  Melanesian  Mission.  Small  folio, 
cloth,  14*. 

SIMPSON.— An  Epitome  of  the  History  of  the  Christian 

Church  during  the  first  Three  Centuries  and  during  the  Reformation..  With 
Examination  Papers.  By  WILLIAM  SIMPSON,  M.A.  Third  Edition, 
Fcp.  8vo.  cloth,  5i. 

SMITH —City  Poems. 

By  ALEXANDER  SMITH,  Secretary  to  the  University  of  Edinburgh. 
Author  of  "  A  Life  Drama,"  and  other  Poems.  Fcap.  8vo.  cloth.  5s. 

SMITH— Arithmetic  and  Algebra,  in  their  Principles  and 

Application:  with  numerous  systematically  arranged  Examples,  taken  from 
the  Cambridge  Examination  Papers.  With  especial  reference  to  the  ordinary 
Examination  for  B.A.  Degree.  By  BARNARD  SMITH,  M. A.,  Fellow  of  St. 
Peter's  College,  Cambridge.  Fifth  Edition.  Crown  8vo.  cloth,  10s.  6tf. 

SMITH— Arithmetic  for  the  use  of  Schools.  By  BARNARD 

SMITH,  M.A.  Fellow  of  St.  Peter's  College.  New  Edition.  Crown  8vov 
cloth,  4s.  6d. 

SMITH.— A  Key  to  the  Arithmetic  for  Schools. 

Crown  8vo.  cloth,  8s.  6rf.  , 

SNOWBALL.— The  Elements  of  Plane  and  Spherical 

Trigonometry.  By  J.  C.  SNOWBALL,  M.A.  Fellow  of  St.  John's  College, 
Cambridge.  Ninth  Edition.  Crown  8vo.  cloth,  7s.  64. 

SNOWBALL.— Introduction  to  the  Elements  of  Plane  Trigo- 
nometry for  the  use  of  Schools.     Second  Edition.  Svo.  sewed,  5s. 

SNOWBALL.  — The  Cambridge   Course  of  Elementary 

Mechanics  and  Hydrostatics.  Adapted  for  the  use  of  Colleges  and  Schools. 
With  numerous  Examples  and  Problems.  Fourth  Edition.  Crown  Svo. 
cloth,  5s. 
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SWAINSON.— A  Handbook  to  Butler's  Analogy. 

By  C.  A.  SWAINSON,  M.A.  Principal  of  the  Theological  College,  and 
Prebendary  of  Chichester.  Crown  8vo.  sewed,  2«. 

TAIT  and  STEELE.— A  Treatise  on  Dynamics,  with  nume- 
rous Examples.  By  P.  G.  TAIT,  Fellow  of  St.  Peter's  College,  Cambridge, 
and  Professor  of  Mathematics  in  Queen's  College,  Belfast,  and  W.  J.  STEELE, 
late  Fellow  of  St.  Peter's  College.  Crown  8vo.  cloth,  10*.  6d 

TAYLOR.— The  Restoration  of  Belief. 

By  ISAAC  TAYLOR,  Esq.,  Author  of  "The  Natural  History  of  Enthu- 
siasm." Crown  8vo.  cloth,  8*.  6d. 

THEOLOGICAL  Manuals. 

CHURCH  HISTORY:  ^ROM  GREGORY  THE  GREAT   TO  THE 

REFORMATION  (a.d.  590-^-1600).   By  CHARLES  HARDWICK.  With 

Four  Maps,  2  vols.  Crown  8vo.  cloth,  price  11.  U. 
THE  COMMON  PRAYER :  ITS  HISTORY  AND  RATIONALE.  By 

FRANCIS  PROCTER.  Third  Edition.  Crown  8vo.  cloth,  10#.  6d. 
A  HISTORY  OF  THE  CANON  OF  THE  NEW  TESTAMENT.  By 

B.  F.  WESTCOTT.  Crown  8vo.  cloth,  12*.  6«f. 

*»*  Others  are  in  progress,  and  will  be  announced  in  due  time. 

THRING.— A  Construing  Book. 

.  Compiled  by  the  Rev.  EDWARD  THRING,  M.A.  Head  Master  of  Up- 
pingham Grammar  School,  late  Fellow  of  King's  College,  Cambridge.  Fcap, 
ftvo.  cloth,  2*.  6d. 

THRING.— The  Elements  of  Grammar  taught  in  English. 

Second  Edition.  18mo.  bound  in  cloth,  2*. 

THRING.— The  Child's  Grammar. 

Being  the  substance  of  the  above,  with  Examples  for  Practice.  Adapted  for 
Junior  Classes.  A  New  Edition.  Mmo.  limp  cloth,  Is. 

THRUPP.— Antient  Jerusalem:  a  New  Investigation  into  the 

History,  Topography,  and  Plan  of  the  City,  Environs,  and  Temple.  Designed 
principally  to  illustrate  the  records  and  prophecies  of  Scripture.  With  Map 
and  Plans.  By  JOSEPH  FRANCIS  THRUPP,  M.A.  Vicar  of  Barrington, 
Cambridge,  late  Fellow  of  Trinity  College.   8vo.  cloth,  15s. 

THRUPP.— Psalms  and  Hymns  for  Public  Worship. 

18mo.  cloth,  2*. ;  limp  cloth,  Is.  Ad. 

THUCYDIDES,  BOOK  VI.  With  English  Notes,  and  a  Map. 

By  PERCIVAL  FROST,  Jun.  M.A.  late  Fellow  of  St.  John's  College, 
Cambridge.  8vo.  7s.  6rf. 
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TODHUNTER.— A  Treatise  on  the  Differential  Calculus ;  and 

the  Elements  of  the  Integral  Calculus.  With  numerous  Examples.  By 
I.  TODHUNTER,  M.A.,  Fellow  and  Assistant  Tutor  of  St.  John's  College, 
Cambridge.  Second  Edition.  Crown  8vo.  cloth,  10*.  6d, 

TODHUNTER.— A  Treatise  on  the  Integral  Calculus. 

With  numerous  Examples.  Crown  8vo.  cloth,  10*.  6d. 

TODHUNTER.  —  A  Treatise  on  Analytical  Statics,  with 

numerous  Examples.  Crown  8to.  cloth,  10*.  6d. 

TODHUNTER.— A  Treatise    on   Conic   Sections,  with 

numerous  Examples.    Crown  8vo.  cloth,  10*.  6d, 

TOM  BROWN'S  SCHOOL  DATS.  # 

By  AN  OLD  BOY.   Fifth  Edition.  CroWn  8vo.  cloth,  10*.  6d. 

TRENCH— Synonyms  of  the  New  Testament. 

By  The  Very  Rev.  RICHARD  CHENEVIX  TRENCH,  D.D.  Dean  of  West- 
minster. Third  Edition.   Fcap.  8vo.  cloth,  5*. 

TRENCH.— Hulsean  Lectures  for  1845—46. 

Contents.  1.— The  Fitness  of  Holy  Scripture  for  unfolding  the  Spiritual  Life 
of  Man.  2.— Christ  the  Desire  of  all  Nations ;  or  the  Unconscious  Pro* 
phecies  of  Heathendom.  Third  Edition.  Foolscap  8vo.  cloth,  5*. 

TRENCH— Sermons  Preached  before  the  University  of  Cam- 
bridge. Fcap.  8v0.  cloth,  2*.  6d. 

VAUGHAN.— Sermons  preached  in  St.  John's  Church, 

Leicester,  during  the  years  1855  and  1856.  By  DAVID  J.  VAUGHAN,  M.A. 
Fellow  of  Trinity  College,  Cambridge,  and  Incumbent  of  St.  Mark's,  White* 
•  chapel.   Crown  8vo.  cloth,  5*.  64. 

WAGNER— Memoir  of  the  Rev.  George  Wagner,  late  of  St. 

Stephen's,  Brighton.  By  J.  N.  SIMPKINSON,  M.A.  Rector  of  Brington, 
Northampton.   Second  Edition.  Crown  8vo.  cloth,  9*. 

WATERS  OF  COMFORT— A  Small  Volume  of  Devotional 

Poetry  of  a  Practical  Character.  By  the  Author  of  Visiting  my  Relations.** 
Fcap.  8vo.  cloth,  4*. 

WESTCOTT— A  general  View  of  the  History  of  the  Canon  of 

the  New  Testament  during  the  First  Four  Centuries.  By  BROOKE  FOSS 
WESTCOTT,  M.A.,  Assistant  Master  of  Harrow  School;  late  Fellow  of 
Trinity  College,  Cambridge.   Crown  8yo.  cloth,  12*.  64. 

*»*  This  forms  part  of  the  Series  of  Theological  Manuals. 
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WILSON.— The  Five  Gateways  of  Knowledge.' 

By  GEORGE  WILSON,  M.D.,  P.R.S.E.,  Regius  Professor  of  Technology  in 
the  University  of  Edinburgh.  Second  Edition.  Fcap.  8vo.  cloth,  2s.  6d. 
or  in  Paper  Covers,  U. 

WILSON.— A  Treatise  on  Dynamics. " 

By  W.  P.  WILSON,  M.A.,  Fellow  of  St.  John's,  Cambridge,  and  Professor  of 
Mathematics  in  the  University  of  Melbourne.  8vo.  bds.  9s,  6d. 

WRIGHT.— Hellenica;  or,  a  History  of  Greece  in  Greek, 

as  related  by  Diodorus  and  Thucydidea,  being  a  First  Greek  Construing 
Book,  with  Explanatory  Notes,  Critical  and  Historical.  By  J.  WRIGHT, 
M.A.,  of  Trinity  College,  Cambridge,  and  Head-Master  of  Sutton  Coldfield 
Grammar  School.  Second  Edition,  with  a  Vocabulary.  12mo. 
cloth,  3*.  6d.  • 

WRIGHT.— A  Help  to  Latiij  Grammar; 

or,  the  Form  and  Use  of  Words  in  Latin.  With  Progressive  Exercises. 
Crown  8vo.  cloth,  As.  6d. 

WRIGHT.— The  Seven  Kings  of  Rome: 

An  easy  Narrative,  abridged  from  the  First  Book  of  Livy  by  the  omission  of 
difficult  passages,  being  a  First  Latin  Construing  Book,  with  Grammatical 
Notes.  Fcap.  8vo.  cloth,  3*. 

WRIGHT.— A  Vocabulary  and  Exercises  on  the  "  Seven 

Kings  of  Rome."  Fcap.  8vo.  cloth,  2s.  6d. 


THE  JOURNAL 

OF 

CLASSICAL  AND  SACRED  PHILOLOGY. 

2To.  X.  for  March  1857,  4s. 
Vols.  I.  to  III.  are  now  ready,  12*.  6d.  each,  cloth  lettered, 

CASES  CAN  BE  HAD  FOR  BINDIKG  THE  VOLUMES. 

*#*  Three  Numbers  published  annually,  at  As.  each. 


a.  CLAY,  miKTE&|  BREAD  STREET  HILL. 
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